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2Department

We investigate the thermopower of single molecules weakly coupled to metallic leads. We model the
molecule in terms of the relevant electronic orbitals coupled to phonons corresponding to both internal vibrations and to oscillations of the molecule as a whole. The thermopower is computed by means of rate equations
including both sequential-tunneling and cotunneling processes. Under certain conditions, the thermopower
allows one to access the electronic and phononic excitation spectrum of the molecule in a linear-response
measurement. In particular, we find that the phonon features are more pronounced for weak lead-molecule
coupling. This way of measuring the excitation spectrum is less invasive than the more conventional currentvoltage characteristic, which, by contrast, probes the system far from equilibrium.
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I. INTRODUCTION

The physics of electronic transport through single molecules has gained much interest in recent years, both experimentally and theoretically. Experiments with molecules
ranging from H21 to DNA2 have shown various interesting
effects occurring in two-terminal1–4 and three-terminal5–9
molecular devices. The spectrum includes Coulomb
blockade,7,9 negative differential resistance (NDR),4 phonon
influences,6,8,9 and the Kondo effect.7,9 The ultimate goal of
these efforts is to realize the vision of molecular
electronics.10 While the possibilities of concrete applications
remain to be seen, the question of transport in the molecular
regime is of fundamental physical interest.
Recently, there has been considerable theoretical effort to
calculate current-voltage 共IV兲 characteristics of singlemolecule devices, and effects such as NDR,11–13 influences
of phonons and dissipation,13–17 and contact-geometry
effects18,19 have been studied intensely. Roughly speaking,
present approaches separate into two main directions: (1)
Work based on a detailed modeling of the molecule and the
contact region via the density functional theory (DFT).18,19
For a recent discussion about the validity of equilibrium DFT
for transport through single molecules (cf. Ref. 20). (2) Approaches based on a parametric modeling of relevant molecular levels.11–17 This type of approach has the advantage
that it enables the investigation of additional degrees of freedom including, e.g., mechanical, and magnetic degrees of
freedom leading to phonon and spin dynamics. The present
paper follows this second approach.
In this paper, we investigate the thermopower of singlemolecule devices. The thermopower is defined as the ratio of
voltage V and an applied temperature difference ⌬T under
the condition that the current vanishes,
S=−

冏

V
⌬T→0 ⌬T
lim

冏

.

共1兲

I=0

For quantum dots the thermopower for pure sequential tunneling has been investigated theoretically by Beenakker and
Staring21 and experimentally by Staring et al.22 The cotun1098-0121/2004/70(19)/195107(12)/$22.50

neling regime23 and the crossover have been studied by
Turek and Matveev.24 In the case of a quantum dot strongly
coupled to one lead, the thermopower of quantum dots has
been investigated by Matveev and Andreev.25
Here, we extend these considerations to transport through
single molecules, where experimental work6,8,9 indicates that
phonons may play an important role. In our model, we consider transport through relevant electronic orbitals and incorporate Coulomb interaction by a Hubbard-like term. These
electronic orbitals are coupled to both oscillations of the
molecule relative to the leads and internal vibrations. The
coupling of the molecule to the leads is represented by a
tunneling Hamiltonian. Employing the rate-equation approach valid for weak molecule-lead coupling, we compute
the thermopower as a function of gate voltage, temperature,
and electron-phonon coupling.
We find that the thermopower contains information on the
electronic and phononic excitations of the molecule. This
way of measuring the molecular excitations in linear response [cf. the ⌬T → 0 limit in Eq. (1)] may have advantages
over the more conventional IV characteristic. The latter necessarily involves nonequilibrium effects, which are difficult
to interpret. Moreover, a large applied voltage may affect
symmetry and structure of the molecule itself.
In leading order perturbation theory for the molecule-lead
coupling, electrons tunnel from a lead onto the molecule or
vice versa (sequential-tunneling contributions). For pure sequential tunneling we find that the thermopower as a function of gate voltage develops a sawtooth behavior in the low
temperature limit with steps due to electronic and phononic
excitations. Step sizes and their dependence on the electronphonon coupling strength are analyzed.
Moreover, we find that in a wide range of parameters
so-called cotunneling contributions from next-leading order
perturbation theory for the molecule-lead coupling are
important.26 In this case, the electron only virtually occupies
molecular levels. We investigate the cotunneling contributions and the full crossover between the sequential-tunneling
and the cotunneling regimes. We find that elastic cotunneling
does not show any significant phonon structure, and discuss
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under which conditions sequential-tunneling phonon features
are retained in the total thermopower.
The outline of this paper is as follows: Sec. II introduces
our model for a single-molecule device with mechanical degrees of freedom. In Sec. III we review the rate equations
approach and address the issue of regularization of the cotunneling contributions. Our calculations for the thermopower are described in Sec. IV and the results are presented in Sec. V. We summarize our findings in Sec. VI.
Some calculational details including the results of the cotunneling regularization are relegated to appendices.
II. MODEL

We consider a three-terminal single-molecule device, consisting of a molecule weakly coupled to two metallic leads
serving as source and drain electrode, respectively. The third
electrode only influences the molecule by electrostatic interaction and serves as a gate electrode. In order to measure the
thermopower of the device, it is necessary to control the
electrostatic potentials and temperatures of the source and
drain electrodes individually.
The model we apply in order to investigate the thermopower has previously been used in analyses of IV characteristics, see, e.g., Refs. 14 and 15. The Hamiltonian can be
divided into a part describing the electronic and phononic
features of the molecule, a part modeling the leads, and a
tunneling term that couples molecule and leads, H = Hmol
+ Hleads + Hmix, where
U
Hmol = 共 − eVg兲nd + nd共nd − 1兲 + បvib共b† + b兲nd
2
+ បvib共b†b + 1/2兲 +
Hleads =

Hmix =

pz2 1
2 2
+ M osc
z ,
2M 2

共2兲

兺 兺 ⑀pcap† cap ,

共3兲

兺 兺 共ta共z兲cap† d + h.c.兲.

共4兲

a=L,R p,

a=L,R p,

In the following, the common Fermi energy of the leads at
vanishing bias voltage is chosen as the zero point of energy.
For simplicity, we assume that only a single spin-degenerate
orbital of the molecule with one-particle energy  contributes
to the current. (A generalization towards more orbitals is not
difficult.) For double occupancy of the molecule, Coulomb
blockade is taken into account via the charging energy U.
The operator d 共d† 兲 annihilates (creates) an electron with
spin projection  on the molecule, nd = 兺d† d denotes the
molecule occupation-number operator. The whole system of
molecular levels can be shifted by means of applying a gate
voltage Vg.
The leads are described as a non-interacting Fermi gas of
†
electrons with a constant density of states. Here, cap 共cap
兲
annihilates (creates) an electron in lead a 共a = L , R兲 with momentum p and spin projection . The potential Va and temperature Ta of the left and right lead are taken into account
through the probability distributions for state occupation in

the leads. It is assumed that relaxation in the leads is sufficiently fast so that at any time these distributions have the
form of Fermi functions
f a共E兲 = 兵exp关共E + eVa兲/kBTa兴 + 1其−1 .

