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Motivation – a paradigm

interacting 
many-body system

Spontaneous symmetry breaking
• ground state has less symmetry than Hamiltonian

• local order parameter 

• phase transition / Landau-Ginzburg-Wilson theory
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Every rule has an exception

Sometimes, the exact opposite happens
• ground state has more symmetry than Hamiltonian

• non-local order parameter 

• emergence of degenerate ground states, exotic statistics, ... 
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• Spontaneous symmetry breaking
• ground state has less symmetry than Hamiltonian

• Landau-Ginzburg-Wilson theory

• local order parameter

• Topological order
• ground state has more symmetry than Hamiltonian

• degenerate ground states 

• non-local order parameter

Topological quantum matter

http://www.kitp.ucsb.edu/~trebst/
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concepts



© Simon Trebst

Quantum spin liquids
Quantum spin liquids are exotic ground states of frustrated quantum magnets, 
in which local moments are highly correlated but still fluctuate strongly 
down to zero temperature.

spatial dimensions

energy spectrum

Classification a la Xiao-Gang Wen

two spatial dimensions

three spatial dimensions

gapped gapless

singular points
e.g. Dirac cones

spinon surface,
Bose surface

topological
spin liquids

gapless
spin liquids

Xiao-Gang Wen
MIT/Perimeter
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• Xiao-Gang Wen: A ground state of a 
many-body system that cannot be fully 
characterized by a local order parameter.

• Often characterized by a variety of 
non-local “topological properties”.

• A topological phase can be positively 
identified by its entanglement properties.

Topological quantum matter
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news & views

leads to a band structure that describes 
the relationship between the energy and 
momentum of the electrons (or holes). 
!is band structure typically consists of 
a conduction band composed of bonding 
orbitals (which have symmetric wave 
functions), and a valence band composed of 
antibonding orbitals (antisymmetric wave 
functions). In an insulator the Fermi energy 
lies in the bandgap between the minimum 
of the conduction band and the maximum 
of the valence band. !e situation changes 
at the surface of a 3D host (or the edge of 
a 2D host) and new electron states appear 
at these boundaries. Depending on doping 
and crystal structure, the Fermi level may 
intersect either the conduction or valence 
band at the boundary, which will lead to 
conducting behaviour. However, if the Fermi 
level does not intersect either band, the 
boundary will remain insulating (Fig. 2a).

!e situation becomes very interesting 
if spin–orbit coupling (Fig. 3) is added to 

the picture. In a semiconductor, spin–orbit 
coupling typically leads to various e"ects, 
such as warping of the valence band and 
the splitting of spin degeneracies. (!e 
spin-up and spin-down electrons in a 
conventional semiconductor tend to have 
the same energy.) However, if the spin–
orbit coupling is su#ciently large, it can 
actually lead to antisymmetric states having 
higher energies than symmetric states 
in certain regions of momentum space 
(whereas antisymmetric states normally 
have lower energies). !is inversion leads 
to topological ‘twists’ in the band structure 
(Fig. 2b,c).

!e changes caused by spin–orbit 
coupling can be even more dramatic at 
the boundary, with the conduction and 
valence bands actually crossing over. If the 
host is 3D and the valence and conduction 
bands cross over twice (or an even number 
of times), the 2D surface states form a 
pair of Dirac cones (Fig. 2c) — this is 

similar in some ways to what is found in 
graphene. However, if the host is 3D and 
the valence and conduction bands cross 
over once (or an odd number of times), 
the 2D surface states are completely 
di"erent: indeed, theorists have shown that 
these even and odd boundary states are 
topologically distinct.

A distinguishing characteristic of the 
odd states (which are known as strong 
topological insulators) is that backscattering 
is forbidden: this means that electrons can, 
in principle, propagate with little or no 
resistance along the edge or surface of the 
system — even if the host is an insulator. 
!is is a property that could prove to be 
very useful for applications. To see why 
backscattering is forbidden, consider Fig. 2b: 
if an electron is backscattered so that its 
momentum (k) is changed from +k to –k, 
then its spin must also be $ipped from up to 
down, or vice versa. However, something is 
needed to $ip the spin, such as a magnetic 
impurity or a magnetic %eld. If nothing 
is available to $ip the spin, the electrons 
cannot be backscattered, so they can travel 
along the boundary unimpeded. If we look 
at Fig. 2c, we can see that it is possible to 
backscatter an electron without $ipping 
its spin in a system where there is an even 
number of twists.

!e %rst topological insulators were 
2D hosts with a spin structure on a 
1D edge (known as the quantum spin 
Hall e"ect). !ey were %rst elaborated 
theoretically1–3, then predicted in a 
speci%c HgTe heterostructure system4, and 
experimentally veri%ed in a carefully tuned 
nanostructure5. !e speed of the theoretical 
and experimental cycle was remarkable and 
a testament to the skill of the investigators 
involved, as well as to the mature state 
of nanofabrication technologies such as 
molecular beam epitaxy. !en, the 3D 
version of topological insulators was 
proposed6, predicted in a BiSb alloy7, and 
experimentally detected by angle-resolved 
photoemission spectroscopy (ARPES)8. 
Again it was a stunning sequence of 
developments that launched a new %eld.

As the 3D topological insulators have 
surface states with chiral patterns of spins 
in momentum space (Fig. 3), surface-
sensitive techniques such as ARPES and 
scanning tunnelling microscopy (STM) 
have been unleashed in full force on 
these materials. !e Fermi ‘surface’ of 
the 2D boundary state is a circle and can 
be represented by a closed strip (Fig. 2, 
bottom panels). As the spin–orbit coupling 
increases, and the band structure changes 
shape, twists are introduced into the strip 
that represents the Fermi surface. Again 
the properties of the system depend on 
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Figure 2 | Topological insulators and band structures. a, The conduction and valence bands of a 
typical 3D solid (middle section). The shaded regions are the bands in the bulk of the solid, and the 
thick black lines are the bands at the surface. (Similar behaviour is observed in a 2D system with a 
1D boundary.) In general, the conduction band is symmetric (red), the valence band is antisymmetric 
(blue), and spin-up and spin-down electrons (black arrows) have the same energy. En, E0 and Ep are 
the Fermi energies of a negatively doped, neutral and positively doped solid, respectively. If the Fermi 
energy lies in the energy gap between the conduction and valence bands, the solid is an insulator; if it 
intersects either band, the material will conduct electric charge. The top image shows the conduction 
and valence bands as strings, and the closed strip in the bottom section represents the Fermi surface. 
b, Spin–orbit coupling lifts the degeneracy of the electron spins and leads to other changes: in the 
bulk, for example, the conduction band becomes antisymmetric (–) and the valence band becomes 
symmetric (+) for positive momenta. At the boundary the bands (the red and blue lines) actually 
cross over each other, and the Fermi energy is forced to intersect both bands, which results in the 
conduction of electric charge along the boundary. The flow of charge is not impeded by obstacles in 
this example because, as explained in the text, it is not possible for electrons to be backscattered. 
The electron current in a particular direction is spin-polarized and robust against perturbations such 
as disorder and interactions. c, Increasing the spin–orbit coupling further leads to more changes. 
Electrons can be backscattered in this system.
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Knots & edge states

• Bringing a topological and a conventional state into 
spatial proximity will result in a gapless edge state – 
literally a knot in the wavefunction.

• We know this: “Counterintuitive states”

UK Ireland Australia Japan Hong Kong
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Knots & edge states

Hong Kong

China

Flipper bridge
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topological quantum spin liquids
– gapped quantum spin liquids –
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the toric code
the drosophila

for lattice models
 of topologically ordered phases
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similar to ring exchange
introduces frustration

The toric code
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Hamiltonian has only local terms.

A. Kitaev, Ann. Phys. 303, 2 (2003).

All terms commute → exact solution!
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The vertex term

• is minimized by an even number of down-spins around a vertex.

• Replacing down-spins by loop segments maps ground state to closed loops.

• Open ends are (charge) excitations costing energy 2A.
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A. Kitaev, Ann. Phys. 303, 2 (2003).
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The plaquette term

• flips all spins on a plaquette.

• favors equal amplitude superposition of all loop configurations.

• Sign changes upon flip (vortices) cost energy 2B.

