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Dilute weakly-interacting Bose gas
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Reminder: dilute weakly-interacting Bose gas

Lagrangian

mean-field exponents
for d>2:

\_

exponent

dynamical exponent 2z = 2
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.. hV? U, 4
L = ¢*(iho; - Sy 1o — §\gb\
correlation length L — 1 A

upper critical dimension
d+z=4,i.e., d=2

renormalization of the tuning parameter in the quantum critical regime
(Hartree-Fock approximation)
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for d=3, z=2
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Reminder: Phase diagram
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phase diagram of the dilute Bose gas in spatial dimension d=3
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line of classical
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Bosons in one spatial dimension

bosons in one spatial dimension at T=0:

e R 02 U
L= ¢ (ihd+ 5= + 1) — 5ol

2m

consider dilute limit p < O with empty ground state.

First excited state contains single free boson
Next excited state contains fwo interacting bosons:

Two-particle wavefunction with zero total momentum i) (371 CCQ) — (I)(Zlﬁl . x2)
only dependent on the relative coordinate ’

E> effective Schrodinger equation for relative coordinate x = x1- x2

h2 02
ihd®(z) = ( — = — U+ u5(x))<1>(x)
2lured
t 1 1 1
reduced mass - — 4+ =

I r m m
Quantum mechanics: red

2
(k’a)Q . . ,uredh
= th Tt | th =
T (ha)? with scattering leng a »

transmission coefficient T
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Lifshitz transition

>0 bosons perfectly reflect from each other!
Node develops in the two-particle wave function

At low energies/momenta: T =

E> Interacting bosons in 1d behave like spinless fermions at low energies!
Emergent Pauli principle!

Example of statistical transmutation Lifshitz transition:
fermions at the bottom
Effective theory for the quantum phase transition at p=0: ea  of aparabolic band
R k2
H=)_ ( om " ) cich
k m \ Fermionic o+
operators
Independent of the interaction amplitude ul Hp==--seceeeeeeeeeaaaaa.
Emergent universality! Scaling hypothesis applies! (:) >
explicit calculation:
< dk 12K/ (2m) — 4 )
F = —kBT/ 7 log(1 + exp(— /(2m) “)) correlation length 1
oo 4T k’BT V — —
exponent 2
Free energy density F = kf_T\I; (%) ~ T3/2\y (%) dynamical exponent 2z = 2
T

\_ v
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Phase diagram for d=1

A A
\/ i '\.i/‘"" ] Change of the ground state at p=0

Development of two Fermi points!

> i >
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Phase diagram for d=1

Ty specific heat C' ~ \IJ(O)\/T
thermal expansion for pressure tuning Scaling form of the free energy:
* 2 / R
W gL E Y(O) FNTS/Q\I!(E)
" ouoT VT T
0 A .

A A
\/ i v.--- ] Change of the ground state at p=0

Development of two Fermi points!

> i >
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Residual interaction

1
Fermions still interact  H ;1 = Z g e D’ Ckck’ CpCp/
k,k",p,p’

interaction amplitude at low energies has the form

Fkk’;pp’ =7 5k+l~c’,p+p’ (k - k”)(p — p/)

! AN

amplitude dependent =~ momentum conservation  factors of momentum required by Pauli principle,
on the boson interaction u not possible to create/annihilate two fermions
with the same momentum

E> Interaction irrelevant at the QCP! Does not modify the asymptotic critical behaviour!

A
However: |
' R it induces Luttinger liquid correlations for p>0
% o at lowest temperatures
N 11L with crossover temperature log(71r, /@) ~ 1/p
‘ﬁ:-.- ————— - >
QCP W
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Spin-dimer antiferromagnets
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Weakly-coupled dimers

consider spins 1/2 on a lattice

@ @ _@ strong antiferromagnet coupling J
/ _1th =141 formation of a

@ @ @ E> V2 ‘ singlet state = dimer
@ @ @\ weak coupling J' between the dimers

— = =

Examples:

dimer ——» <«—— dimer

spin-ladder compound
(CsH12N)2CuBr4
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A single dimer in a magnetic field

neglect the inter-dimer interaction: P

consider a single dimer in a magnetic field ®

ener
(AT

degenerate friplet —>

singlet —>

10— 1) \

H=0 H~J

magnetic field
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A single dimer in a magnetic field

neglect the inter-dimer interaction: P

consider a single dimer in a magnetic field ®

ener
(AT

degenerate friplet —>

singlet —>

10— 1) \

H=0 H~J

magnetic field

singlet-triplet
level crossing
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Beyond the single dimer approximation

dimers are weakly coupled by J' > ftriplet excitation can hop from dimer to dimer
and acquire kinetic energy