共5兲

We distinguish two types of phonons, which we term vibrations and oscillations: Vibrations are internal phonon
modes of the molecule, for which the center of mass (CM) of
the molecule is at rest, while oscillations involve movement
of the molecule as a whole. Vibrational phonons are annihilated (created) by b 共b†兲. For oscillations we use the momentum and position operators pz and z of the CM displacement.
In the case of physisorbed molecules31 the coupling to the
leads is weak, so that these two phonon types typically involve different energy scales: Vibrations, which are associated with strong intramolecular bonds, will have considerably higher energies than oscillations. The two phonon types
also differ in the nature of coupling: Vibrations directly
couple to the electric charge on the molecule, described by
the term ⬃nd共b† + b兲, whereas the coupling for oscillations
occurs through displacement-dependent tunneling matrix elements tL,R共z兲.
(a)Oscillations.—Since t arises due to tunneling processes
between the leads and the molecule, we assume an exponential falloff of t with increasing distance between lead and
molecule. For a symmetric molecule of length 2l between
two leads with a separation distance 2d, this yields
tL,R共z兲 = t0 exp关− 共d − l ± z兲/z0兴.

共6兲

The parameter z0 fixes the length scale of the exponential
falloff of the electronic wave functions outside the leads and
the molecule.
(b)Vibrations.—For the vibrational electron-phonon coupling there exists a procedure which eliminates the coupling
term by a canonical transformation of the Hamiltonian.14,27
This yields a renormalization of the parameters  and U, and
of the lead-molecule coupling t共z兲 → t共z兲exp关−共b† − b兲兴.
Henceforth, for the sake of notational simplicity, we will
refer to the renormalized parameters as  and U. (Alternatively, one can diagonalize the Hamiltonian for each occupation number nd and calculate Franck-Condon matrix elements.)
In the following, we restrict ourselves to considering one
phonon type at a time. Whenever the specific phonon type is
irrelevant we will skip the subscripts “vib” and “osc.”
III. RATE EQUATIONS AND TRANSITION RATES

We consider the weak-coupling regime for the moleculelead coupling. In this case the energy broadening ␥ of molecular levels due to Hmix is the smallest energy in the problem. In particular, we assume ␥ Ⰶ kBT , ប, which allows for
a perturbative treatment for Hmix.
In the absence of coupling to the leads, the eigenstates
of the molecule can be written as 兩n , q典, where n denotes
the number of additional electrons on the molecule and q
gives the number of excited phonons. The spin orientation
 = ↑ , ↓ is only relevant for the singly-occupied molecule.
Since we consider a spin-degenerate orbital and spin-
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FIG. 1. Sequential-tunneling processes, here schematically exemplified for tunneling between the molecule and the left lead.

independent tunneling matrix elements tL,R共z兲, cf. Eqs. (2)
and (4), there exists a symmetry between the two states
兩1 ↑ , q典 and 兩1 ↓ , q典. This allows for a notationally more
simple treatment without reference to specific spin states by
introducing appropriate spin factors into the transition rates,
which account for the multiplicity of the n = 1 level, cf. Appendix A.
The operator Hmix introduces transitions between the
eigenstates 兩n , q典, for which the rates are calculated via Fermi’s golden rule in the next subsection. Subsequently, these
are used to formulate the rate equations and the expression
for the steady-state current.
A. Transition rates

We abbreviate the total rate for a transition 兩n , q典
n→n⬘
. These total transition rates can be writ→ 兩n⬘ , q⬘典 by Wq→q
⬘
ten as a product of a Fermi factor f a or 共1 − f a兲, which gives
the probability for the availability of electrons or holes at the
appropriate energy in lead a, and a “bare transition rate”
n→n⬘
calculated by Fermi’s golden rule. We denote
factor ⌫q→q
⬘
the energy of the molecule in the state 兩n , q典 by
Enq = n共 − eVg兲 + Un共n − 1兲/2 + ប共q + 1/2兲.

共7兲

Leading order perturbation theory yields sequentialtunneling processes 兩n , q典 → 兩n ± 1 , q⬘典, cf. Fig. 1, with the
total rates
n→共n+1兲

Wq→q⬘

=

共n+1兲
n→共n+1兲
f a关Eq⬘ − Enq兴⌫q→q⬘;a ,
兺
a=L,R

共8兲

FIG. 2. Cotunneling processes. (a) Elastic cotunneling and (b)
inelastic cotunneling.

n→共n+1兲

⌫q→q⬘;a = sn→共n+1兲

Here, a denotes the density of states in lead a, and sn→m
denotes the spin factor, cf. Appendix A. In our calculations
we assume L = R = const. We note that due to our choice of
symmetric tunneling matrix elements tL共z兲 = tR共−z兲, cf. Eq.
n→共n±1兲
are de facto independent of the lead
(6), all rates ⌫q→q
⬘

=

兺

兵1 −

f a关Enq

a=L,R

−

n→共n−1兲
共n−1兲
Eq⬘ 兴其⌫q→q⬘;a .

n→共n−1兲

⌫q→q⬘;a = sn→共n−1兲

⫻ 兩具n − 1,q⬘, ⑀ 兩Hmix兩n,q,0典兩
= sn→共n−1兲
and analogously

冕

n→n

d⑀aa共⑀a兲f a共⑀a兲关1 − f b共⑀b兲兴⌫q→q⬘;a→b共⑀a兲,
共12兲

where ⑀b = ⑀a + Enq − Enq⬘ as required by energy conservation.
The bare cotunneling rates are given by
n→n
⌫q→q

2
共n−1兲
a共Enq − Eq⬘ 兲
ប
a

Wq→q⬘;a→b =

共9兲

The bare transition rates ⌫ are obtained by using Fermi’s
golden rule

n→共n±1兲

index a. The matrix elements M q→q ;a can be expressed in
⬘
terms of Laguerre polynomials and their detailed form depends on the phonon type, see Appendix B.
Next-leading order perturbation theory generates cotunneling processes with a virtual intermediate molecule state.26
Cotunneling leaves the electron number on the molecule unchanged. By contrast, the phonon state can be changed, and
in this case the process is called inelastic cotunneling. If
initial and final state of the molecule are identical, one
speaks of elastic cotunneling, cf. Fig. 2. In addition to the
examples depicted in Fig. 2, where the electron is transferred
from the left to the right lead, there are also contributions for
the reverse process and for processes which involve tunneling back and forth between only one lead and the molecule.
Thus, we abbreviate the total cotunneling rates by
n→n
, where a and b denote either L or R for the left
Wq→q
⬘;a→b
and right lead.
In order to obtain the total rates, one needs to sum over all
lead energies ⑀a weighted by Fermi functions for occupancy
probabilities in the appropriate leads
n→n