HTC = �A
�

v

⇥

j�vertex(v)

�z
j �B

�

p

⇥

j�plaquette(p)

�x
j

fugacity = 1
free loop creation

isotopy
free local distortions

surgery
reconnections

A. Kitaev, Ann. Phys. 303, 2 (2003).
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Toric code – quantum loop gases

Ground-state manifold is a quantum loop gas.

Ground-state wavefunction is equal superposition of loop configurations.

A. Kitaev, Ann. Phys. 303, 2 (2003).

http://arxiv.org/abs/quant-ph/9707021
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Toric code – quantum loop gases

Ground-state manifold is a quantum loop gas.

Topological sectors defined by winding number parity Py/x =
�

i�cx/y

�z
i

Py = �1Py = 1

A. Kitaev, Ann. Phys. 303, 2 (2003).
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Toric code – quantum loop gases

Ground-state manifold is a quantum loop gas.

Topological sectors defined by winding number parity Py/x =
�

i�cx/y
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Py = �1Py = 1

A. Kitaev, Ann. Phys. 303, 2 (2003).
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Two types of excitations
• electric charges: open loop ends violate vertex constraint

• magnetic vortices: plaquettes giving -1 when flipped

Anyons in the toric code

We get a minus sign taking one around the other
electric charges and magnetic vortices are mutual anyons

=    (-‐‑‒1)  x

A. Kitaev, Ann. Phys. 303, 2 (2003).

http://arxiv.org/abs/quant-ph/9707021
http://arxiv.org/abs/quant-ph/9707021
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quantum double models

looking beyond the drosophila
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quantum double models

loop gas configuration string net configuration
(toric code)

Quantum double models form a larger family of lattice models
harboring non-trivial topological order, e.g. non-Abelian string nets.

• Quantum double models are generally constructed 
from an underlying anyon theory.

• Key ingredient are so-called fusion rules of anyons.

anyon
theories

A

Ā
}

M. Levin and X.-G. Wen, Phys. Rev. B 71, 045110 (2005);
C. Gils et al., Nature Physics 5, 834 (2009).

http://www.kitp.ucsb.edu/~trebst/
http://www.kitp.ucsb.edu/~trebst/
http://prb.aps.org/abstract/PRB/v71/i4/e045110
http://prb.aps.org/abstract/PRB/v71/i4/e045110
http://www.nature.com/nphys/journal/v5/n11/abs/nphys1396.html
http://www.nature.com/nphys/journal/v5/n11/abs/nphys1396.html


© Simon Trebst

quantum double models

loop gas configuration string net configuration

Quantum double models form a larger family of lattice models
harboring non-trivial topological order, e.g. non-Abelian string nets.
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Figure 3: (color online) Levin-Wen partitions to compute the topo-
logical entropy. Below the partitions is the constant term that is con-
tributed by this bipartitions for the toric code (�quantum) and the clas-
sical loopgas, when computing SA (�A

cl) respectively SB (�B
cl ).

that in the quantum mechanical case the topological correc-
tion for a given bipartition is related to the number of bound-
aries between parts A and B; the bipartitions involving A

1

and A
4

contribute twice the value than those bipartitions in-
volving A

2

and A
3

. The classical analog of the toric code is
the so-called loopgas at T = 1, whose classical topologi-
cal entropy was already studied in Ref. [12] and found to be
�
classical

= log 2. As the Shannon entropy is not symmetric in
A and B, we show both the topological correction when com-
puting S

A

(in the second line) as well as S
B

(in the third line).
Note that the classical value is independent of the number of
boundaries but instead measures the number of disconnected
regions in the complementary part. For instance, the topolog-
ical O(1) contribution in S

A

is non-vanishing only if part B
is disconnected.

Finally note that the similar setup introduced by Kitaev and
Preskill [9] for extracting the topological entropy is not suit-
able for the classical systems considered here, because all bi-
partitions have connected parts A and B.

III. CLASSICAL STRINGNET MODELS

As an example family of model systems exhibiting non-
trivial topological order, we will consider so-called stringnet
states and in particular their classical analogs. Their quan-
tum variants, so-called stringnet condensed states or simply
stringnets, have been introduced by Levin and Wen [17] in
a rather general mathematical construction using so-called
quantum doubles [18, 19]. For completeness, we will briefly
recap this Levin-Wen construction in the following by first in-
troducing so-called su(2)

k

anyon theories and then outlining
the quantum double construction before shifting gear to dis-
cuss the construction of their classical analogs.

A. su(2)k anyon theories

The most elementary building block for both the quantum
and classical versions of stringnets are so-called su(2)

k

anyon
theories [20]. These theories describe anyonic degrees of free-
dom with both Abelian and non-Abelian exchange statistics
(in two spatial dimensions). For a given level k such an any-
onic theory contains k + 1 individual degrees of freedom,

which for our purposes here we label by integers

0, 1, 2, . . . k .

One can think of every degree of freedom as a representation
of the quantum group su(2)

k

or in analogy to the spin repre-
sentation of SU(2), which corresponds to the limit k ! 1, as
generalized spins with even/odd integer labels corresponding
to integer/half-integer spins.

We can combine two representations of su(2)
k

into one
joint representation – similar to combining two spin quantum
numbers into one joint spin quantum number for conventional
SU(2) spins. This process, which for the anyon theories is of-
ten called fusion, has to obey very similar rules as those for
combining two conventional SU(2) spins. In particular, they
have to obey the so-called fusion rules which also incorporate
the cut-off k in a consistent way

i ⇥ j =

min[i+j,2k�i�j]X

l=|i�j|

l , (14)

where l increases in steps of two. Eq. (14) can be written more
compactly by introducing fusion coefficients N l

ij

, which are
defined via

i ⇥ j ⌘
kX

l=0

N l

ij

l . (15)

Note that for the su(2)
k

anyon theories at hand these fusion
coefficients are always either 0 or 1.

The simplest example is probably the anyon theory su(2)
1

with anyonic degrees of freedom 0 and 1, for which the above
fusion rules become

0 ⇥ 0 = 0

0 ⇥ 1 = 1

1 ⇥ 1 = 0 . (16)

A slightly less trivial example is the anyon theory su(2)
2

with
anyonic degrees of freedom 0, 1 and 2, for which the fusion
rules read

1 ⇥ 1 = 0 + 2

1 ⇥ 2 = 1

2 ⇥ 2 = 0 , (17)

where the fusion with the identity 0 has been omitted, as it is
trivial. In addition we also mention the fusion rules of su(2)

3

with anyonic degrees of freedom 0, 1, 2 and 3, for which the
fusion rules read

1 ⇥ 1 = 0 + 2

1 ⇥ 2 = 1 + 3

1 ⇥ 3 = 2

2 ⇥ 2 = 0 + 2

2 ⇥ 3 = 1

3 ⇥ 3 = 0 (18)

Fibonacci anyon theory

5

and finally the Fibonacci theory, which is the even-integer
subset of this su(2)

3

anyonic theory

0 ⇥ 0 = 0

0 ⇥ 2 = 2

2 ⇥ 2 = 0 + 2 . (19)

One striking distinction between the fusion rules for su(2)
1

in (16) and for the remaining ones in (17), (18), and (19) is the
occurrence of representations, which fused with itself, gener-
ate more than one fusion outcome, e.g. representation 1 in
su(2)

2

. Such representations are called non-Abelian as op-
posed to Abelian representations such as the identity 0 that
always generate a unique fusion outcome [24]. In order to un-
derstand this concept better, let us consider a set comprising
multiple such non-Abelian representations. Their combined
fusion will no longer be described by a single state but neces-
sarily needs to be described by a set of states. In more tech-
nical terms, this manifold of states for a set of non-Abelian
degrees of freedom asymptotically grows exponentially with
the total number of degrees of freedom. The base of this ex-
ponential growth is called the quantum dimension d

j

of the
representation j. Non-Abelian representations have quantum
dimensions that are strictly larger than one, i.e. d

j

> 1. In
contrast, any representation i that is Abelian (exhibiting only
single fusion outcomes) has quantum dimension d

i

= 1. For
a given anyon theory the total quantum dimension D is then
defined as a sum over all the quantum dimensions of the indi-
vidual representations of the theory

D =

vuut
kX

j=0

d2

j

. (20)

For all values of k, the su(2)
k

anyon theories always contain
two Abelian representations, labeled by 0 and k, with quan-
tum dimensions d

0

= d
k

= 1. The remaining representations
are all non-Abelian and thus have quantum dimension d

j

> 1.