[ TH =111

TT)

—
magnetic field

X
l
~
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Beyond the single dimer approximation

dimers are weakly coupled by J' > ftriplet excitation can hop from dimer to dimer
and acquire kinetic energy

kinetic energy of triplets

band of excitations
with bandwidth J'

—
Hcl HcZ magne’ric field

g )

two quantum critical points
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Effective theory for the quantum phase transitions

groundstate for H < Ha

( )----( > ( :>
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Effective theory for the quantum phase transitions

single triplet excitation

( )----( > ( :>
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Effective theory for the quantum phase transitions

single triplet excitation
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Effective theory for the quantum phase transitions

single triplet excitation

pooh =@

2

boson with kinetic energy £~ and chemical potential 1 o< H — H

2m
—> Bose-Einstein condensation of triplons

SO

Markus Garst SFB/TR 49 International School, March 2016



Effective theory for the quantum phase transitions

groundstate for H > Hcz
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Effective theory for the quantum phase transitions

magnon = spin-flip excitation forming a dimer
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Effective theory for the quantum phase transitions

magnon = spin-flip excitation forming a dimer
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Effective theory for the quantum phase transitions

magnon = spin-flip excitation forming a dimer

boson with kinetic energy ;; and chemical potential © < Heo — H
m

—> Bose-Einstein condensation of magnons
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Experiments: TICuCl3

Bose-Einstein condensation of
the triplet states in the
magnetic insulator TICuCl;

Ch. Rilegg*, N. Cavadini*, A. Furrer*, H.-U. Giidel+, K. Kramer+,
H. Mutkat, A. Wildes:, K. Habicht$ & P. Vorderwisch$

Nature 2003
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Fiold strength (T)

triplet spectrum obtained
by neutron scattering

QPT at ~5 Tesla —»

oo

phase diagram fit to the
15 — 777 Pphase boundary
- BECIof /4/ yields ¢ = 1.8
—~ “ triplons ‘
ol ™ w0 -
2 expected for BEC
£ at lowest T: ¢ = 3/2
] T, ~ (3)2/3
u

Temperature (K) Lorenz et al. TMMM (2007)

— . T 12
& | g ~ . thermal expansion with
= 12 characteristic sign changes
£ 10471 16 i y
g s g5 atthe classical transition
£ 1 \ |, =entropy accumulation
= 8,10,12,14, 16T}
-6 L 4 : L
0 5 10 0 5 10
Temperature (K) Temperature (K)

Johannsen et al. PRL (2005)
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Experiments: Sr3Cr20s

Field-induced Bose-Einstein Condensation of triplons up to 8 K in Sr;Cr,Og

A. A. Aczel,' Y. Kohama,? C. Marcenat,® F. Weickert,? M. Jaime,2 O. E. Ayala-Valenzuela,?
R. D. McDonald,? S. D. Selesnic,! H. A. Dabkowska,® and G. M. Luke!:%6

' Department of Physics and Astronomy, McMaster University, Hamilton, Ontario, Canaeda, L8S 4M1
2 Nationel High Magnetic Field Laboratory, Los Alamos National Laboratory, Los Alamos, New Mezico 87545, USA
?CEA-Grenoble, Institut Nanosciences et Cryogénie, SPSMS-LATEQS,
17 rue des Martyrs, 38054 Grenoble Cedex 9, France
‘Maz Planck Institute for Chemical Physics of Solids, Dresden, Germany
® Brockhouse Institute for Materials Research, McMaster University, Hemilton, Ontario, Canada, L8S 4 M1
®Canadian Institute of Advanced Research, Toronto, Ontario, Canade, M5G 128
(Dated: October 26, 2009)

Single crystals of the spin dimer system Sr3Cr,Og have been grown for the first time. Magne-
tization, heat capacity, and magnetocaloric effect data up to 65 T reveal magnetic order between
applied fields of He1 ~ 30.4 T and He2 ~ 62 T. This field-induced order persists up to T™* ~ 8 K at
H ~ 44 T, the highest observed in any quantum magnet where H.; is experimentally-accessible. We

& e TOormMmno - - - -

The exponent v = 0.65(2), obtained at temperatures much smaller than T2%*, is that of the 3D

Bose-Einstein condensate (BEC) universality class. This finding strongly suggests that SrgCr2Os is

