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Outline:

o Mott insulators and the Hubbard model

e spin liquids and U (1) gauge theories

e Chiral spin liquids

e Quantum dimer model
Lecture notes with full details of the derivations will be provided.
Some additional material not included here will be also
discussed there. First (incomplete) version will become

available at the homepage of the student seminar next week
(possibly on Monday).
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Band theory of solids
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Landau Fermi liquid theory

@ Effective quantum field theory of interacting Fermi systems

@ Quasi-particle concept: one-to-one correspondence between particles
in a free electron gas and elementary excitations in the interacting
Fermi systems

Nk
Non-interacting Fermi system at T=0
1
kp k
’)’L]% Lev Landau
1
4\ Interacting Fermi system at T=0
} 2
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Mott insulators

e Band structure calculations predict metallic behavior in
some materials, which is contradicted by experiments

o Failure of one-particle theory = Many-body theory of
interacting systems is necessary

e Landau Fermi liquid theory describes well the metallic
behavior of interacting systems, but is insufficient to deal
with Mott insulators

o Paradigmatic model for Mott insulators: Hubbard model
H=—tY"> "t fio—nY nic+UY ngni
(i,j) © 1,0 i

niO'EfiTo'in' U>0
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Mott insulators

e Schematic picture of half-filled band (or, more generally,
one electron per unit cell):

WV

e Band theory does not forbid double occupancy, provided
electrons have opposite spin:

Rt AN

— predicts metallic behavior

a8)
e Double occupancy is actually forbidden for U > ¢ TP
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Mott-Hubbard metal-insulator transition
Typically a Mott insulator is magnetically ordered

Metal AF

n(e)

~
N

U>0
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Mott insulators

o Fermionic Hubbard model at half-filling = Metal-Mott
insulator transition

e Bosonic Hubbard model at integer filling —-
Superfluid-Mott insulator transition

e Insulating phase: Interaction driven gapped excitations,
unbroken U (1) symmetry

e Superfluid phase: Interaction driven gapless excitations,
broken U(1) symmetry

o Metallic phase: Fermi surface, unbroken U (1) symmetry

e Spin liquid: Mott insulator without broken symmetries and
with fractionalized excitations

TP 3



Symmetries of the Hubbard model

@ Particle-hole symmetry at half-filling, i.e., + >0 (njo) =1,and
bipartite lattices:

fio = €A [,
o= Y™ fig
Q= (m)

ek +Q) = —¢(k)

= —2t(cosky + cosky)

o U(1) symmetry: fio — € fio, fl, — €[],
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Symmetries of the Hubbard model

o SU(2) spin symmetry: S = . S;, where S; = Lyl
with v; = [f;+ f;)]" and & = (04,0, 0.) =[S, H] =0

e SU(2) pseudo-spin symmetry (valid for bipartite lattices):
J =3, e¥RaT;, where J; = Jnln;, with n; = [f5r f],]"
= [J,H] =0

o Full symmetry of the Hubbard model is
SO(4) = SU(2) x SU(2)

e The SO(4) symmetry allowed to complete the exact
solution for the one-dimensional Hubbard model by
obtaining the full excitation spectrum; see book by Essler,
Frahm, Géhmann, Klimper, and Korepin, The
one-dimensional Hubbard model (Cambridge University
Press, 2005)

e Strong-coupling (U > t) limit of the Hubbard model: m
Heisenberg antiferromagnet = H = % > gy Si-S; TP a