B. Quantum double models and stringnet condensed states

With the su(2)
k

anyon theories as elementary building
blocks at our hand, we can now proceed to briefly recap
the quantum double construction of Levin and Wen [17] and
introduce the quantum mechanical version of stringnet con-
densed states or simply stringnets.

The quantum double construction of Levin and Wen cre-
ates a lattice model from an anyonic theory, such as one of
the su(2)

k

anyon theories introduced in the previous section.
The elementary constituents of the lattice model are edges that
carry an anyonic degree of freedom, which is captured by the
respective anyon theory, i.e. it corresponds to one of the la-
bels 0, 1, 2, . . . , k. The bonds form a lattice via trivalent ver-
tices. An example of a particularly regular lattice construction
would be the honeycomb lattice, which we will use in all visu-
alizations in the following. At each vertex the fusion rules of
the anyonic theory need to be fulfilled, thus constraining the

possible labelings of edges around a given vertex. Examples
of allowed vertices for the su(2)

1

, su(2)
2

and Fibonacci the-
ory are given (up to rotations) in the various panels of Fig. 4,
respectively.

Forming an entire graph out of a set of these allowed ver-
tices and corresponding edges, one can then create a multi-
tude of lattice configurations. By visual inspection of these
configurations it becomes evident how the vertex constraints
translate into constraints of the overall lattice configurations.
For the case of the su(2)

1

anyonic theory, which contains only
Abelian anyons, the resulting configurations will consist of
closed loops only, as illustrated in Fig. 5. Introducing a non-
Abelian anyon into the anyon theory, as it is the case for, e.g.
the Fibonacci theory, the resulting lattice configurations also
include branches resulting in netlike configurations as illus-
trated in Fig. 6.

The set of allowed lattice configurations forms a basis for
the part of the Hilbert space, where the groundstate resides in.
Before moving on to the construction of the classical analog
of these quantum states, we want to mention in passing a few
additional constraints present in the quantum model (but not
the classical model to be introduced in the next section). Most
notable for the remainder of this manuscript is that a subset
of allowed lattice configurations has vanishing weight for the
groundstate, in particular all those configurations where the
netlike configuration includes so-called tadpoles illustrated in
Fig. 7. The actual weight of an allowed lattice configuration
will be finely tuned by a number of parameters depending on
the specifics of the underlying anyon theory (such as, e.g., a d-
isotopy parameter for the inclusion of closed loops). Further,
the Levin-Wen construction goes beyond the construction of

,
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1

1
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0 0 ,0
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2 2

a) su(2)

1

b) su(2)

2
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Figure 4: (color online) Allowed vertices (up to rotations) for a) the
su(2)1 anyon theory, b) the su(2)2 anyon theory, and c) the Fibonacci
theory.
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gapless quantum spin liquids
– an example –
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The Kitaev model

HKitaev =
X
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gapped spin liquid
Z2 topological order

gapless spin liquid
w/ Majorana fermion excitations

2 Dirac cones

J
x

+ J
y

+ J
z

= const.

Rare combination of a model
of fundamental conceptual importance 

and an exact analytical solution.
A. Kitaev, Ann. Phys. 321, 2 (2006)
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Solving the Kitaev model

x

y
z

bz

bx

by

c

�x = i bxc

�y = i byc

�z = i bzc

D = �i�x�y�z = bxbybzc}
gauge operator

Step 1: Majorana fermionization

bx = a" + a†#

by = �i
⇣
a" � a†#

⌘

bz = a# + a†"

fermions a#a" a†" a†#

c = �i
⇣
a# � a†"

⌘

Majorana
fermions

[D,�� ] = 0

physical subspace D = 1
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Solving the Kitaev model

bz

bx

by

c

Step 2: Diagonalization of Hamiltonian

In the language of Majorana fermions, we now have

ujk = i b�j b
�
k

��
j �

�
k =

�
i b�j cj

�
(i b�kck) = �i ujkcjck

which immediately allows us to write the Hamiltonian as

H =
i

4

X

hjki

Ajkcjck

Ajk = 2J�ujk

Hamiltonian is skew-symmetric, because

Ajk = �Akjujk = �ukj

http://www.kitp.ucsb.edu/~trebst/
http://www.kitp.ucsb.edu/~trebst/


© Simon Trebst

Solving the Kitaev model

bz

bx

by

c

Step 2: Diagonalization of Hamiltonian

In the language of Majorana fermions, we now have

ujk = i b�j b
�
k

��
j �

�
k =

�
i b�j cj

�
(i b�kck) = �i ujkcjck

which immediately allows us to write the Hamiltonian as

H =
i

4

X

hjki

Ajkcjck

Ajk = 2J�ujk

Hamiltonian is skew-symmetric, because

Ajk = �Akjujk = �ukj

Finally, there is a gauge choice to be made

ujk has eigenvalues ±1

http://www.kitp.ucsb.edu/~trebst/
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Solving the Kitaev model

bz

bx

by

c

Step 2: Diagonalization of Hamiltonian

The Hamiltonian has turned into a free (Majorana) fermion problem

H =
i

4

X

hjki

Ajkcjck

which can readily be diagonalized by Fourier transformation

H(q) =
i

2
A(q) =

✓
0 if(q)

�i f⇤(q) 0

◆

f(q) = J
x

eiq·nx + J
y

eiq·ny + J
z

n
x

ny

thus yielding a gapless energy spectrum of the form

✏(q) = ±|f(q)|

is impossible, even if we introduce new terms in the Hamiltonian. On the other hand, the
eight copies of each phase (corresponding to different sign combinations of Jx,Jy,Jz) have
the same translational properties. It is unknown whether the eight copies of the gapless
phase are algebraically different.

We now consider the zeros of the spectrum that exist in the gapless phase. The momen-
tum q is defined modulo the reciprocal lattice, i.e., it belongs to a torus. We represent the
momentum space by the parallelogram spanned by (q1,q2)—the basis dual to (n1,n2). In
the symmetric case (Jx = Jy = Jz) the zeros of the spectrum are given by

ð34Þ

If |Jx| and |Jy| decrease while |Jz| remains constant, q* and #q* move toward each other
(within the parallelogram) until they fuse and disappear. This happens when
|Jx| + |Jy| = |Jz|. The points q* and #q* can also effectively fuse at opposite sides of the par-
allelogram. (Note that the equation q* = #q* has three nonzero solutions on the torus.)

At the points ±q* the spectrum has conic singularities (assuming that q* „ #q*)

ð35Þ

7. Properties of the gapped phases

In a gapped phase, spin correlations decay exponentially with distance, therefore spa-
tially separated quasiparticles cannot interact directly. That is, a small displacement or
another local action on one particle does not influence the other. However, the particles

Jx Jz= =0Jy Jz= =0

=1,Jx =1,Jy

=1,Jz Jx Jy= =0

gapless

gappedAz

Ax Ay

B

Fig. 5. Phase diagram of the model. The triangle is the section of the positive octant (Jx, Jy, Jz P 0) by the plane
Jx + Jy + Jz = 1. The diagrams for the other octants are similar.

20 A. Kitaev / Annals of Physics 321 (2006) 2–111
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The Kitaev model

HKitaev =
X

��links

J��
�
i �

�
j

Jz

J
x

Jy

gapped spin liquid
Z2 topological order

gapless spin liquid
w/ Majorana fermion excitations

2 Dirac cones

J
x

+ J
y

+ J
z

= const.

Rare combination of a model
of fundamental conceptual importance 

and an exact analytical solution.
A. Kitaev, Ann. Phys. 321, 2 (2006)
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entanglement
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Identification of topological order

• bulk properties

• entanglement entropy & spectrum

• ground-state degeneracy

• edge properties

• entanglement entropy

• energy spectra

Which observables can we measure numerically
to identify topological order?
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bulk properties

entanglement entropy
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Entanglement

| i = cos↵| i| i+ sin↵| i| i"" ""

A AB B

If two quantum mechanical objects are interwoven in such a way 
that their collective state cannot be described as a product state we say they are entangled.