=1 > L -ty

15 = el ard s

PACS numbers: 73.43.Nq, 75.30.Kz, 75.30.5g, 75.40.Cx

PRL 2009

mperature (K)

maghetic long-range order

(XY-AFM)

35T DC MCE
35T DC Cp
= 50T Pulsed MCE
+ 60T Pulsed MCE
* 65 T Magnetization
e
Quantum
F‘aran’xagnet:!i XY-AF, Saturated Paramagnel
w -
AR w2
Y ;¢
~eai @ 35T MCE Data
e g 1 — Power Law Fit
kS
p c - .
304 308 32 38

Magnetic Field (T)
28 32 36 40 44 48 52 56 60 64
Magnetic Field (T)

two quantum critical points
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Experiments: spin-ladder compound (CsH12N)2CuBr4

Patyal et al. (1990) Phase diagram:

Watson et al. (2001)

Lorenz et al (2008) L : R — C /T [migk?
Anfuso et al (2008) S : : : ' ' .
Klanjsek et al. (2008) 4.5 '
Thielemann et al. (2008) 4

Riiegg et al. (2008)
Bouillot et al (2011)

w
w o

Temperature [K]
N
N o,

1.5
1 3
05 q
CuBrs cluster A\B
0
. \ J 0 2 4 6 8 10 12 14
\ \ || Magnetic Field [T)
\ \
=" v
‘\ Y spin-1/2 ladder T T
\ \
\Q o two quantum critical points
\

\ \

. . strong rung coupling J, /kg = 12.9 Kelvin

leg coupling  Jj/kp = 3.6 Kelvin
J1
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Dimensional crossover from Od to 1d:

high temperatures

triplet bandwidth
hot resolved
-> single entropy peak

low temperatures

splitting of
entropy peak

Y

three sign
changes

energy
A
T
i
: >
magnetic field
A energy

magnetic field

A entropy

A entropy

:

=
Hcl Hc2

thermal expansion

a (10¢/K)

_loiwwwlwwwlwwwlwwwlwwl\|\\|\

107

TN

or

5

a (10¢/K)
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o
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magnetic field (Tesla)

T=0.5K

‘2”‘4‘”6‘“8”‘10‘”12” 14
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Lifshitz transition and singular thermal expansion

2
| C_IT [mJ/igK"]

Temperature [K]
b N (
R S AN

o
o

Magnetic Field [T]

Luttinger liquid

divergent thermal expansion
at the quantum critical points

O

oo

Lifshitz transition:
fermions at the bottom
of a parabolic band

€ A
O__
'_l -----------------------
: >
0 k
...~.
.
25 05 1 2 4
T(K) Anfuso et al. PRB (2008)
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Dimensional crossover from 1d to 3d

oo

| C_IT [mJigK?]

Bouillot et al. PRB (2011)

120
35 90+ —a.] _ .
z 3 [ .(}.-On?w
§ 25 0
§ 2 60} q 1
s 2 ?
= \
1.5; |
30 |
1! '
|
0.5
0 s “ =
0 6 H 8 10 12 14
cl\ hZ (T) o Heo

two quantum critical points
Weak coupling between the spin ladders becomes important at lowest energies

> Bose-Einstein condensation of magnons and
development of long-range magnetic order at finite T, ~ 100 mK

General theme common in physics:
Hierarchy of energy scales and corresponding effective theoretical description
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1d Heisenberg model in a field
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1d Heisenberg model in a magnetic field

Heisenberg Hamiltonian H=1J E SiSz’—I—l + h E ,Szz
? ?

Jordan-Wigner transformation

1
_ . o _ A
S =87 +iSY = el Xici i S; =cici— 3
ST =8F -5 = Cie_mzj<ic;r'cj “\\ —
i g fermionic operators
V\

Jordan-Wigner string

1 1 1 string cancels out
= H= Z (‘](C;rc’“rl T (c;-rc@- - 5)(C;'r+1c75+1 - 5)) h(c,:-rci - 5) in the Hamiltonian

spin-rotation symmetry around the
<> P 4 4

Conserves fermionic particle number . .
magnetic field z-axis
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Markus Garst SFB/TR 49 International School, March 2016



1d Heisenberg model in a magnetic field

H = (J(C;'rcz'—Fl + (¢;¢i — 5)(C¢+1Cz’+1 — 7))+ hlcci — 5)

ground state for large fields h >> J: penalizes the presence of particles

vacuum ’O> with no particles = fully polarised spin chain * _____ * _____ *_ e _* _____ * _____ *

effective Hamiltonian in the dilute limit

residual interaction can be
) + H;,1 +— neglected in the dilute,

H.g = Z (JCIG,;_H + (h — J)czci

!