n→共n−1兲
Wq→q⬘

2
n→共n+1兲
共n+1兲
a共Eq⬘ − Enq兲兩M q→q⬘;a 兩2 . 共11兲
ប

⬘;a→b

⫻

2

冏兺 冉
q⬙

2
共n−1兲
n→共n−1兲
a共Enq − Eq⬘ 兲兩M q→q⬘;a 兩2 , 共10兲
ប

Ⲑ

共⑀a兲 = sn→n 2 ប b共⑀a − Enq + Enq⬘兲
n→共n+1兲 共n+1兲→n
M q→q⬙;a M q⬙→q⬘;b
⑀a + Enq − En+1
q⬙

n→共n−1兲

共n−1兲→n

M q→q⬙;b M q⬙→q⬘;a
+
n−1
n
E q⬘ − ⑀ a − E q⬙

冊冏

2

.
共13兲

Here, the first term in the sum represents cotunneling processes with an electron virtually tunneling from a lead into
195107-3
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the molecule and out again. Conversely, the second term
contains those cotunneling processes in which an electron
virtually tunnels out of the molecule and another electron
tunnels back in subsequently. Again, the symmetry of the
n→n
tunneling matrix elements, tL共z兲 = tR共−z兲, leads to ⌫q→q
⬘;L→R
n→n
n→n
n→n
= ⌫q→q
and
⌫
=
⌫
.
q→q⬘;L→L
q→q⬘;R→R
⬘;R→L
It has been pointed out previously in the literature that due
to the singularities of the bare transition rates (13) for cotunneling, the integrals (12) for W diverge at finite
temperatures.24,28 Physically, this problem arises since we
have assumed a well-defined energy for the intermediate virtual state. In reality, due to higher order tunneling effects,
this intermediate state gains a finite width ⌫i, which leads to
a regularization of the integrals. In the limit ⌫i → 0 one can
derive a regularization scheme analogous to that presented
by Turek and Matveev in Ref. 24. This scheme consists of
two steps: First, introduce finite widths ⌫i of the intermediate
states by adding an imaginary part in the energy denominators. Second, in order to avoid double counting, subtract
terms scaling as 1 / ⌫i, which correspond to sequentialtunneling contributions. In the ⌫i → 0 limit, the remaining
integrals can be written as Cauchy principal-value integrals.
Formally, this scheme can be extended to our case including
phonons. However, this turns out to be a rather awkward
procedure concerning the numerical treatment of the integrals. Instead, we find it useful to transform the integrals so
that a power series expansion of the expressions with respect
to ⌫i is feasible. After the subtraction of all 1 / ⌫i terms, the
⌫i → 0 limit can be evaluated explicitly and we can express
our results in terms of polygamma functions, cf. Appendix C.

0=

⬘

n→共n+1兲

关 − PnqWq→q⬘

q⬘⫽q

n⬘⫽n q⬘⫽q

关Pq⬘⬘Wq⬘⬘→q − PnqWq→q⬘⬘兴.
n

n →n

n→n

共14兲

We consider the leading and next-leading order contributions to the transition rates derived in the previous subsection. Generally speaking, sequential tunneling is the dominant process close to the Coulomb peaks in dI / dV, i.e.,
whenever alignment of a molecular level with the Fermi energies of the leads permits tunneling,
kBT ⲏ min 兩eVg −  − mU兩.
m=0,1

共15兲

n

n→n

n→共n−1兲

− PnqWq→q⬘ 兴
n→n

关Pq⬘Wq⬘→q − PnqWq→q⬘兴

冋

册

1 n
n
P − Peq
P q⬘ ,
q
 q
q

−

兺
⬘

共17兲

where we have included an additional term, which takes into
account relaxation of the phonons in the relaxation time
−qប/kBT
共1
approximation with relaxation time . Peq
q =e
− e−ប/kBT兲 is the equilibrium probability distribution for the
phonons alone. The various cotunneling contributions have
been abbreviated by introducing
n→n

Wq→q⬘ =

n→n
Wq→q⬘;a→b .
兺
兺
a=L,R b=L,R

共18兲

The stationary-state rate equations in conjunction with the
normalization condition 兺n,q Pnq = 1 form an inhomogeneous
system of linear equations whose solution gives the stationary probability distribution Pnq for a given voltage bias or
temperature difference.
The stationary current is given by
I=

兺

n,q,q⬘

In the weak-coupling regime and for nondegenerate
eigenstates of the molecule, it can be shown that the offdiagonal elements of the reduced density matrix of the molecule mol are negligibly small.14,29 Therefore, the generalized master equations obtained via a density matrix approach
reduce to simple rate equations. Writing Pnq共t兲
= 具n , q兩mol共t兲兩n , q典 for the probability that the molecule is in
the state 兩n , q典 at time t, one obtains

兺 兺

兺

+

B. Rate equations

 Pnq/t =

 n
共n−1兲 共n−1兲→n
共n+1兲 共n+1兲→n
P = 兺 关Pq⬘ Wq⬘→q + Pq⬘ Wq⬘→q 兴
t q q

+

n→共n+1兲

n→共n−1兲

Pnq关Wq→q⬘;R − Wq→q⬘;R 兴

兺

n,q,q⬘

n→n

n→n

Pnq关Wq→q⬘;R→L − Wq→q⬘;L→R兴.

共19兲

The first sum comprises all sequential-tunneling contributions, the second sum the cotunneling contributions.
Calculations of IV characteristics based on this approach
show phonon steps in the IV curve for the sequentialtunneling regime and phonon steps in dI / dV for the cotunneling regime at low temperatures.14,15 The relaxation time
approximation provides a means of analyzing situations between the two extremes of equilibrated and non-equilibrated
phonons studied by Mitra et al.14

IV. THERMOPOWER

The thermopower, Eq. (1), is calculated by considering
the current through the molecule in the linear response regime, which is

Cotunneling plays the dominant role in the Coulomb valleys
and for sufficiently low temperatures, i.e., when

I共V,⌬T兲 = GV + GT⌬T + O共V2,⌬T2,V⌬T兲,

kBT Ⰶ min 兩eVg −  − mU兩.

where G denotes the conductance and GT the thermal coefficient. Hence, the thermopower can be written as

m=0,1

共16兲

Using the results for the transition rates, one obtains for the
stationary case
195107-4