(traced over subsystem B)

⇢A = | iAh |A

• Calculate the reduced density matrix for one of the two parts

⇢A = cos

2 ↵| ih |+ sin

2 ↵| ih |
A
" " " "

A A A
• One quantitative measure of entanglement is the entanglement entropy

von Neumann entropy

S(⇢A) = �Tr( ⇢A log ⇢A )

Sn(⇢A) =
1

1� n
ln [Tr( ⇢nA )]

Renyi entropy

S2(⇢A) = � ln
⇥
Tr( ⇢2A )

⇤

second Renyi entropy

= first Renyi entropy
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Entanglement

| i = cos↵| i| i+ sin↵| i| i"" ""

A AB B
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| i| i" " | i| i" "
If two quantum mechanical objects are interwoven in such a way 

that their collective state cannot be described as a product state we say they are entangled.

von Neumann entropy

S(⇢A) = �Tr( ⇢A log ⇢A )

= first Renyi entropy

S2(⇢A) = � ln
⇥
Tr( ⇢2A )

⇤

second Renyi entropy

Sn(⇢A) =
1

1� n
ln [Tr( ⇢nA )]

Renyi entropy

S = ln 2
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Entanglement
• Entanglement in quantum many-body systems

• Consider bipartition of system into two parts A and B,
and calculate the reduced density matrix for the two parts

B A

(traced over subsystem B)⇢A = | iAh |A

von Neumann entropy

Sn(⇢A) =
1

1� n
ln [Tr( ⇢nA )]

S(⇢A) = �Tr( ⇢A log ⇢A )

Renyi entropy

S2(⇢A) = � ln
⇥
Tr( ⇢2A )

⇤

second Renyi entropy

= first Renyi entropy

• One quantitative measure of entanglement
is the entanglement entropy
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Boundary law

A

B

S / aL

Entanglement scales with the length L 
of the boundary of the bipartition

also called area law

S = ln 2
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B

A

• topological aspects of the bipartition

Corrections to the boundary law
Corrections to the boundary law can arise from

• geometric aspects of the bipartition

B
A S = aL+ b · (# of corners)

(for 2D gapped state)

S = aL� � · (# of disconnected parts)

(for 2D gapped state)

http://www.kitp.ucsb.edu/~trebst/
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• topological spin liquids

• gapless spin liquids
• gapless modes at singular point in momentum space

• gapless modes on surface in momentum space

• critical points, conformal critical points, Goldstone modes, ... 

Corrections to the boundary law

Corrections to the boundary law 
also originate from the specific 

character of the underlying quantum many-body state!

S = aL� � quantum double models
Levin-Wen / Kitaev models

S = aL+ c �(L
x

, L
y

)
Kitaev model
(honeycomb)

S = cL ln(L) “Bose metals”
(Motrunich, Sheng & Fisher)

ScQCP = µL+ �cQCPSQCP = aL+ c �(L
x

, L
y

) SG = aL+ b ln(L) + �(L
x

, L
y

)

this talk
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Topological entanglement entropy

A1 A2 A3 A4

Distilling the topological correction
by using a clever sequence of partitions

A. Kitaev and J. Preskill, Phys. Rev. Lett. 96, 110404 (2006);
M. Levin and X.-G. Wen, Phys. Rev. Lett. 96, 110405 (2006).

� �2� 2�

S
topo

= �SA1 + SA2 + SA3 � SA4 = �2�

S = aL+ b · (# of corners)� � · (# of disconnected parts)
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Topological entanglement entropy

The topological correction is universal.

quantum dimension
of excitation

� = ln

vuut
nX

i=1

d2i

� = ln
p
1 + �2 ⇡ 0.643

Examples: • toric code (loop gas)

di

1 e m em

1 1 1 1
� = ln

p
1 + 1 + 1 + 1 = ln 2 ⇡ 0.693

di

1

1

⌧

� =
1 +

p
5

2

• Fibonacci theory (string net)

A. Kitaev and J. Preskill, Phys. Rev. Lett. 96, 110404 (2006);
M. Levin and X.-G. Wen, Phys. Rev. Lett. 96, 110405 (2006).
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Let’s try this on the toric code
ARTICLES

NATURE PHYSICS DOI: 10.1038/NPHYS2465
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Figure 2 | The von Neumann entropy S(L
y

) for the toric-code model in
magnetic fields. a, S(L

y

) with L

y

= 4–16 at L

x

= 1 for symmetric magnetic
fields at h

x

= h

z

= h = 0.2, 0.3 and 0.4. By fitting S(L

y

) = aL

y

�� , we get
� = 0.693(1), 0.691(4) and 0.001(5), respectively. b, The pure electric
case, h

x

= 0.3,h

z

= 0, and comparison of S(L

y

) in the MES obtained in the
large L

x

limit (black squares) with that of the absolute ground state from
systems of dimensions L

x

⇥L

y

= 20⇥4,24⇥6,24⇥8,24⇥10 (red circles).
Extrapolation shows that the MES has the universal TEE, whereas the
absolute ground state has zero TEE.

around the entire cylinder. To take this into account, the DMRG
must fully converge the entanglement of the opposite ends of the
system, which are extremely far apart on the snaking DMRG path.
This global entanglement does not converge for larger systems,
in which case the DMRG produces states described by a Schmidt
decomposition in which the left and right halves of the system have
uncorrelated electric-fieldwinding parities. Such a state is aMES.

We next consider the toric-code model in symmetrically applied
fields, hx = hz = h, for which the absolute ground state is not
obvious. Figure 2 shows the entanglement entropy in this case. This
model was previously shown14 to have a quantum phase transition
between the Z2 phase for h < hc ⇡ 0.34 and a trivial phase for
h > hc. The extrapolated TEE following our protocol indeed very
well approximates the universal value � = ln2 = 0.69314 ... for
h < hc; even for h = 0.3, relatively close to the quantum phase
transition, we obtain � =0.691(4), which is accurate to a fraction of
a per cent. For h>hc, we obtain � =0, as expected, with a numerical
uncertainty of the order of 10�3. Similar results are obtained for a
variety of aspect ratios and values of the perturbing fields.

We apply the method to the spin-1/2 Heisenberg model on the
kagome lattice, for which compelling but indirect evidence for a
gapped quantum spin liquid has recently been obtained by extensive
DMRG studies15–17. We consider the model with both first- and

S
(L

y

)

L

y

J2 = 0.10

¬ln2

¬1
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3

4
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J2 = 0.15

0 2 4 6 8 10 12

Figure 3 | The entanglement entropy S(L
y

) of the kagome J1–J2 model in
equation (2), with L

y

=4–12 at L
x

= 1. By fitting S(L

y

) = aL

y

�� , we get
� = 0.698(8) at J2 = 0.10 and � = 0.694(6) at J2 = 0.15. Inset: kagome
lattice with L

x

= 12 and L

y

= 8.

second-neighbour interactions, whoseHamiltonian is

H = J1
X

hiji
Si ·Sj + J2

X

hhijii
Si ·Sj (2)

where Si is the spin operator on site i, and hiji (hhijii) denotes
the nearest neighbours (next-nearest neighbours). In the numerical
simulation, we set J1 = 1 as the unit of energy. The most recent
DMRG studies17 show that the J2 = 0 point is near the edge of a
substantial spin-liquid phase centred near J2 =0.05�0.15.

We take the kagome lattice with periodic boundary conditions
along a bond direction, drawn vertically in the inset of Fig. 3, and
the unit of length equal to the nearest-neighbour distance. The
results for the entanglement entropy for J2 = 0.10 and 0.15 are
shown in Fig. 3 with a correlation length of around one-lattice
spacing for both spin–spin and dimer–dimer correlation functions.
We see that a linear fit using data for Ly = 4⇠ 12 using equation (1)
gives � = 0.698(8) at J2 = 0.10 and � = 0.694(6) at J2 = 0.15,
both within one per cent of ln2 = 0.693. This proves definitively
that this phase is a topological spin liquid, and determines the
quantum dimension D = 2, consistent with a Z2 state, which18,19

was proposed for the kagome Heisenberg model without second-
neighbour interactions, that is, J2 = 0.