Symmetries of the Hubbard model

e Hubbard model in bipartite lattices at half-filling: . = U/2
(exact)
T

o Proof: particle-hole transformation f;, — e!Q@Rif! |
fi‘l.o' _> GZQ.RifioW

H,:U—2M—tZZfit,fja+(M—U)an-i-UZnnnu

(i) @

uw=U/2= H' = H.If Fand F’ are the free energy
densities associated to Hamiltomians A and H’,

n——ai 2—n——8}-/
o’  Ou
=UR2—n=2-n—>n-=1 m



Mean-field theory for the Hubbard model

e At half-filling the Hubbard Hamiltonian can be rewritten as
2U
H==t) % flfio =5 > S
(i.g) © i

e Magnetic (mean-field) ground states: (S;) = m (FM) or
(S;) = ¢'QRim (AF)

o Due to nesting, AF instabilities arise at half-filling, so an AF
ordered ground state is favored (lower energy) over a FM
ground state. Away from half-filling a FM ground state is
favored

e Spin liquid mean-field ground states (more later) arise in a
square lattice with nearest neighbor hopping and half-filling
only when generalizing SU(2) — SU(N), with N

sufficiently large. 2
ufficiently large TP E



@ Hubbard-Stratonovich transformation:

H:—tzz.f;rgfja UZml S +7Zm$

(i.3) @ i

@ Staggered magnetization: m; = ¢'@Rim. The SU(2) symmetry allows
us to choose m = mz without loss of generality.
+m —m +m

(A———(8)

Cio, 1€ A

fia— - —-m +m —m
— . (B A) —(B)
Cios 1€ B

+m —-m ‘ +m
®) B (A)

@ Mean-field Hamiltonian: Hyur = 3, | ¢! Moo + 242m?

_oUm

Cko _t 2 €k
’(’bk” = _ ’ wk(? - [ Ckcr Cxo ] ’ ]\/[ka' = aUm
Cko €k 2
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o Energy spectrum: Eif = £/} + A2, where A? = U?m?/4
o Ground state energy density: £y = —# Zk Ef + 2 A2

0Ey __ d2k 1
% om =0 2U f( E +A2 f 4t \/ 2+A2

e Approximate form of the density of states in two

dimensions: p(c) ~ hjl(téj) (see lecture notes)

e Solution of gap equation:

/12t
A =27’ —/ =
™ exp( U>

e At half-filing mean-field theory yields an AF ground state
for all U > 0 = no metal-insulator transition at finite U,

e, U.=0
Tp
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Disordering Mott insulators
e Our mean-field theory fails to describe a metal-insulator
transition with U, # 0. Quantum fluctuations around the
mean-field solution are expected to destroy the AF order at
weak-coupling. We will give an example with long-range
Coulomb interaction in a honeycomb lattice (i.e.,
interacting graphene), where the gap has the form

A ~ exp (—const1 / ﬁ) such that the system becomes

metallic for U < U,, when the gap vanishes. However, such
a system features an excitonic condensate for U > U,
rather than an AF phase (this is a consequence of the
long-range Coulomb interaction). In this case it is not the
SU(2) symmetry that is being spontaneously broken, but
the so-called chiral symmetry. The chiral symmetry will
also be important in our study of U(1) spin liquids.

e Important question: can a Mott insulator also be disordered
in the strong-coupling regime? Q
>
TP 3



Disordering Mott insulators

Tight-binding in a honeycomb lattice:
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Disordering Mott insulators

Tight-binding in a honeycomb lattice:
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Disordering Mott insulators

Tight-binding in a honeycomb lattice:

;A,/‘ "\ B,/

\B<—A/ B—A
/N /N
B—A) B—A)

NS N/

(B)—A) (B—A)

SN/
B—A) (B—A)
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Disordering Mott insulators

Tight-binding in a honeycomb lattice:
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Disordering Mott insulators
Tight-binding in a honeycomb lattice:

Cio, 1€ A an =9 a—éﬁilA
fia = 3 ) 1=Y, 9 = 5 2y
Civ, 1EB
V3.1,
HO = Zk,(r @Z)lTkai/}ka ag = —TX — §y
ko T i 1 0
zﬁko’ — 3 ) wko‘ = |: Cka Eko’ :| s Mk = i}
Cko _t@k

o = 33 eikai = ¢iky 49 cos (@k» o—iky/2
Energy eigenvalues:

3
Ey = £t, |1+ 4cos? (?kx> + 4 cos (\ggkz> cos <2k‘y>

—tpk
0

5
RUB



o The spectrum Ex has (independent) nodes at k; = ;—”ﬂi and
k2 — 21 &

3fx — 3y
@ Expanding the tight-binding Hamiltonian around the nodes:

Hom 13 S oMot

k,o i=1,2
3 ‘ . 3 .
Pk+k; ~ 5(_k1 + Zk?/)v Prtky ~ 5(_]{:1 - Zk?/)v
3ei7r/3 ] . 367'277/3 )
Prtky ~ T(*kz —iky), Prtky ~ T(*kz + iky)

o Define 11, (k) = [ciiky.0 Ckiky,o]” and
P20 (k) = [ Cctin,o Chotnol”

3t ; 0 ke —iky
= Hy ~ Vis (k) Yio (k)
2 ;;2 ko + iky 0
= ory_ Y Ul 0k i (k)
k,o i=1,2
Here vp = 3t/2and & = 0,%X + 0,y TP
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Y

0

@ Four-component Dirac fermion representation: ¥, = [¢)1, wQU]T,
U, = \I!T'yo
@ Dirac v matrices:

B o 0 q/l _ 0y 0 2 _ —10 0
0 —o0. ' 0 —ioy ' 0 10,

@ Dirac Lagrangian: Lo = Ui@V (Dirac “slash” notation: @ = v*Q,.);
Oy = (Or,vpV)and @ = ~°9, — vy -V
— massless Dirac fermions

@ Action including Coulomb interaction:

_ U 2 2 1T 0 1 T / 0 /
HCoulomb - QZB:/CZ 7"/d T\I’a(r)’y \Ija(r)‘rirquﬁ(r )’Y \Ilﬁ(r)

U=¢é?/e
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— 1/r interaction (like in 3D) in 2D, instead of Inr. We
are assuming that the 2D system is embedded in a 3D
world and feels electromagnetic forces of it (e.g.,
interacting graphene). Later we will show (in the context of
spin liquids) that even if a In r is used, screening effects
caused by quantum fluctuations ultimately make it 1/r

Fourier transform of 1/r in 2D: F(1/r) = 2x/|k|
Lagrangian after a Hubbard-Stratonovich transformation:

. 1
L=U(id - Ur"A)¥ + §A0\/—V2A0

— Fermionic sector like in QED,; with vanishing spatial
components of gauge field: A* = (A4°,0,0).
Electromagnetic energy is nonlocal: « E -
of x E?

We will see later that a U (1) spin liquid features a QED2.
having all components of the (emergent) gauge field TP %3
nonzero. (a4

1

\/_7v2E instead




e The Lagrangian density has a chiral symmetry

b — ei’73,59¢

0 I 0 I
Y3 = ) V5 =
I 0 -1 0

I is a 2 x 2 identity matrix.

e — Metal-insulator transition induced by spontaneous
chiral symmetry breaking

e In the insulator phase there is an excitonic condensate,
(U, ¥,) = Zi:172<(cl1-(+ki7gck+kia(7 - EI(+ki7o'Ek+ki7U)>

e This can be viewed as a pseudo-spin condensate for each
actual spin o: ajot = Cktk;0  Gio| = Ckik;o

TP 3



@ Schwinger-Dyson equation: G~! = G5 ' + %

Z:%—éib%

@ Analytical form in imaginary time:

iYopoZo(p) + vriy - pZ1(p) + X(p)

- 2 [ &k, 0[Sk —p) +iv0(ko — po)Zo(k — p) + vriF - (k —p)Z1(k — p)lyo
Sy @ " 220k~ p) (ko — po)® + Z2(k — p)E(k — p)® T 20k — pK]

g? = 27U
@ self-consistent equations:

L[ &k |k + p|E(k)
%(p) =y / (2m)3 [Z2(k)K2 + Z2(k)v?k? + 22(k)] [k + p|’

g [ &k |k + plko
Zo(p) =1+ = 3773 2 2 212 2 )
po J (2m)% [Z5(k)k§ + Z7 (k)v2k? + 22(k)] |k + p

RUB

Z()f17£/ d’k |k +plp - k P
WIEET b2 | @n) 23 (k)RR + 22 (k)02 + 22 (R)] [k + p|



e Approximation: Zy(k) ~ 1 and Z; (k) =~ 1 inside the
integrals = self-consistency only for ¥(k)
e Approximation to solve the gap equation: ¥(k) ~ X(0)

>k 1
2m)3 [kE + v2k2? + $2(0)] k|

$(0) = ¢°%(0) / :

o Solution: $(0) = Ae=2mr/U = Ae=37t/U — non-analytic in
U; once more, U. = 0

e Too naive! = This would mean that any interaction, no
matter how small, would make graphene an insulator...

e Better approximation: X(p) ~ (0, p), i.e., we ignore the
frequency dependence of the selfenergy.

Tp
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o After integrating over the frequency, the gap equation
becomes

i 2k‘ E(Oak)
82 VK2 +%2(0,k) |k + p|

e Notation: (k) = (0, k), where should be understood as

Z(0> p) =

Ip| and not as |p| = |/p2 + v%p? as before
e Thus, after performing the angular integrations,

2P ko (k 2 A k
o) = I [Tap kB, g/ dp—2k)
amp Jo k%2 +o2(k) AT ), k2 + o2(k)

e Converting in a differential equation:

d [ zda(p)} _ 2\po(p)

_— = ¢?/(8mv
(:Tp p dp \/m7 A=g7/(8 F)TP
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e Linearized regime:

d [ 5do(p)
- —_9
dp [ dp ] rote)
e Ansatz: o(p) = Ap®
o Boundary condition: p%Z| = —o(A)
e Solution:
(p) = A 8A—1 | P
=" 2 o(0)
A= g?/(87)

¢ 0= e () = Ao (- 7E7)

— U, =3t/4
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Remarks:

o U < U.= semi-metal phase (Dirac cones)
U > U. = excitonic insulator phase

o Similar to the inverse correlation length (gap) in the
Berezhinsky-Kosterlitz-Thouless transition:
o (%)

o (0) ~ (U, ¥,)

e By computing fluctuation corrections to the Coulomb

interaction, the value of U, gets modified to (see lecture
notes)

6t
8§ —1mN
Here N comes from generalizing the number of spin
degrees of freedom from 2 to N. The above result implies

that a gap can only be generated
if N < N, =8/r ~ 2.55 TP =

U. =

B



Disordering Mott insulators

@ Spin liquid: a Mott insulator with no broken symmetries that has
fractionalized excitations

@ Theoretically subtle: Mott insulators tend to order at low temperatures.

Sometimes Mott insulators can be tuned to a paramagnetic state by
competing interactions, but break the symmetries of the lattice. Ex: a

valence-bond solid (Read and Sachdev, 1989)

—F— | 11
ﬁ'ﬁ',‘p’éc—-—-—o
i#lf%c—-—-—o
SIS "D " U R W .

B ;

@ Experimentally elusive, despite some promising recent
experiments

RUB



Disordering Mott insulators

o Conflicting numerical (Monte Carlo) results for the
(short-range interacting) Hubbard model on a honeycomb

lattice:

) 0.5
@/‘j i I <b‘ >.,SWK 04 g
b7 1S
RSN,
- 0.3 o 3
3 & g
02 0.2 o
w
<

0.1 0.1

0é 40

3.6 3.9 4.2 4.5
Uit

Meng et al., Nature (London) 464, 847 (2010) L
S. Sorella, Y. Otsuka, and S. Yunoki, Sci. Rep. 2, 992

(2012)
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Disordering Mott insulators

e Types of frustration in a Heisengerg AF:

Geometric frustration

o Group theoretic frustration: SU(2) — SU(N), with N
large enough to stabilize the spin liquid T

RUB



U(1) spin liquid
@ Heisenberg AF on a square lattice:
H=1J)» Si 8,
(4,4)
Si = 1 fl . Gasfis Local constraint: f| fio =1

o agﬁaz(g = 2(5045557 — 5063(5—\,5
o H=-1 2 i) f:afjafjﬁfiﬁ + const
@ SU(N) generalization: rescaling J — .J/N, constraint f} fi, = N/2
@ Hubbard-Stratonovich transformation:

N
H = Z 7\)@\2 — Xij flofia + h~C~>
(,9)
@ Lagrangian in imaginary time:
L =3%1fioc(0r +iX;) fic — (N/2)iXj] + H
i(0;—05)

o Local gauge invariance: f;jo — €% fir, xi; — € Xii» T
)\j — )\j — 879j P
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U(1) spin liquid

e Saddle-point solution at large N (=-flux phase):

Xij = Xoe' E Op=m
P={ijki}

RUB



U(1) spin liquid

e For any plaquette:

X1 = Xjj+éz X2 = Xj+ép,jt+éy

X3 = Xjteéateyjtéy X4 = Xj+eéy.j

e Rewriting the MF Hamiltonian:

H = - Z Z (XlE}+éz,cho + XZE}+éy7Ung + h.c.)
JjEA o

_ Z (X;C}+él7géj0' + XQC;[»_Féy’oEjg + h.c.)
JjEB

NL
+7 (’><1|2 + 2l + [xs* + ’X4|2) .

Tp
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U(1) spin liquid

@ In momentum space:

H:;/[Cio ELU]|:|X‘(

0
coski — icosks)

|x| (cos k1 + icos k2)
0

@ Spectrum: E+ (k) = £|x|/cos? k, + cos? ky

- ‘~

. 3

S -‘_l
S

Il

Cko
Cko
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U(1) spin liquid

e Linearizing near the nodes (7 /2,7/2) (1) and (—x/2,7/2)

(2):

/
P 0
Z [ lr ko o Chics } {_|X|k1 { 0 —m }

Kk
Clko
T2 0 Clko
HX’kQ[ 0 m ]} Coko
Coko

— Dirac fermions once more!
o Phase fluctuations: y, = ye*m

o Effective quantum field theory: £ = S 4, (D + i A)y,
—> QED in 2+1 spacetime dimensions TP

RUB



U(1) spin liquid

@ The mean-field theory yields a Mott insulator without broken
symmetries (no local order parameter) and fractionalized excitations
represented by the Dirac fermions (spinons)

@ ltis fractionalized in the sense that, differently from an AF-ordered Mott
insulator, the (spinon) excitations have spin 1/2. In contrast, magnons in
an antiferromagnet are spin 1 excitations = AF magnons fractionalize
into spinon excitations. The spin falls apart.

@ If true, the magnetization is composed by more fundamental building
blocks (like quarks in QCD), the spinons, which deconfine in the large
N limit

@ Confinement/deconfinement physics arises because the U(1) group is
compact (Polyakov, 1977), since the gauge field is a phase, and
therefore must be periodic.

@ Question: can spinons still be deconfined at lower values of N? This is
the problem of the stability of U (1) spin liquids [Hermele et al., PRB 70,
214437 (2004); Nogueira and Kleinert, PRL 95, 176406 (2005 ); PRB

77, 045107 (2008)] TP



U(1) spin liquid

o Note that the gauge field in spin liquid QED (or better,
“guantum spinodynamics”) is emergent

e Just like in our discussion of interacting graphene, the field
theory of U (1) spin liquid has also a chiral symmetry

e The key to the stability of the U(1) spin liquid relies on two
important aspects:

O Chiral symmetry breaking: if there is a regime where the
chiral condensate, (1,1, ) is nonzero, then the staggered
magnetization (1,7.515) is also nonzero.