S=

GT GTsq + GTco
=
,
G Gsq + Gco

共20兲

共21兲
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where sequential tunneling and cotunneling contributions
have been separated. We investigate sequential-tunneling and
cotunneling contributions to the thermopower and obtain expressions valid in the full crossover regime by means of the
regularization scheme (Appendix C).
In order to obtain G and GT, we expand the current (19) in
the bias voltage V = VL − VR and the temperature difference
⌬T = TL − TR between the source and drain electrodes. Since
V and ⌬T are in principle infinitesimal, we can conveniently
choose the right electrode to have zero potential and temperature T. Accordingly, the left electrode has potential V
and temperature T + ⌬T. When expanding the current, one
has to expand both the probabilities Pnq and the transition
n→n⬘
.
rates Wq→q
⬘
We write the expansion for the transition rates and probabilities as
Wq→q⬘⬘ = wq→q⬘⬘ + ⌬Ttq→q⬘⬘ + Vvq→q⬘⬘ + ¯
n→n

n→n

n→n

n→n

Isq =

Here, Pnq = 2␦1,n exp共−Enq / kBT兲 / Z denotes the grandcanonical
probability distribution, and Z = 兺n,q2␦1,n exp共−Enq / kBT兲 is the
corresponding partition function. (The additional factor of
2␦n,1 takes the spin degeneracy of the level n = 1 into account.) The normalization condition for the deviations of Pnq
from its equilibrium value is 0 = 兺n,q⌰nq = 兺n,q⌽nq.
By substituting the expansions (22) and (23) into the rate
equations (17) and retaining only terms linear in V and ⌬T,
one obtains a new set of rate equations for the deviations ⌰nq
and ⌽nq, see Appendix D, Eq. (D1). These, in conjunction
with the normalization conditions for ⌰ and ⌽, represent an
inhomogeneous system of linear equations, whose solution
yields the deviations ⌰nq and ⌽nq.
Finally, the current (19) can be expanded in terms of ⌬T
and V:
I=

兺

n,q,q⬘

+

n→共n+1兲

n→共n−1兲

共⌬T⌰nq + V⌽nq兲关wq→q⬘;R − wq→q⬘;R 兴

兺

n,q,q⬘

n→n

n→n

兵Pnq关⌬T共tq→q⬘;R→L − tq→q⬘;L→R兲
n→n

n→n

+ V共vq→q⬘;R→L − vq→q⬘;L→R兲兴其.

共24兲

Note that the terms proportional to ⌰nq and ⌽nq in the expansion of the cotunneling contributions are absent since they
n→n
n→n
come with the coefficient 关wq→q
− wq→q
;L→R兴, which
⬘;R→L
⬘n→n
n→n
共⑀兲.
vanishes due to the symmetry ⌫q→q⬘;a→b共⑀兲 = ⌫q→q
⬘;b→a
(a) Sequential-tunneling contributions.—In Eq. (24) it
was chosen to expand IR in V and ⌬T. Due to the steady-state
property I = IR = IL, an expansion in IL gives the same result
and it turns out to be convenient to expand the expression
I = 共IL + IR兲 / 2, which gives for the sequential-tunneling contributions

⬘

n→共n−1兲

+

+

n→共n+1兲

1
n→共n−1兲
n→共n+1兲
PnV关vq→q⬘;L − vq→q⬘;L 兴
2 n,q,q q

兺

⬘

1
n→共n−1兲
n→共n+1兲
Pn⌬T关tq→q⬘;L − tq→q⬘;L 兴.
2 n,q,q q

兺

共25兲

⬘

Here, the first term remarkably vanishes due to the symmetry
n→共n±1兲
n→共n±1兲
wq→q ;R = wq→q ;L . Therefore, one obtains the following
⬘
⬘
sequential-tunneling contributions to the thermal coefficient
GT and the conductance G:

共22兲

共23兲

兺

+ wq→q⬘;L − wq→q⬘;L 兴

and
Pnq = Pnq + ⌰nq⌬T + ⌽nqV + ¯ .

1
n→共n+1兲
n→共n−1兲
共⌬T⌰nq + V⌽nq兲关wq→q⬘;R − wq→q⬘;R
2 n,q,q

GTsq =

1
n→共n−1兲
n→共n+1兲
Pn关t
− tq→q⬘;L 兴,
2 n,q,q q q→q⬘;L

共26兲

Gsq =

1
n→共n−1兲
n→共n+1兲
P n关 v
− vq→q⬘;L 兴.
2 n,q,q q q→q⬘;L

共27兲

兺

兺

⬘

⬘

We point out that the so-obtained conductance and thermal
coefficient do not depend on the probability deviations ⌰nq
and ⌽nq any more. This is an important result since it allows
for an analytic expression of the thermopower not involving
an explicit solution of the rate equations, cf. Appendix D.
[Expansions of IL and IR alone lead to expressions for Gsq
and GTsq, which do involve ⌰nq and ⌽nq. We have also carried
out calculations based on this approach by solving the rate
equations for the probability deviations and find agreement
with the results from Eqs. (26) and (27).]
(b) Cotunneling contributions—The cotunneling contributions to thermal coefficient and conductance are
GTco =
Gco =

兺

Pnq共tq→q⬘;R→L − tq→q⬘;L→R兲,

兺

Pnq共vq→q⬘;R→L − vq→q⬘;L→R兲.

n,q,q⬘

n,q,q⬘

n→n

n→n

n→n

n→n

共28兲
共29兲

In principle, any set of rate equations involving phononic
excitations yields an infinite system of linear equations. In
numerical calculations one makes use of the fact that transition matrix elements involving highly excited phonon states
are typically very small. This allows for the introduction of a
cutoff phonon number.
We find that the linear response quantities G and GT do
not depend on the relaxation time . Mathematically, this
corresponds to the result that the conductance and thermal
coefficient do not involve the probability deviations ⌽nq and
⌰nq, cmp. Eqs. (26)–(29). The physical reason for this is the
following: In the I → 0 limit the average time needed for one
electron tunneling through the molecule becomes large compared to the relaxation time. Consequently, the initial state
for any tunneling process corresponds to an equilibrium phonon state.
By substituting back Eqs. (26)–(29) into Eq. (21), we arrive at the following analytical expression for the thermopower:
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n→共n−1兲
n→共n+1兲
n→n
n→n
− tq→q⬘;L + 2tq→q⬘;R→L − 2tq→q⬘;L→R兴
兺n,q,q⬘ Pnq关tq→q
⬘;L
.
S=
n→共n−1兲
n→共n+1兲
n→n
n→n
− vq→q⬘;L + 2vq→q⬘;R→L − 2vq→q⬘;L→R兴
兺n,q,q⬘ Pnq关vq→q
⬘;L

共30兲

This equation is our central result. It shows that even in the
presence of phonons the thermopower can be expressed analytically through the equilibrium probability distribution Pnq
and the expansion coefficients of the transition rates evalutated at vanishing source drain voltage and temperature difference. In the following section the implications of Eq. (30)
will be discussed.

nentially away from the Coulomb peak. At gate voltages
close to V*g, their behavior can be estimated by

V. RESULTS

Consequently, the sequential-tunneling thermopower Ssq
= GTsq / Gsq behaves as ⬃tanh关e共V*g − Vg兲 / kBT兴 in the vicinity
of V*g, which develops a discontinuity in the limit T → 0.
In addition to the electronic step, the results show smaller
phonon steps with a distance of ប between adjacent steps.
To understand slope, temperature dependence, and phonon
step sizes of the sequential-tunneling thermopower, we turn
to the case U → ⬁.
In the U → ⬁ limit, electronic double occupation of the
molecule is forbidden, and the sequential-tunneling thermopower Ssq = GTsq / Gsq reads