We have shown that the TEE can be calculated to an accuracy
of the order of 10�3 when Ly is ⇠10 times the correlation length
(see the Supplementary Material for some further tests). Our
result provides a smoking-gun test for a topological spin liquid.
It also explains the puzzling absence of topological degeneracy
in recent DMRG results that otherwise support a Z2 spin-liquid
state13,16, because we have shown that the DMRG is systematically
biased to find just one of the ground states. The TEE does not
fully determine the nature of the topological phase. Fortunately,
for a given D, there are only finitely many distinct topological
phases, and for small values of D, a complete classification of
all topological phases is known20. Other constraints such as
time-reversal symmetry (if present) further constrain the possible
topological order. For example, there are only two time-reversal-
invariant phases consistent with D= 2, found here for the kagome
Heisenbergmodel: theZ2 phase and a doubled semion phase. It will
be interesting to develop methods to distinguish these in the future,
and to calculate the topological ground-state splitting. Identifying
topological order by combining theoretical classification results
with numerical simulation is a major step in the development of a
post-Landau paradigm for classifying quantumphases ofmatter.
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Identifying topological order by entanglement
entropy
Hong-Chen Jiang1, ZhenghanWang2 and Leon Balents1*
Topological phases are unique states of matter that incorporate long-range quantum entanglement and host exotic excitations
with fractional quantum statistics. Herewe report a practical method to identify topological phases in arbitrary realisticmodels
by accurately calculating the topological entanglement entropy using the density matrix renormalization group (DMRG). We
argue that the DMRG algorithm systematically selects a minimally entangled state from the quasi-degenerate ground states
in a topological phase. This tendency explains both the success of our method and the absence of ground-state degeneracy in
previous DMRG studies of topological phases.We demonstrate the effectiveness of our procedure by obtaining the topological
entanglement entropy for several microscopic models, with an accuracy of the order of 10�3, when the circumference of
the cylinder is around ten times the correlation length. As an example, we definitively show that the ground state of the
quantum S= 1/2 antiferromagnet on the kagome lattice is a topological spin liquid, and strongly constrain the conditions for
identification of this phase of matter.

Theory has shown that quantum ground states may exhibit
distinct patterns of long-range entanglement, which provides
the most basic categorization of quantum phases of matter,

more fundamental than Landau’s symmetry-breaking paradigm.
The simplest and most robust long-range entangled states, which
have a full spectral gap, comprise topological phases, which host
topological order. Much recent interest in topological phases is
due to the prospect of using them to construct an inherently
fault-tolerant quantum computer1,2. Topological phases are also of
basic scientific interest for their many unique properties, especially
their ability to support exotic excitations with fractional and even
non-Abelian quantum statistics.

Crystalline Mott insulators with unpaired electron spins have
long been considered likely candidates for long-range entangled
states, epitomized in this context byAnderson’s resonating-valence-
bond3 wavefunction for a quantum spin liquid4. As this particular
state is non-magnetic, the lack of magnetic order has been widely
taken as a definition of a quantum spin liquid. However, defining
what a quantum spin liquid is not has little utility, and is especially
unhelpful in the theoretical search for these phases. Instead, a
positive definition of a quantum spin liquid that can be tractably
tested in realistic models is sorely needed.

In principle, such a positive definition is provided for topological
phases (and hence those quantum spin liquids with topological
order) by the topological entanglement entropy (TEE) introduced
by Kitaev and Preskill5 and Levin and Wen6. Unfortunately, the
formulations in refs 5,6 suffer from severe finite-size corrections
due to lattice-scale effects, greatly hindering their application. We
report here a practical and extremely simple scheme to numerically
calculate the TEE, and thereby identify topological order. Our
method consists simply of using the DMRG7,8 to calculate the usual
entanglement entropy for the division of a cylinder into two equal
halves by a flat cut, and extracting the TEE from its asymptotic,
large-circumference limit. We argue that this method actually
works, despite potential complications known theoretically9,10,
owing to a subtle ground-state selection mechanism built into

1Kavli Institute for Theoretical Physics, University of California, Santa Barbara, California 93106, USA, 2Microsoft Station Q, University of California, Santa
Barbara, California 93106, USA. *e-mail: balents@kitp.ucsb.edu.

the DMRG algorithm. The approach is tested here on a variety
of lattice models, and then applied successfully to the physically
realistic quantum spin S = 1/2 anti-ferromagnetic Heisenberg
J1–J2 model on the kagome lattice. By extracting an accurate
TEE, we identify a quantum spin-liquid state with topological
order for the first time in a physically realistic SU (2)-invariant
lattice model. We emphasize that the TEE provides positive,
smoking-gun evidence for a topological quantum spin liquid,
and excludes any topologically trivial states, regardless of possible
complex or subtle broken symmetries. The value of the TEE also
greatly restricts the possible topological quantum field theories
that fully describe the topological order. We return to this at
the end of this paper.

The TEE is derived from the bipartite von Neumann entan-
glement entropy, which is defined by dividing a system into two
subsystems, A and B, which together constitute or make up the full
system. The entanglement entropy associated with this partition is
defined from the reduced density matrix, ⇢A = Tr(|0ih0|), where
|0i is a ground state, according to S(A) = �Tr(⇢Aln(⇢A)). It has
the duality property S(A)= S(B). According to the seminal works
of Kitaev and Preskill5 and Levin and Wen6, the entanglement
entropy of a partition of a two-dimensional system where A is a
disc-like regionwith a smooth boundary (the entanglement surface)
of length ` scales as

S(A)= ↵`�� +··· (1)

where the ellipsis represents terms that vanish in the limit
` ! 1. The coefficient ↵, owing to short-distance physics near the
boundary, is non-universal. The term � is the TEE—a universal
additive constant characterizing the long-range entanglement in the
ground state that can be quantified as � = lnD, where D is the total
quantum dimension of the medium5,6.

Note that � is sub-dominant to the ↵` term, arising from
short-range entanglement. As a consequence, it is non-trivial to
extract. Moreover, for real lattice systems, it is not obvious how to

902 NATURE PHYSICS | VOL 8 | DECEMBER 2012 | www.nature.com/naturephysics
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Examples: • toric code (loop gas)

di

1 e m em

1 1 1 1

� = ln
p
1 + 1 + 1 + 1 = ln 2 ⇡ 0.693
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Kagomé antiferromagnet

H =
X

hi,ji

~Si · ~Sj

on kagomé lattice

Heisenberg model

of the spectrum of ! properly, but also point to a finite value
of ", and hence a topological ground state. The quantum
dimension is D¼2, excluding chiral spin liquids ("¼1=2
orD ¼

ffiffiffi
2

p
[77]). Rigorously, DMRGonly provides a lower

bound on D [80], but the bound is essentially exact as
DMRG is a method with low entanglement bias [81].

Conclusion.—Through a combination of a large number
of DMRG states, large samples with small finite size effect,
and the use of the SU(2) symmetry of the kagomemodel, we
have been able to corroborate earlier evidence for a QSL as
opposed to a VBC, due to energetic considerations and
complete absence of breaking of space group invariance,
although DMRG should be biased towards VBC due to its
low-entanglement nature and the use of OBC. On the basis
of the numerical evidence (spin gap, structure factor, spin,
dimer and chiral correlations, topological entanglement
entropy) numerous QSL proposals can be ruled out for the
kagome system.On the system sizes reached, the spin gap is

very robust and essentially size independent, ruling out all
proposals for gapless spin liquids, consistent with the ex-
ponential decay of correlators. Individual gapless QSL
proposals make other predictions not supported by numeri-
cal data, e.g., the static spin structure factor [23]. Another
strong observation is the very rapid decay of chiral corre-
lations, ruling out proposals related to chiral QSL. The third
strong observation is finite topological entanglement,which
implies a topologically degenerate ground state for the
kagome system. For quantum dimension 2, as found here,
we have in principle, for a time-reversal invariant ground
state, a choice between a Z2 phase and a double-semion
phase [82,83]. A Z2 QSL emerges straightforwardly in
effective field theories of the kagomemodel as a mean-field
phase stable under quantum fluctuations, breaking a U(1)
gauge symmetry down to Z2 due to a Higgs mechanism
[84], and, microscopically, a resonating valence bond state
formed from nearest-neighbor Rokhsar-Kivelson dimer
coverings of the kagome lattice directly leads to a Z2 QSL
[85,86] albeit for a variational energy far from the ground-
state energy. The concentration of weight of the structure
factor at the hexagonal Brillouin zone edge with shallow
maxima at the corners would also point to the Z2 QSL as
proposed by Sachdev [27], and a Z2 QSL is also consistent
with all other numerical findings. All this provides strong
evidence for the Z2 QSL, whereas to our knowledge, no
plausible scenario for the emergence of a double-semion
phase in the KAFM has been discovered so far, making it
implausible, but of course not impossible. An analysis of the
degenerate ground-state manifold as proposed in Ref. [80],
not possiblewith our data, would settle the issue. Even if the
answer provided final evidence for a Z2 QSL, many ques-
tions regarding the detailed microscopic structure of the
ground-statewave functions and the precise nature of theZ2