; low-energy limit, Pauli principlel
chemical potential p = J-h
cosine band

€A
T4
Lifshitz transition at hc = 2J
T+
T “condensation” of spin-flips

e
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Experiments

1 :
remember: divergence of the
L \/H o Hc
3/2 ,
A (f) fully polarised, perfect vacuum susceptibility reflecting 1d DOS
magnetization plateaul
1.2 | | | | | | | ! l
L 0s T/':l | | | (al)_
1.0 - = ] B
- 0212 ‘ 420
08l [T N _\
~ 0.1 |o_ gl N | develops a Shar‘p 5
‘3 R T ‘.“;:«‘;2 1 ~N / 1 J—
gm 06 - 0.010 .11 12 13 14 15 _ klnk H T HC 3
= [ exp. theo ©
= 04 L Op z I'y0.307K _ 410 —
o —— 0502K | N
o —— 071K
02k Z _ 1 1s
0.0 .,';..'s:..?-zg“':""" L | 1 1 1 1 ; ~""“" > ~- 0
0 2 4 6 8 10 12 14 16 |
o HIlb (T) S A

B [Tesla]

copper-containing coordination polymer

C ine dinitrate CuPzN
opper pyrazine dinitrate turz [Cu(u-C204)(4-aminopyridine)2(H20)]n

Breunig et al. (unpublished) Wolf et al, PNAS (2011)
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1d Ising model in a transverse field

SO

Markus Garst SFB/TR 49 International School, March 2016



1d Ising model in a transverse field

E : x
Heisenberg Hamiltonian H=J S z—|—1

b‘
-]

=
>

. . @ N ’
Jordan-Wigher transformation 5™, S(a":; S/
— \ /7
1 2 N /
+ x - QY t S _.cles e . _ = & N 4
= 5: e} J<i 7jI - — C:C o
Sz Sz ™ ZS’L CZ € t 1t 2 " | domain-wall N e / spin-flip
y s ¥ quasiparticles N qg:t"‘(':::“ 7 quasiparticles
— T . —1m ) . _.C:Cj \ % .
S’L — S’L — ZS’L — C;€ <t 737J ‘Mﬁ A N / - x
0 Ordered h.  Paramagnet Field h

= H:—Z Dk + i) = b Y (eler — 5)

J
1 Z( f I+1 — CiCixt1 + chHl C;C ’L—I—l hz C;Ci —
i % ?

anomalous terms

fermionic particle number not conserved <— > spin-rotation symmetry broken
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Comparison: magnetization curves

M

A

only weak
logarithmic singularity

™~

1d Tsing model in a
transverse field

no plateau

v

Ising quantum phase transition

I-------- TR

M

1d Heisenberg model in a

A

maghetic field

sharp square plateau

root kink : l
~—

i el S

c H

Lifshitz quantum phase transition
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Experiments: CoNb2Os

oo

Cobalt niobate approximately realizes the Ising chain in a transverse field

BUT: in addition small longitudinal field hx probably due to interchange coupling

H=JY SfSfy—h.Y S;i—hyy S;

Quantum Criticality in an Ising Chain: F ;
Experimental Evidence for
Emergent Eg Symmetry 3
R. Coldea,’ D. A. Tennant,” E. M. Wheeler,*t E. Wawrzynska,” D. Prabhakaran,* 5
M. Telling,* K. Habicht,” P. Smeibidl,? K. Kiefer® o 5

. critical spectrum
Science (2010) for hy=0

5 5 BM 6 7

in the presence of a small longitudinal field
emergence of 8 levels

o
(9]

Gap (meV)
< o o <
P .t .92 9

(

mathematically described by the EsLie group

k=(3.6(1),0,0)

golden ratio D

. ——————— ————

Sl(1+V5)72

Intensity (arb units)

~ mass of the first and second particle obey Golden ratio

0.5 1.0 1.5 2.0 4.0 4.5 5.0 55
Energy (meV) B(T)
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Quantum critical ferroelectrics
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Displacive ferroelectrics

Change of the crystal structure by rearrangement, i.e.
displacement of atoms

At a 2nd order displace transition at T=0:
optical phonon become soft

if accompanied by emergence of a finite electric polarisation

— > quantum critical ferroelectrics

effective theory for electric polarisation P: couples linearly to electric field
1 2 2 U 54 f
L=-P@ -V:_r)P—- ~pP*_ PE
27 ° 4!