A. Sequential tunneling

We first consider the results for pure sequential tunneling,
postponing the discussion of the full thermopower due to
both sequential and cotunneling to Sec. V B. We give numerical results for the thermopower and present analytic expressions for the limiting case U → ⬁ and T → 0. Representative numerical results are shown in Fig. 3.
The dominant feature of the sequential-tunneling thermopower Ssq is a large step at the gate voltage V*g = 共
+ U / 2兲 / e, for which the Fermi energy of the leads lies halfway in between the 兩1, 0典 and the 兩2, 0典 state. This situation is
depicted in Fig. 4. At Vg = V*g the thermocurrent GT⌬T vanishes due to electron-hole symmetry. An increased (decreased) gate voltage lowers (raises) the molecular levels
with respect to the Fermi level, and therefore current is
dominated by electrons (holes) flowing from the left to the
right lead. Consequently, GT changes sign at Vg = V*g. Moreover, away from the Coulomb peaks, sequential tunneling
can only occur through the tails of the lead Fermi distributions due to energy conservation. Therefore, the sequentialtunneling conductance and thermal coefficient fall off expo-

FIG. 3. Thermopower Ssq times temperature as a function of
gate voltage. The parameters are chosen as  = 0, ប = 0.11U. Vg
and T S have units of U / e. Large: Vibrations with  = 2. Inset:
Oscillations with 0 = 5. [See text following Eq. (35) for a discussion of the choice of parameters.] The positions of the corresponding Coulomb peaks in I / V are marked with arrows. In contrast,
the main features of the thermopower occur between the Coulomb
peaks.

Gsq ⬃ exp关− e共V*g − 兲/kBT兴cosh关e共V*g − Vg兲/kBT兴, 共31兲
GTsq ⬃ exp关− e共V*g − 兲/kBT兴sinh关e共V*g − Vg兲/kBT兴. 共32兲

S

sq

0→1
1→0
− P1tq→q⬘兲 V − /e
兺q,q⬘ Peqq 共P0tq→q
⬘
g
=
=
eq 0 0→1
1 1→0
T
兺q,q⬘ Pq 共P vq→q⬘ − P vq→q⬘兲
兺q,q⬘ 共P0Peqq + P1Peqq⬘兲f R⬘ 共E1q⬘ − E0q兲ប共q⬘ − q兲⌫q0→1
⬘→q
.
−
1
0 0→1
1 eq
⬘
Te 兺 q,q⬘ 共P0 Peq
+
P
P
兲f
共E
−
E
兲⌫
q
q q⬘→q
q⬘ R q⬘

共33兲
Thus, we find that the thermopower purely due to sequential
tunneling roughly scales like 1 / T, which is in agreement
with the quantum dot case.21 In the low temperature limit,
the thermopower as a function of gate voltage develops a
characteristic sawtooth behavior. The slope of the linear
pieces is found to be dSsq / dVg = 1 / T.
In the T → 0 limit, one obtains

FIG. 4. Electron-hole symmetry for the gate voltage V*g = 共
+ U / 2兲 / e.
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lim TS
T→0

sq

0→1
兺q⬍兩eV −兩/ប បq ⌫0→q
= Vg − /e − sgn共eVg − 兲
,
0→1
e 兺 q⬍兩eV −兩/ប ⌫0→q
g

g

共34兲
where the last term generates the step features by adding up
higher phonon contributions for increasing gate voltages. We
can obtain the phononic step size ⌬Q of the Qth step of TSsq
in the T → 0 limit from Eq. (34):
Q

0→1
⌬Q = ប/e⌫0→Q

兺

q=0

冋兺
Q

0→1
共Q − q兲⌫0→q

q=0

Q−1
0→1
⌫0→q

兺

q=0

0→1
⌫0→q

册

−1

.
共35兲

Here, Q counts the discontinuities of TSsq starting at
 − eVG = 0 with increasing gate voltage. ⌬Q depends on the
step number Q and on the coupling strength  or
0 = z0 / osc for vibrations or oscillations, respectively. Here,
osc = 共ប / M osc兲1/2 is the harmonic-oscillator length for oscillations and M denotes the molecular mass.
It is instructive to estimate typical values of the parameters 0 and  for realistic systems. For 0 we need to compare z0 to the oscillator length osc. An order of magnitude
estimate yields z0 ⬇ ប / 共meW兲1/2. Here, W is the work function of the metal leads and is of the order of several electronvolts. On the other hand, for a typical experiment6 oscillations occur on an energy scale of 1 – 10 meV. This yields
0 = z0 / osc Ⰷ 1. In this case, displacements of the molecule’s
CM are small on the scale of z0, and therefore no significant
shuttle effects can be expected.
Next we consider the vibrational coupling parameter .
Let r be the normal coordinate deviation from the equilibrium value r0. An additional electron has to lowest order the
effect of shifting the phonon potential curve by some dis2
tance ⌬r, so that the potential energy is now ⬇ 21 M vib
共r
2
+ n⌬r兲 . Hence, the electron-phonon coupling term is of the
2
r⌬r = ⌬r / vibបvib共b + b†兲 and
order of magnitude of M vib
therefore  ⬇ ⌬r / vib. Here, vib = 共ប / M vib兲1/2 is the harmonic oscillator length corresponding to vibrations. There is
not a general rule for how vib and ⌬r compare so that  can
in principle assume values both smaller and lager than 1.
Due to the different behavior of the matrix elements for
vibrations and oscillations, the phonon step size turns out to
differ between those two cases as shown in Fig. 5. For vibrational phonons the electron-phonon coupling becomes
stronger for increasing . In the case of electron-phonon coupling for oscillations, the coupling gets stronger for decreasing 0 = z0 / osc [decreasing z0 at fixed osc increases the position dependence of the hopping matrix elements t共z兲].
Thus, the plausible finding is that in both cases phonon step
size increases with electron-phonon coupling strength. For
oscillations the steps are rather small in the relevant regime
of 0 Ⰷ 1. For vibrations they may be more pronounced.
B. Results for the total thermopower

The results for the thermopower discussed earlier arise
from considering sequential-tunneling contributions only.
However, if the Fermi levels are not aligned with a molecular

FIG. 5. Phonon step size ⌬Q in units of ប / e for the step numbers Q = 1, 2, 3.

level, sequential tunneling only occurs via electrons (or
holes) in the tails of the Fermi distributions in the leads. In
this case, the sequential-tunneling conductance Gsq and thermal coefficient GTsq are exponentially suppressed, and higherorder processes such as cotunneling may yield important
contributions. Accordingly, sequential tunneling dominates
in proximity to the aligned-levels configuration, and is suppressed most at the gate voltage V*g at which the large electronic step in the sequential-tunneling thermopower occurs.
In the latter range of gate voltages, cotunneling may give the
dominant contributions to the thermopower. For this reason
we have included the effect of cotunneling processes in the
rate-equations approach, cf. Sec. III. At temperatures
kBT ⬍ ប inelastic cotunneling can be neglected, and we find
that the elastic cotunneling does not exhibit significant phonon structure.
Figure 6 exemplifies the behavior of the thermopower including both sequential and cotunneling as a function of gate
voltage for several temperatures. Whether the total thermopower S shows the sequential-tunneling phonon structure
or whether it is mainly dominated by cotunneling contributions without significant phonon features, strongly depends
on the choice of parameters. First, step-like features can only
be expected if the sequential-tunneling part develops pronounced steps. As discussed earlier, this depends on phonon
type, phonon-coupling strength, and temperature. Only for

FIG. 6. Thermopower times temperature as a function of gate
voltage for several temperatures. The parameter choices are:  = 0,
ប = 0.11U,  = 2 (vibrations), ␣ = 10−9 [dimensionless coupling parameter defined in Eq. (36)]. Vg and TS are plotted in units of U / e.
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−1
Vxo
g ⬇ kBT共ln ␣ − ln b兲/e.