@ Compactness of the gauge field and the nature of spinon
confinement

Tp
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U(1) spin liquid

e Integrating out the fermions: Seg = —NTrIn(d + i A)

e A, -propagator is obtained by expanding the effective
action up to quadratic order in A, (assuming d spacetime
dimensions):

d
Seff & % / gﬁiﬁw(p)flu(p)z‘lu(—p),

where

d
() =~ | (;iw];dtrhuGO(k)%Go(p K]
ib

Fermionic propagator: Go(p) = —%

Tp
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U(1) spin liquid

@ Current conservation implies p,X .. (p) = 0. Thus,

i) = 211) (30— P25 )

@ After some calculation detailed in the lecture notes, we obtain

8T(2 — d/2)T%(d/2)

M) = Ne@lpl'™, o) = =S

Ford=2+1,
N
II(p) = —
®) = 8

@ Gauge field propagator in the Landau gauge:

_ ; _ Pupv
D) = s (00~ ")

RUB



U(1) spin liquid

@ Wilson loop:

We = <exp (—ieo 750 d.r,LA;,,(a:)>>

@ In the lattice this corresponds to ~ (xi;x;k Xk Xxi:) around a closed loop

@ Asymptotic behavior for a large time span T: W ~ e~ TV (£)

@ Integrating out A, yields

(d—2)l(d) dz,dy,
Ar¥(d/2)0 (2 = d/2)N Joxe o —yl?

@ For large T the main contribution comes from the integral,

/dt/ du—— = 2ﬂ%@+§m(%)}

~ ﬂ—|—21 (?)
T>R R
TP 2

InW(C) = —



:?Nvgmz—ﬁgizﬁgzb+gﬁm<5)y

_ 6I'(d)
a(d) = T3(d/2)T(2—d/2)

Ford =2+ 1 we have a(3) = 96/7% ~ 9.73

Comparison with Lischer’s string model [M. Lischer, Nucl. Phys. B
180, 317 (1981)]:

_ (d—2)7
V(R) = 7sR Y
T, = string tension
Xq
Only the coefficient of 1/R is universal: just make a scale TP

transformation for 7" and R to see this

RUB



Spontaneous chiral symmetry breaking
e Schwinger-Dyson equation:

3
Gl(p) = Gy (p) + / (;’jg,w(p By D (),

1 (p) —ipZ(p)

G(p)

T ipZp) +3()  Z2(p)p? +22(p)
e Self-consistent equations:

16 [ &k (k)
TN J @3 [Z2(k)k2 + 22(k)][k + p]

¥(p)

Z(p) =1+

8 /d% [k — p* + (k + p)*)(k + p) - pZ (k)
N2 | @R [+ 20k + m
P 3



o Differential equations:

4 [psz(p)] _ 8 p*2(p)
dp dp 2N Z2(p)p? + X2(p)
d [ 4dZ(p)] 8 p'Z(p)
dp | “dp | T N2+ 22 p)

e Boundary conditions:

. dX(p) _
Jim p%(p) =0, e —Z(A)
dZ(p) ol
e 3[1 - Z(A)]

Positivity of the spectral representation implies
0<Z(0)<1

RUB



e Approximate DE for the self-energy:

d deE(P) _ 8 p*E(p)
dp dp 2N p? + ¥2(0)
e Approximate solution:

i 1,1 3 pQ]

E(p) = X(0)2F4 F 7’1*1’”5"227(0)

4 4

_ /32y
T\ 2N

e Solution in the regime p? > 2(0):

IC\ m3(0 ’y p
2ln ) + 6

_ c+cr _I(v/2)(0 +1iv) m
G—arccos< 20 ) C= FQ(g—I—i%) T a




The boundary conditions imply

£(0) = A exp (-?)