QSL would remain for future research.
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D. Poilblanc, S. Sachdev, R. Thomale, and S. R. White for
discussions. S. D. and U. S. acknowledge support by DFG.
U. S. thanks the GGI, Florence, for its hospitality. I. P.M.
acknowledges support from the Australian Research
Council Centre of Excellence for Engineered Quantum
Systems and the Discovery Projects funding scheme
(Project No. DP1092513).
Note added.—Recently, we became aware of Ref. [81],

which calculates topological entanglement entropy from
von Neumann entropy for a next-nearest neighbor modifi-
cation of the KAFM, perfectly consistent with our results
of D ¼ 2 for the KAFM itself.
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Figure 2 | The von Neumann entropy S(L
y

) for the toric-code model in
magnetic fields. a, S(L

y

) with L

y

= 4–16 at L

x

= 1 for symmetric magnetic
fields at h

x

= h

z

= h = 0.2, 0.3 and 0.4. By fitting S(L

y

) = aL

y

�� , we get
� = 0.693(1), 0.691(4) and 0.001(5), respectively. b, The pure electric
case, h

x

= 0.3,h

z

= 0, and comparison of S(L

y

) in the MES obtained in the
large L

x

limit (black squares) with that of the absolute ground state from
systems of dimensions L

x

⇥L

y

= 20⇥4,24⇥6,24⇥8,24⇥10 (red circles).
Extrapolation shows that the MES has the universal TEE, whereas the
absolute ground state has zero TEE.

around the entire cylinder. To take this into account, the DMRG
must fully converge the entanglement of the opposite ends of the
system, which are extremely far apart on the snaking DMRG path.
This global entanglement does not converge for larger systems,
in which case the DMRG produces states described by a Schmidt
decomposition in which the left and right halves of the system have
uncorrelated electric-fieldwinding parities. Such a state is aMES.

We next consider the toric-code model in symmetrically applied
fields, hx = hz = h, for which the absolute ground state is not
obvious. Figure 2 shows the entanglement entropy in this case. This
model was previously shown14 to have a quantum phase transition
between the Z2 phase for h < hc ⇡ 0.34 and a trivial phase for
h > hc. The extrapolated TEE following our protocol indeed very
well approximates the universal value � = ln2 = 0.69314 ... for
h < hc; even for h = 0.3, relatively close to the quantum phase
transition, we obtain � =0.691(4), which is accurate to a fraction of
a per cent. For h>hc, we obtain � =0, as expected, with a numerical
uncertainty of the order of 10�3. Similar results are obtained for a
variety of aspect ratios and values of the perturbing fields.

We apply the method to the spin-1/2 Heisenberg model on the
kagome lattice, for which compelling but indirect evidence for a
gapped quantum spin liquid has recently been obtained by extensive
DMRG studies15–17. We consider the model with both first- and
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Figure 3 | The entanglement entropy S(L
y

) of the kagome J1–J2 model in
equation (2), with L

y

=4–12 at L
x

= 1. By fitting S(L

y

) = aL

y

�� , we get
� = 0.698(8) at J2 = 0.10 and � = 0.694(6) at J2 = 0.15. Inset: kagome
lattice with L

x

= 12 and L

y

= 8.

second-neighbour interactions, whoseHamiltonian is

H = J1
X

hiji
Si ·Sj + J2

X

hhijii
Si ·Sj (2)

where Si is the spin operator on site i, and hiji (hhijii) denotes
the nearest neighbours (next-nearest neighbours). In the numerical
simulation, we set J1 = 1 as the unit of energy. The most recent
DMRG studies17 show that the J2 = 0 point is near the edge of a
substantial spin-liquid phase centred near J2 =0.05�0.15.

We take the kagome lattice with periodic boundary conditions
along a bond direction, drawn vertically in the inset of Fig. 3, and
the unit of length equal to the nearest-neighbour distance. The
results for the entanglement entropy for J2 = 0.10 and 0.15 are
shown in Fig. 3 with a correlation length of around one-lattice
spacing for both spin–spin and dimer–dimer correlation functions.
We see that a linear fit using data for Ly = 4⇠ 12 using equation (1)
gives � = 0.698(8) at J2 = 0.10 and � = 0.694(6) at J2 = 0.15,
both within one per cent of ln2 = 0.693. This proves definitively
that this phase is a topological spin liquid, and determines the
quantum dimension D = 2, consistent with a Z2 state, which18,19

was proposed for the kagome Heisenberg model without second-
neighbour interactions, that is, J2 = 0.

We have shown that the TEE can be calculated to an accuracy
of the order of 10�3 when Ly is ⇠10 times the correlation length
(see the Supplementary Material for some further tests). Our
result provides a smoking-gun test for a topological spin liquid.
It also explains the puzzling absence of topological degeneracy
in recent DMRG results that otherwise support a Z2 spin-liquid
state13,16, because we have shown that the DMRG is systematically
biased to find just one of the ground states. The TEE does not
fully determine the nature of the topological phase. Fortunately,
for a given D, there are only finitely many distinct topological
phases, and for small values of D, a complete classification of
all topological phases is known20. Other constraints such as
time-reversal symmetry (if present) further constrain the possible
topological order. For example, there are only two time-reversal-
invariant phases consistent with D= 2, found here for the kagome
Heisenbergmodel: theZ2 phase and a doubled semion phase. It will
be interesting to develop methods to distinguish these in the future,
and to calculate the topological ground-state splitting. Identifying
topological order by combining theoretical classification results
with numerical simulation is a major step in the development of a
post-Landau paradigm for classifying quantumphases ofmatter.
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Entanglement spectrum

H. Li and F.D.M. Haldane, Phys. Rev. Lett. 101, 010504 (2008).

• The entanglement entropy is one quantitative measure of entanglement

• However, a lot of information possibly contained in 
the density matrix is discarded in this simple measure.

• The entanglement spectrum aims at unraveling some of this information

B A

(traced over subsystem B)

S(⇢A) = �Tr( ⇢A log ⇢A )

⇢A = | iAh |A

⇢A = | iAh |A =
X

↵

�2↵|�↵iAh�↵|A (Schmidt decomposition)

S(⇢A) = �
X

↵

�2
↵ ln�2

↵ �↵ = e�⇠↵/2 ⇢A = e�HE

(HE = � ln ⇢A)

“entanglement
Hamiltonian”

http://www.kitp.ucsb.edu/~trebst/
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�↵ = e�⇠↵/2 ⇢A = e�HE

(HE = � ln ⇢A)

Entanglement spectrum

• The entanglement spectrum aims at unraveling 
some of the information contained in the density matrix

B A

“entanglement
Hamiltonian”

CL has the desirable property that the spacing between
entanglement eigenvalues at the same angular momentum
goes to zero very quickly as the sphere is enlarged, thus
cementing the relation between entanglement energies and
edge mode energies. The low-lying levels start by showing
the universal CFT counting but then exhibit finite-size
effects. For generic FQH states, obtained by diagonalizing
the Coulomb Hamiltonian, the entanglement spectrum in
the CL exhibits a full gap between all the model levels and
the generic, high-energy Coulomb ones. This shows that
not only the CFT-like levels are important in the determi-
nation of a state: the levels which exhibit finite-size effects
are also a fingerprint of the state.

Diagonalizing a many-body Hamiltonian invariably in-
troduces normalization factors of the noninteracting many-
body states which depend on the specific geometry of the
underlying manifold. In particular, these factors contain
the information about the extent of the Landau orbitals in
space, and depend on the magnetic length of the prob-
lem. Stated differently, this type of normalization relies
on the curvature, i.e., a local quantity of the manifold. By
contrast, the CL should by definition contain no real
length scale. We are led to the conclusion that the best
way to analyze a FQH polynomial obtained from the
diagonalization of any Hamiltonian is to unnormalize it
and strip it down to its magnetic length information. We
now exemplify this procedure for the sphere geometry.
Free boson states are spanned by the monomials m! ¼
1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQ!1
j¼0 nj!

q
~m!, where i runs over the number of particles

N and j over the number of orbitals, and nj denotes the
multiplicity of occupation of the jth orbital. ! defines a
partition of the angular momentum !j of different occu-
pied orbitals, and Per denotes the permanent state with
single particle positions zi. The m! are free many-particle
states that are unnormalized. When one diagonalizes a
many-body Hamiltonian, the expansion of the interacting
wave function is in normalized free many-body statesM!,
which differ from the unnormalized basis above through
normalization factors that contain information about the

geometry of the manifold and the magnetic length. On the
sphere of radius R, the normalization of m! is given by [8]

N !
sphere¼

"
4"

ð2Sþ1Þ!