FIG. 7. Thermopower as a function of gate voltage at fixed
temperature. The parameter choices are:  = 0, ប = 0.11U,  = 2 (vibrations), T = 0.01U / kB. Vg is plotted in units of U / e, S in units of
kB / e.

temperatures well below ប / kB one can expect any features,
as can be seen from the smoothening of the phonon steps for
increasing temperature in Fig. 6.
Second, temperature and the dimensionless coupling parameter

␣ = t20/U,

共36兲

which arises in the rate equations and roughly describes the
relative strength of cotunneling to sequential tunneling,32 determine where the crossover between the sequentialtunneling and cotunneling regimes occurs. For illustration,
Fig. 7 shows the thermopower S as a function of gate voltage
at fixed temperature for two different coupling parameters ␣
as well as the corresponding sequential-tunneling result for
comparison.
The crossover between the sequential-tunneling and cotunneling regimes occurs in a rather small gate voltage
range, cf. Figs. 6 and 7, which allows one to identify cross33
over gate voltages Vxo
g . Our results show that the crossover
−1
points roughly scale as Vxo
g ⬃ T ln ␣ , which is in agreement
with corresponding results for quantum dots, cf., e.g.,
Ref. 24.
This can be understood based on the following estimate of
the crossover points Vxo
g . We assume that only a small gatevoltage region is dominated by sequential tunneling,
*
Vxo
g ⬍ Vg. With e⌬Vg = minm=0,1兩eVg −  − mU兩 being the dominant activation energy for either electrons or holes, one can
roughly estimate the sequential-tunneling conductance and
thermal coefficient by an activated behavior dependence
Gsq,GTsq ⬃ exp共− e⌬Vg/kBT兲.

共37兲

While sequential-tunneling contributions therefore fall off
exponentially with ⌬Vg, cotunneling contributions only show
a weak power-law dependence on the activation energy
e⌬Vg, and temperature T. To lowest order they may be approximated by a constant
Gco,GTco ⬃ ␣b.

共38兲

Comparison of Eqs. (37) and (38) yields as an estimate for
the crossover gate voltage

共39兲

In this approximation, Vxo
g increases linearly with temperature and decreases logarithmically with ln ␣−1. The number
of phonon steps (if present in the sequential-tunneling contribution) is given by eVxo
g / ប.
For the parameter choices of Fig. 7, we find that b assumes values so that the ln b term in Eq. (39) can be neglected. This leads to the following estimates of the crossxo
−5
over gate voltage: Vxo
g ⬇ 0.1U / e for ␣ = 10 , and Vg
−9
⬇ 0.2U / e for ␣ = 10 , which is in good agreement with the
crossovers observed in Fig. 7.
We note that the thermopower attains rather small values
in the cotunneling regime. This is plausible when reconsidering the effect of the electron-hole symmetry at eV*g = 共
+ U / 2兲. Due to this symmetry, the thermopower must vanish
at V*g. In the case of sequential tunneling, the exponentially
suppressed current GTsq⌬T shows the breaking of this symmetry for small gate voltage deviations from V*g rather
abruptly (leading to the large steps in the sequentialtunneling thermopower Ssq as a function of gate voltage). For
cotunneling on the other hand, the thermal current is not
exponentially suppressed, but roughly follows a power-like
decrease with ⌬Vg. Therefore, breaking of the electron-hole
symmetry is not as pronounced so that S remains small in the
cotunneling region centered around V*g.
VI. SUMMARY

Using a model for electronic transport through a single
spin-degenerate molecular orbital, and taking into account
oscillational and vibrational phonons, we have calculated the
thermopower of a single-molecule device in the regime of
weak molecule-lead coupling. In contrast to IV measurements, the thermopower provides a means of extracting information about electronic and phononic excitations and the
nature of the electron-phonon coupling in a linear response
measurement. Therefore, it may have advantages over the
more conventional IV characteristic, which necessarily involves nonequilibrium effects, and which, at large voltages,
may even affect symmetry and structure of the molecule itself.
We have found that sequential-tunneling contributions
yield a characteristic sawtooth behavior of the thermopower
as a function of gate voltage for low temperatures, which
shows structure due to electronic and phononic excitations. It
has been shown that due to the different nature of electronphonon coupling for oscillations and vibrations, characteristic differences in the phonon step size arise in the sequentialtunneling thermopower. Analytical expressions for the
phonon step size have been derived in the limit of strong
Coulomb blockade, which show that, for realistic parameters, phonon steps can be expected to be more pronounced
for vibrations than for oscillations.
Away from the Coulomb peaks, cotunneling dominates
over sequential tunneling.26 By considering cotunneling contributions obtained by means of a regularization scheme, we
have found that the (elastic) cotunneling regime does not
show significant structure due to phononic excitations. We
have investigated the crossover regime and have given an
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estimate for the gate voltage at which the crossover takes
place. It has been shown that the phononic structure exhibited by the sequential-tunneling contributions is retained in
the thermopower if kBT Ⰶ ប and kBT ln ␣−1 ⬎ ប, i.e., (1)
the temperature is low enough so that the phononic structure
is not blurred out, and (2) the dimensionless coupling parameter ␣ is so small that the crossover gate voltage is high
enough to allow for at least one phonon feature in the thermopower.

rate equations contain an additional spin-flip channel, cf. Eq.
(A2), leading to a factor of 2. Therefore, by defining the
cotunneling spin factors by
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s1→1 = 2,

the rate equations involving spin, Eq. (A2), can be transformed into the set of rate equations in Eq. (17).
APPENDIX B: MATRIX ELEMENTS

⬘

n→共n±1兲
M q→q⬘;L

= t0

兩1↓,q典,

兩2,q典.

共A1兲

= t0

+

兺

q⬘⫽q

+

n n→n
关Pq⬘ W̃q⬘→q

兺

q⬘,⬘⫽

−

n→共n−1兲⬘

−

n→n
PnqW̃q→q⬘ ⬘兴,

⬘

s0→1 = s2→1 = 2.

q2−q1

2

冉 冊

e1/40Lqq2−q1 −
1

1

220

冉

2q2−q1q1!
q 2!