spectrum: w? =r + k- optical phonon becomes soft at r->0

1 E> d=3 is at the upper critical dimension

as d+z = 4 for d=3

mean-field exponents:

— and z = 1

SO
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Quantum critical paraelectrics

oo

SrTiOs practically quantum critical:

Q-
o-%0c©,
02 | o‘ ?M (@)
) e OOO
- Critical %\
S quantum ]
- paraelectric
g ;
£ < .
& ik 2 .
> = o
SU . - A A
,1:’ &= >0 1,000 - 2,000
W T2 (K2)
Ferroelectric Quantum paraelectric anomalous T dependence Of The
. dielectric constant 1 /o ~ T2
Y 0.00 0.01
tuning parameter r Hartree-Fock renormalization of the
tuning parameter:
. d+z—2
Rowley et al. Nature Physics (2014) l/e=r+cul = =r+cul?
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Quantum critical metals
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Quantum critical metals

Metals are characterised by a Fermi surface

Fermi surface can change at a quantum phase transition

@

E> in general difficult problem and only partly understood (especially in low spatial dimension d=2)

Model: L = \;g(zﬁt — 5(—iV))\IJJ — U\IJ$}PI\IJ¢\IJT
fermionic operators interaction that drives some instability

like ferromagnetism, antiferromagnetism,
nematicity, etc.

Standard procedure: 1. introduce local order parameter & by Hubbard-Stratonovich transformation
2. integrate out fermionic degree of freedom
3. expand the action in the order parameter & and perform gradient expansion

step 3 dangerous and in certain cases not controlled!
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Hertz-Millis theory (e.g. for incommensurate antiferromagnetism)

Ginzburg-Landau theory for the order parameter field & = incommensurate AFM

1
Log = 5@*(—@ + V2 —r)CI) - gycb\‘l

similar to BEC but with dissipative dynamics

Landau damping of the order parameter due to the excitation of particle-hole pairs in the metal

SO
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Hertz-Millis theory (e.g. for incommensurate antiferromagnetism)

Ginzburg-Landau theory for the order parameter field & = incommensurate AFM

1
Log = 5@*(—7&5 + V2 —r)CI) - %@\4

similar to BEC but with dissipative dynamics

Landau damping of the order parameter due to the excitation of particle-hole pairs in the metal

critical exponents 4 , )
correlation length 1

exponent

dynamical exponent 2z = 2

- v

renormalization of the tuning parameter: (Hartree-Fock calculation similar to BEC)

d+z—2 3
R=r+cul = =r4+cul? for z=2 and d=3
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Sometimes it works...

oo

heavy-fermion compound CeNi2Ge:
is close to a AFM QCP

1.8

1.6

1.4

1.2

o /T (10°K?)

expected power-law for the
Grineisen parameter experimentally
observed

1.0

0.8

T (K)
Kiichler et al. PRL (2003)
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Sometimes it works...

0025

Quantum Critical Point of an Itinerant Antiferromagnet in a Heavy Fermion

Hiroaki Kadowaki,' Yoshikazu Tabata,” Masugu Sato,” Naofumi Aso,* Stephane Raymond,” and Shuzo Kawarazaki’

'Department of Physics, Tokyo Metropolitan University, Hachioji-shi, Tokyo 192-0397, Japan
*Graduate School of Science, Osaka University, Toyonaka, Osaka 560-0043, Japan
*MSD, JASRI, 1-1-1 Kouto Mikazuki-cho Sayo-gun, Hyogo 679-5198, Japan
*NSL, Institute for Solid State Physics, University of Tokyo, Tokai, Ibaraki 319-1106, Japan
SCEA-Grenoble, DSM/DRFMC/SPSMS, 38054 Grenoble, France
(Received 23 April 2005; published 3 January 2006)

A quantum critical pomt of the hcavy fermion Cc(Ru, Rh, )2812. (x - 0, 003) has been studied by

fcrromagnctw wave vector k; = 035c we havc shown that the inverse energy width I (k;) i.c., the
inverse correlation time, depends on tcmperaturc as I‘(k;) = c, + ¢, Tm’“'. where c, and cz are

Im (k3 , E) (10'l emu/mol Ce)
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Sometimes it doesn't....

0025

Most famous heavy-fermion compounds where Hertz-Millis theory fails

£l 25 b K
2.0
el 0.2
< | <
~1.0 =
. 0.1
05
0 % 1 2

for a review see H. V. Lohneysen, et al. Rev. Mod. Phys. 79, 1015 (2007).

triggered development of alternative theories:
Kondo-breakdown, fractionalized Fermi liquids, AdS/CFT,...
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