#
N N!
Q!1

j¼0nj!

YN

i¼1

!i!ð2S%!iÞ!; (1)

where nj is the multiplicity of the jth orbital in the decreas-
ingly ordered partition ! ¼ ð!1;!2; . . . ;!NÞ, where !i 2
½0; 2S' is the angular momentum of the Landau orbitals.
We set the partition to be padded, such that, if the initial
partition has l! number of elements nonzero, then all the
rest !l!þ1 . . .!N ¼ 0. The number of orbitals is conven-
tionally given by 2Sþ 1, where N# ¼ 2S is the magnetic
flux. We then apply the transformation

M ! ¼ m!=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N !

sphere
q

(2)

to write the state as a function of the unormalized free
boson many-body states. As an example, in the new basis,
the unnormalized Laughlin state for two particles reads
mð2;0Þ % 2mð1;1Þ. In the unnormalized basis, all the coeffi-
cients of the Laughlin state are integers. It is the basis
which shows significant structural information about the
polynomial [9,10]. For bosons, the last step is to normalize
each of the new free many-body states by the square-root
of the product of the factorials of their bosonic multiplic-
ities m! ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQ!1

j¼0 nj!

q ~m!. Once expressed in this new basis

(the conformal limit), we calculate the ES for the ground
states of different Hamiltonians.
As the first example, Fig. 1 illustrates the conformal

limit transformation of the bosonic $ ¼ 1=2 Coulomb
state. The sphere is partitioned into two parts A and B in
the orbital space which mimics the geometrical partition
[4,11]. The region A is made of the lA first orbitals, starting
from the north pole. In region A, the total number of
particles NA and the projection of total angular momentum
LA
z are good quantum numbers to define the different

sectors of the ES. We define the ES to be the minimal
difference between the highest energy CFT state and the
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FIG. 1 (color online). Entanglement spectrum for the N ¼ 11 bosons, N# ¼ 20, $ ¼ 1=2 Coulomb state on the sphere. The cut is
such that lA ¼ 10 orbitals and NA ¼ 5 bosons. (a) Standard normalization on the quantum Hall sphere. The inset show the remainder
part of the spectrum where the entanglement levels exceed % ¼ 24. (b) CL normalization. We observe that the CL separates a set of
universal low-lying energy states, which allows an unambiguous definition of the entanglement gap over all LA

z subsectors as the
minimal difference between the highest energy CFT state and lowest generic state. The inset in (b) shows the finite-size scaling of the
entanglement gap for the Coulomb state, which remains finite in the TD limit.

PRL 104, 180502 (2010) P HY S I CA L R EV I EW LE T T E R S
week ending
7 MAY 2010

180502-2

R. Thomale, A. Sterdyniak, N. Regnault, and B.A. Bernevig, Phys. Rev. Lett. 104, 180502 (2010).
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counting related to number of modes 
of the gapless edge theory (CFT)

⇢A = | iAh |A =
X

↵

�2↵|�↵iAh�↵|A

H. Li and F.D.M. Haldane, Phys. Rev. Lett. 101, 010504 (2008).

http://www.kitp.ucsb.edu/~trebst/
http://www.kitp.ucsb.edu/~trebst/
http://prl.aps.org/abstract/PRL/v104/i18/e180502
http://prl.aps.org/abstract/PRL/v104/i18/e180502
http://prl.aps.org/abstract/PRL/v101/i1/e010504
http://prl.aps.org/abstract/PRL/v101/i1/e010504


© Simon Trebst

Entanglement summary
• The entanglement entropy and entanglement spectrum 

are powerful bulk “observables” that allow

• to unambiguously distinguish topological order from conventional order
• to characterize the type of topological order to a good extent*

• The reduced density matrix is readily available in some numerical methods such as

• exact diagonalization
• density matrix renormalization group

• Other numerical techniques have caught up, in particular

• quantum Monte Carlo   ➝   replica trick   ➝    Renyi entropies / entanglement entropy
    You will hear about this in Peter Bröcker’s talk tomorrow morning.

• numerical linked cluster expansion    ➝    mutual information

⇢A = | iAh |A

* in some measures, e.g. the topological entanglement entropy, some unambiguities might remain and require additional work
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Ground-state degeneracy

�E � L
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ST et al., Phys. Rev. Lett. 98, 070602 (2007). 
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• Edge states correspond to the gapless modes of a critical one-dimensional system,
which are typically described by a conformal field theory (CFT). 

• The conformal field theory can again be identified via entanglement properties
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Edge states

A. Feiguin et al., Phys. Rev. Lett. 98, 160409 (2007).

2

In order to generate a local Hamiltonian H =
∑

i Hi as-
signing an energy to the fusion of two neighboring τ -anyons
we use the so-called F -matrix to transform the local basis as
shown in Fig. 1c). In the transformed basis the state x′

i cor-
responds to the fusion of the two anyons. The Hamiltonian is
then defined by assigning an energy Eτ = 0 for x′

i = τ , and
E1 = −1 for x′

i = 1. The resulting local terms Hi contain
three-body interactions in the link basis,

Hi|xi−1xixi+1〉 =
∑

x′
i=1,τ

(Hi)
x′

i

xi
|xi−1x

′
ixi+1〉 (1)

with (Hi)
x′

i

xi
:= −(F xi+1

xi−1ττ )
1

xi

(F xi+1

xi−1ττ )
1

x′
i

.

It is diagonal in the subspace {|xi−1xixi+1〉} =
{|1τ1〉, |1ττ〉, |ττ1〉}, Hi = diag{−1, 0, 0}, where the
F -matrix is a number due to the constraints arising from
the fusion rules. For the case xi−1 = xi+1 = τ , the F -
matrix and the corresponding Hamiltonian are the following
2 × 2-matrices (xi, x′

i ∈ {1, τ})

F
τ
τττ =

(

ϕ−1 ϕ−1/2

ϕ−1/2 −ϕ−1

)

, Hi = −
(

ϕ−2 ϕ−3/2

ϕ−3/2 ϕ−1

)

.

(2)
Looking at the matrix form of the Hamiltonian, it can be writ-
ten in terms of standard Pauli matrices:

Hi = (ni−1 + ni+1 − 1)

−ni−1ni+1

(

ϕ−3/2σx
i + ϕ−3ni + 1 + ϕ−2

)

,

where the sum runs over the links of the chain. In this expres-
sion, the operators ni count the τ -particle occupation on link
i, ni = 1

2 (1 − σz
i ) = 0, 1, and the HamiltonianH acts on the

constrained Hilbert space defined above.
Entropy scaling and central charge We simulated this

model numerically, and calculated the finite-size excitation
gap by exact diagonalization for chains of up to L = 32 sites.
A finite-size analysis shows that the gap vanishes linearly in
1/L, indicative of a critical model with dynamical critical ex-
ponent z = 1 described by a conformal field theory. The
central charge c of a CFT can be calculated from the finite-
size scaling of the entanglement entropy. For two subsystems
with equal size L/2 on systems with periodic (PBC) and open
boundary conditions (OBC) the entanglement entropy scales
as [7]

SPBC(L) ∝
c

3
log L and SOBC(L) ∝

c

6
log L . (3)

The density matrix renormalization group method (DMRG)
[8, 9] provides a natural framework for calculating these quan-
tities. Fits of our numerical results according to Eqs. (3)
shown in Fig. 2, give central charge estimates of cPBC =
0.701 ± 0.001 and cOBC = 0.70 ± 0.01 respectively. Since
possible (unitary) CFTs in the vicinity of these estimates
have central charges[19] 1/2, 7/10 or 4/5 we can unambigu-
ously conclude that our results are consistent only with central
charge c = 7/10.