冊冉 冊
1/2

+

1
20

q2−q1

2

冉 冊

e1/40Lqq2−q1 −
1

1

220

,

where q1 = min兵q , q⬘其, q2 = max兵q , q⬘其, and 0 = z0 / osc. Fin
共x兲 denotes the generalized Laguerre polynomial.
nally, Lm
Note that there is no dependence on whether the final electronic state is n + 1 or n − 1.
(b) Matrix elements for vibrations.—For vibrations one
obtains, cf. Ref. 14:

2

兴

⫻

共A2兲

⬘

+ Wq→q
, the sequential-tunneling contributions to the rate
⬘
equations can be cast into the form of Eq. (17). Accordingly,
the sequential-tunneling spin factors are given by
s1→0 = s1→2 = 1,

1
20

=t0共q1 ! /q2 ! 兲1/2q2−q1e− /2Lqq2−q1共2兲

where it is implied that  = 0 for n = 0 , 2 and  = ↑ , ↓ for n
= 1. Here, W̃ denotes total transition rates between specific
spin states.
共1±1兲→1
共1±1兲→1↑
1↓
By defining P1q ⬅ P1↑
and Wq→q ⬅ Wq→q
q + Pq
共1±1兲→1↓

−

M q→q

n→n
PnqW̃q→q⬘ 兴

n⬘→n
n
关Pq⬘ ⬘W̃q⬘→q

1/2

共B2兲

⬘ ⬘

− PnqW̃q→q⬘

冊冉 冊

†
n→共n−1兲
= t0具q⬘兩e−共b −b兲兩q典
⬘;a

 n
共n−1兲 →n
共n+1兲 →n
共n−1兲
共n+1兲
P = 兺 关Pq⬘ ⬘W̃q⬘→q ⬘
+ Pq⬘ ⬘W̃q⬘→q ⬘
 t q q ,
n→共n+1兲⬘

2q2−q1q1!
q 2!

n→共n±1兲

Due to the spin-degeneracy and the spin-independent tunneling matrix elements, one can make use of the resulting symmetry and obtain a description without explicit reference to
spin indices. To see this, we write down the rate equations
including spin indices

− PnqW̃q→q⬘

冉

共B1兲

In our model we consider transport through one spindegenerate molecular orbital. Including the phononic excitations, a basis of the corresponding Hilbert space is given by
the states
兩1↑,q典,

= t0具q⬘兩exp关− z/z0兴兩q典

M q→q⬘;R = t0具q⬘兩exp关+ z/z0兴兩q典

APPENDIX A: SPIN FACTORS

兩0,q典,

共A4兲

s0→0 = s2→2 = 4,

共A3兲

00→00
20→20
For cotunneling transitions W̃q→q
and W̃q→q
, one has
⬘
⬘
to take into account that the virtual intermediate state is now
spin-degenerate, which leads to a factor of 4 due to the coherent sum, cf. Eq. (13). For cotunneling transitions with n
= 1, the intermediate state has no spin degeneracy, but the

再

冎

1

共− 1兲
1

q⬘−q

for q⬘ 艌 q
for q⬘ ⬍ q,

共B3兲

where again q1 = min兵q , q⬘其, q2 = max兵q , q⬘其. Note that there
is no dependence on the lead index a. The corresponding
matrix element for a transition n → n + 1 can be obtained by
using
n→共n−1兲

n→共n+1兲

Mq→q⬘;a = M q⬘→q;a .

共B4兲

See Secs. II and V A for definitions and a discussion of
the parameters osc, z0, and .
APPENDIX C: REGULARIZATION SCHEME

We sketch the regularization scheme that we apply in order to extract the cotunneling contributions from the diverging next-leading order perturbation theory. The integrals w, t,
and v for cotunneling, cf. Eq. (22), contain factors of Fermi
functions and their derivatives, energy factors and the bare
transition rates. Our starting point is to introduce a finite
width for the intermediate state. The bare transition rates
then assume the following form:
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冏兺 冉
⬁

n→n
⌫q→q⬘;a→b

⬃

k=0

=

兺 冋冏
k

Ak
Bk
+
⑀ − Ek + i⌫k ⑀ − Ek⬘ + i⌫k

Ak
⑀ − Ek + i⌫k

+ 2 Re

冏 冏
2

+

A

冊冏

Bk
⑀ − E⬘k + i⌫k

2

冏册
2

+ 2 Re

兺
兺q k⬍q

冋

Aq
Bq
Ak
Bk
+
⑀ − Ek + i⌫k ⑀ − Eq − i⌫q ⑀ − Ek⬘ + i⌫k ⑀ − E⬘q − i⌫q

册

B

兺q 兺k ⑀ − Ek k+ i⌫k ⑀ − E⬘ q− i⌫q .
q

Accordingly, we need to consider several types of integrals. In the following, we always evaluate the integrals in the ⌫ → 0
limit. The notation “−O共1 / ⌫兲” indicates that terms proportional to 1 / ⌫ have been subtracted before carrying out the limit.
These terms correspond to sequential-tunneling contributions, cf. Ref. 15.
I=
=

冕

d⑀ f共⑀ − E1兲f共⑀ − E2兲

1
1
⑀ − ⑀1 − i⌫1 ⑀ − ⑀2 + i⌫2

1
兵i + nB共E1 − E2兲关− 共1/2 + i␤关E1 − ⑀1兴/2兲 + 共1/2 − i␤关E1 − ⑀2兴/2兲兴
⑀1 − ⑀2
+ nB共E2 − E1兲关− 共1/2 + i␤关E2 − ⑀1兴/2兲 + 共1/2 − i␤关E2 − ⑀2兴/2兲兴其,

J=
=

冕

d⑀ f共⑀ − E1兲f共⑀ − E2兲

共C1兲

1
− O共1/⌫兲
共⑀ − E兲2 + ⌫2

␤
兵nB共E1 − E2兲Im 共1兲共1/2 + i␤关E − E1兴/2兲 + nB共E2 − E1兲Im 共1兲共1/2 + i␤关E − E2兴/2兲其.
2

共C2兲

Here, 共n兲共x兲 denotes the polygamma function of order n, cf. Ref. 30, and nB共x兲 = 关exp共x / kBT兲 − 1兴−1 is the Bose function. By
evaluating I 共J兲 in the limit E2 → ⬁, one obtains an expression for the integral I⬘ 共J⬘兲 with only one Fermi factor.
K=

冕

d⑀ f ⬘共⑀ − E1兲f共⑀ − E2兲

1
1
= − I/E1 ,
⑀ − ⑀1 − i⌫1 ⑀ − ⑀2 + i⌫2

共C3兲

L=

冕

d⑀ f ⬘共⑀ − E1兲f共⑀ − E2兲

1
= − J/E1 ,
共⑀ − E兲2 + ⌫2

共C4兲

M=

冕

d⑀共⑀ − E1兲f ⬘共⑀ − E1兲f共⑀ − E2兲

M⬘ =

冕

d⑀共⑀ − E1兲f ⬘共⑀ − E1兲关1 − f共⑀ − E2兲兴

N=

冕

d⑀共⑀ − E1兲f ⬘共⑀ − E1兲f共⑀ − E2兲

N⬘ =

冕

d⑀共⑀ − E1兲f ⬘共⑀ − E1兲关1 − f共⑀ − E2兲兴

G=

冕

d⑀ f ⬘共⑀ − E1兲f共⑀ − E2兲

1
1
= G + 共⑀2 − E1兲K,
⑀ − ⑀1 − i⌫1 ⑀ − ⑀2 + i⌫2
1
1
= ␤/␤I⬘ − M ,
⑀ − ⑀1 − i⌫1 ⑀ − ⑀2 + i⌫2