Mapping and exact solution We now proceed to derive
these results exactly. By construction the local contribution to
the Hamiltonian 1

ϕXi = −Hi is a projector onto the trivial
particle. One can then verify that the operators Xi form a
representation of the Temperley-Lieb algebra [10]

(Xi)
2 = d Xi,

XiXi±1Xi = Xi,

[Xi,Xj ] = 0 for |i − j| ≥ 2 , (4)

where the ‘d-isotopy’ parameter equals the golden ratio, d =
ϕ. This representation can be seen to be identical to the stan-
dard Temperley-Lieb algebra representation associated with
SU(2)k at level k = 3. For arbitrary k, the latter contains
k+1 anyon species labelled by j = 0, 1/2, 1, ..., k/2, satisfy-
ing the fusion rules of SU(2)k [11]. The operators ei defined
by

e[i]|ji−1jiji+1〉 =
∑

j′i

(

e[i]ji+1

ji−1

)j′
i

ji

|ji−1j
′
iji+1〉

and
(

e[i]ji+1

ji−1

)j′i

ji

= δji−1,ji+1

√

√

√

√

S0
ji

S0
j′i

S0
ji−1

S0
ji+1

(5)

are known [12] to form a representation of the Temperley-Lieb
algebra (4) for any value of k, where |ji − ji+1| = 1/2 and
Sj′

j :=
√

2
(k+2) sin[π (2j+1)(2j′+1)

k+2 ][13].
Our model of interacting Fibonacci anyons can be cast into

this form at k = 3 by first mapping xi = 1 → ji = 0, and
xi = τ → ji = 1, and then applying the SU(2)3 fusion rule
3/2× j = 3/2− j to the even-numbered sites. This maps any
admissible labeling |&x〉 := |x1, x2, . . .〉 uniquely into |&j〉 :=

20 40 50 60 80 100 120 160 200 24030
system size   L

0 0

0.5 0.5

1 1

1.5 1.5

en
tro

py
   
S(
L)

periodic boundary conditions
open boundary conditions

FIG. 2: (Color online) Entropy scaling for interacting Fibonacci
anyons arranged along an open (open squares) or periodic chain
(closed circles) versus the system size L. Logarithmic fits (solid
lines) give central charge estimates of cPBC = 0.701 ± 0.001 and
cOBC = 0.70± 0.01 respectively, where for the open boundary con-
ditions only the values for the 5 largest systems have been taken into
account due to large finite-size effects.

S =

c

3

logL

• The CFT can be identified 
via entanglement properties

E = E1L+
2⇡v

L

⇣
� c

12
+ xs

⌘

• Even more information about the CFT
reveals itself in the energy spectrum

• Edge states correspond to the gapless modes of a critical one-dimensional system,
which are typically described by a conformal field theory (CFT). 

A. Feiguin et al., Phys. Rev. Lett. 98, 160409 (2007).

 e !i" ~j
0

~j
:#

!Y
m!i

!j0m;jm

"
$e!i"ji%1

ji&1
'j
0
i
ji : (6)

The Hamiltonian of the so-defined lattice model is ob-
tained from its transfer matrix by taking, as usual [16],
the extremely anisotropic limit, u( 1,
 

T # expf&a$H% c1' %O$a2'g;

a # u’
sin!"=$k% 2'" ( 1

yielding H # &Pi
1
’ ei (c1 is an unimportant constant).

Since the operators Xi can be identified with ei, this
demonstrates that the Hamiltonian of the Fibonacci chain
is exactly that of the corresponding k # 3 RSOS model
which is a lattice description of the tricritical Ising model at
its critical point. The latter is a well-known (supersymmet-
ric) CFT with central charge c # 7

10 [17,18]. Analogously
one obtains [19] for general k the $k& 1'st unitary minimal
CFT [10] of central charge c # 1& 6=$k% 1'$k% 2'. A
ferromagnetically coupled Fibonacci chain (energetically
favoring the fusion along the # channel) is described [20]
by the critical 3-state Potts model with c # 4

5 and, for
general k, by the critical Zk-parafermion CFT [15,19]
with central charge c # 2$k& 1'=$k% 2'.

Excitation spectra.—We calculated the excitation spec-
tra of chains up to size L # 37 with open and periodic
boundary conditions using exact diagonalization, as shown
in Fig. 3. The numerical results not only confirm the CFT
predictions but also reveal some important details about the
correspondence between continuous fields and micro-
scopic observables. In general, low-energy states on a
ring are associated with local conformal fields [21], whose
holomorphic and antiholomorphic parts belong to repre-
sentations of the Virasoro algebra, described by conformal
weights hL and hR. The energy levels are given by

 E # E1L%
2"v
L

#
& c

12
% hL % hR

$
; (7)

corresponding to states with a choice of momenta K #
hL & hR or K # hL & hR % L=2 in units of 2"=L, where
E1, v are nonuniversal constants. Here, hL # h$0'L %mL

and hR # h$0'R %mR, where h$0'L , h$0'R correspond to weights
of ‘‘primary’’ fields and mL and mR are non-negative
integers describing so-called ‘‘descendant’’ fields. The
numerical spectra for even values of L (see the first plot
in Fig. 3) agree with Eq. (7), exhibiting primary fields with
h$0'L # h$0'R # 0, 1

10 , 3
5 , 3

2 , 3
80 , 7

16 , which are conventionally
denoted by I, ", "0, "00, $, $0, respectively [22]. The
momenta of the last two fields and their descendants are
near K # L=2, as compared to the other four, indicating
that the corresponding microscopic observables have alter-
nating sign on the lattice. Such ‘‘staggered’’ fields must
have nontrivial monodromy with respect to a space-time
dislocation (i.e., the insertion or removal of a site at some
particular time). Such a dislocation is characterized by a
chiral "00 field, say, "00L [23]. The log of the monodromy

factor exp!2"i$h )"00L & h L & h"
00
L '" matches the momenta

K in Fig. 3 [24]. Given this information, we may predict
that the states of an odd size ring are associated with fields
of the form %L&R, where & # %) "00. These include six
primary fields, "00L, "00R, "0L"R, "L"0R, $L$R, $0L$

0
R, as well

as their descendants. Integrality of the momentum K dic-
tates the choice of K [see below Eq. (7)], as in Fig. 3.

For open boundary conditions the spectra are known to
be described by, say, the holomorphic sector only [25]. To
explain the numerical data, we need to assume that the ends
of the chain are charaterized by a boundary field " (or
equally well "0). Thus, for an even size L the spectrum is
described by ") " # I % "0 (plus descendants). For an
odd size, this result is to be modified by fusion with "00,
yielding "00 % ". These predictions agree excellently with
the numerics in Table I.

Hidden symmetries.—The critical behavior of our
model is not just a peculiarity of the exact solution but
rather has topological origin. In general, an effective low-
energy Lagrangian admits perturbations of the formR
 $x; #' dx d#, where  may be any local field that is
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FIG. 3 (color online). Energy spectra for periodic chains of
size L. Energies are rescaled and shifted such that the two lowest
eigenvalues match the CFT assignments. Open boxes indicate
positions of primary fields of the c # 7

10 CFT. Open circles give
positions of descendant fields as indicated. As a guide to the eye
the solid line is a cosine-fit of the dispersion.
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We are done!

So what did we learn?

http://www.kitp.ucsb.edu/~trebst/
http://www.kitp.ucsb.edu/~trebst/
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classification
of quantum spin liquids
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Quantum spin liquids
Quantum spin liquids are exotic ground states of frustrated quantum magnets, 
in which local moments are highly correlated but still fluctuate strongly 
down to zero temperature.

entanglement

S = aL+ c �(L
x

, L
y

) S = cL ln(L)

S = aL� �

spatial dimensions

energy spectrum

Classification a la Xiao-Gang Wen

two spatial dimensions

three spatial dimensions

gapped gapless

singular points
e.g. Dirac cones

spinon surface,
Bose surface

topological
spin liquids

gapless
spin liquids
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Summary

• The formation of quantum spin liquids in an interacting 
quantum many-body system is one of the most fascinating 
phenomena in condensed matter physics

• The identification of topological order or gapless spin liquids 
builds on concepts from 

• statistical physics

• quantum information theory

• mathematical physics

• The exploration of topological order is a rich and quickly 
evolving research field – just at its beginning.

van Neumann & Renyi entropies

entanglement

boundary laws, anyon theories

All slides of this presentation will become available on our group webpage at www.thp.uni-koeln.de/trebst
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