共C5兲

共C6兲

1
− O共1/⌫兲 = Re G + 共E − E1兲L,
共⑀ − E兲2 + ⌫2

共C7兲

1
− O共1/⌫兲 = ␤/␤J⬘ − N,
共⑀ − E兲2 + ⌫2

共C8兲

1
i␤
=
n 共E − E2兲共1兲共1/2 + i␤共E1 − ⑀1兲/2兲
⑀ − ⑀1 − i⌫ 2 B 1

+ nB⬘ 共E1 − E2兲关共1/2 + i␤共E1 − ⑀1兲/2兲 − 共1/2 + i␤共E2 − ⑀1兲/2兲兴.
195107-10

共C9兲
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APPENDIX D: RATE EQUATIONS FOR ⌰nq , ⌽nq ; EXPANSION COEFFICIENTS

The rate equations for the deviations ⌰nq and ⌽nq from the equilibrium probability have the following form:
0=

共n−1兲→n
共n−1兲→n
共n+1兲→n
共n+1兲→n
n+1
n→共n+1兲
n→共n+1兲
n→共n−1兲
+ Vvq⬘→q 兴 + Pq⬘ 关⌬Ttq⬘→q + Vvq⬘→q 兴 − Pnq关⌬Ttq→q⬘ + Vvq→q⬘ + ⌬Ttq→q⬘
兺 兵Pn−1
q⬘ 关⌬Ttq⬘→q
q⬘

n→共n−1兲

n−1

共n−1兲→n

n−1

+ Vvq→q⬘ 兴 + 共⌬T⌰q⬘ + V⌽q⬘ 兲wq⬘→q
+

兺

n→n

n

q⬘⫽q

n→n

n+1

n+1

共n+1兲→n

+ 共⌬T⌰q⬘ + V⌽q⬘ 兲wq⬘→q

n→n

n→n

n

n→共n+1兲

− 共⌬T⌰nq + V⌽nq兲关wq→q⬘
n

n→n

n→共n−1兲

+ wq→q⬘ 兴其
n→n

关Pq⬘共⌬Ttq⬘→q + Vvq⬘→q兲 − Pnq共⌬Ttq→q⬘ + Vvq→q⬘兲 + 共⌬T⌰q⬘ + V⌽q⬘兲wq⬘→q − 共⌬T⌰nq + V⌽nq兲wq→q⬘兴

1
n
n
− 关⌬T⌰nq + V⌽nq − Peq
共⌬T⌰q⬘ + V⌽q⬘兲兴.
q

q

兺

共D1兲

⬘

By expanding (8) and (9) one obtains the following expressions for the expansion coefficients of the sequential-tunneling rates
n→共n±1兲
n→共n±1兲
Wq→q = 兺aWq→q ;a :
⬘

⬘

n→共n+1兲

n→共n+1兲

n→共n−1兲

n→共n−1兲

n+1

n→共n+1兲

wq→q⬘;L = wq→q⬘;R = f R共Eq⬘ − Enq兲⌫q→q⬘
n−1

共D2兲

,

n→共n−1兲

wq→q⬘;L = wq→q⬘;R = 关1 − f R共Enq − Eq⬘ 兲兴⌫q→q⬘

共D3兲

,

tq→q⬘;L = − 共Eq⬘ − Enq兲/Tf R⬘ 共Eq⬘ − Enq兲⌫q→q⬘ , tq→q⬘;R = 0,

共D4兲

tq→q⬘;L = + 共Enq − Eq⬘ 兲/Tf R⬘ 共Enq − Eq⬘ 兲⌫q→q⬘ , tq→q⬘;R = 0,

共D5兲

vq→q⬘;L = + ef R⬘ 共Eq⬘ − Enq兲⌫q→q⬘ , vq→q⬘;R = 0,

共D6兲

vq→q⬘;L = − ef R⬘ 共Enq − Eq⬘ 兲⌫q→q⬘ , vq→q⬘;R = 0.

共D7兲

n+1

n→共n+1兲

n+1

n→共n+1兲

n−1

n→共n−1兲

n−1

n+1

n→共n+1兲

n→共n+1兲

n−1

n→共n−1兲

n→共n−1兲

n→共n+1兲

n→共n−1兲

n→共n−1兲

n→共n+1兲

n→共n−1兲

Similarly, the expansion of the cotunneling rates (12) yields
n→n

wq→q⬘;a→b = 

冕

n→n

tq→q⬘;L→R = − 

n→n
tq→q⬘;R→L

n→n
tq→q⬘;L→L

n

冕

=

冕

=

冕

n→n

n→n

d⑀ f R共⑀兲关1 − f R共⑀ + Enq − Eq⬘兲兴⌫q→q⬘;a→b共⑀兲,

共D8兲

⑀
n→n
n
d⑀ f R⬘ 共⑀兲关1 − f R共⑀ + Enq − Eq⬘兲兴⌫q→q⬘;L→R共⑀兲,
T
⑀ + Enq − Enq⬘

d⑀

d⑀

再

T

f R共⑀兲f R⬘ 共⑀ + Enq − Eq⬘兲⌫q→q⬘;R→L共⑀兲,

⑀ + Enq − Enq⬘
T

共D9兲

n→n

n

f R共⑀兲f R⬘ 共⑀ + Enq − Eq⬘兲 −
n

共D10兲

冎

⑀
n→n
n
f R⬘ 共⑀兲关1 − f R共⑀ + Enq − Eq⬘兲兴 ⌫q→q⬘;L→L共⑀兲,
T

n→n

共D12兲

tq→q⬘;R→R = 0, vq→q⬘;R→R = 0,
n→n

冕
冕
冕

vq→q⬘;L→R = − e
n→n

vq→q⬘;R→L = e
n→n

vq→q⬘;L→L = e

共D11兲

d⑀ f R⬘ 共⑀兲关1 − f R共⑀ + Enq − Eq⬘兲兴⌫q→q⬘;L→R共⑀兲,
n

n→n

共D13兲

d⑀ f R共⑀兲f R⬘ 共⑀ + Enq − Eq⬘兲⌫q→q⬘;R→L共⑀兲,
n→n

n

共D14兲

d⑀兵f R共⑀兲f R⬘ 共⑀ + Enq − Eq⬘兲 − f R⬘ 共⑀兲关1 − f R共⑀ + Enq − Eq⬘兲兴其⌫q→q⬘;L→L共⑀兲.
n

n

195107-11
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