— vanishes for N > N, = 32/n% ~ 3.24
chiral symmetry is broken for N = 2 = no stable spin liquid in the
SU(2) case = AF state

Approximate solution for Z(p) is more easily obtained from its integral
equation, which is equivalent to the DE

Approximate form of the integral equation:

8 A dkk 1 [P dkk*
Z(p) =1 - + = | maye
3m2N | ), K2+3200) ' p3 ), k2+X2(0)

Solution:

RUB



U(1) spin liquid and Compact QED

e Chiral symmetry breaking gives a mass to the spinons.
This change the dynamics of the emergent gauge field.

e Vacuum polarization for massive Dirac fermions:

47p? 2|p| 2m
m = X(0)
e Low-energy Maxwell theory:
1 2
E]\/[ — TQZF/‘V

F,, =0,A, - 0,A,
g% =127m/N

o Recall that the gauge field is supposed to be compa o
= Compact QED- P a



U (1) spin liquid and Compact QED

What does compact U(1) in continuum limit means?

Flux quantization (open surface) Flux quantization (closed surface)
fsdg-(Vx/_f):%m/e $5dS - (V x A) =2mn/e
P
A A A A
.
vl
Monopole

Example: Superconductor, Abrikosov vortices Example: Magnetic monopoles

TP 3



U(1) spin liquid and Compact QED

@ Action of compact QED»; in the lattice (Polyakov,1977):

@ For a lattice superfluid with lattice action
Sse = 32, [3 (Ar0:(7)? = p X2, cos(0i(r) - 0,(7)) | the
topological defects are vortices, which at zero temperature are point
defects in (1 + 1)D and line loops in (2 + 1) D. For compact QED-; the
topological defects in are points called instantons (= magnetic
monopoles in spacetime)

@ In contrast to Polyakov’s case, in our case only the spatial components
of the gauge field are periodic, since the A, (time) component
corresponds to the Lagrange multiplier enforcing the single occupancy
constraint. Thus, —co < A0 < 00, 0 < A;; < 2. However, we will show
that both theories lead to the same dual theory describing a field theory
of instantons. This will allow us to make Ay also periodic. o0
Tp 2
(a4



U(1) spin liquid and Compact QED

@ Villain form of the action = write the Fourier representation:

oo

oS Z I (C)einz
= n

n=-—oo

and use I,,(c) ~ e ™"/ for ¢ — o

— eCCosT ZOO efn2/(23)+inz ~ Zoo 6—%(1727rm)2 with help

n=-—oo

of the Poisson formula

S fln) = / dyf(y)e>™™

n=-—oo m=—oo

m=—o0

@ Rewriting the action:

2
S = 222 (AoAy — AjAig — 2T Ny)? (ZEUA Ayj — 277Ml>}

il

where N;; and M; are integer lattice fields
@ The Villain form is relatively easy to dualize

Tp



U(1) spin liquid and Compact QED

@ First step to the dual transformation:

2 2
S = Z |:g2hl2] — ihlj(AoAlj — A]’A[O — 271'Nlj) =+ %n% — inl Z EiinA[j
1 i,
@ Integrating A;o out yields the constraint Zj Ajhi; =0
@ Solving the constraint: hy; = Y, €;:A;b;. We obtain,

2

2 2
S = Z [gz Z <; Elelbi> + %’I’L? — iz€jZAlbi(A0Aij — 27TN1']')

i J gl

— in,- E ElelAij
2%}

@ Scalar field b, can be promoted to an integer field L; by means qfthe
Poisson formula, making NN;; disappear

RUB



U(1) spin liquid and Compact QED

(]

2

2 2
S = Z [,92 Z <; 6]‘1A1Li> + %n? — izelelLiAOAij

i J Jrt

- imZelelAij]

L,j

@ Integrating out A;; yields constraint: =, €;; Ao A L; = >, €ji1Ayn;, Which
solves to AoL; = n;.

S = Z [922 Z (Z GlezL¢> + g;(A0L¢)2:|

J l

@ Poissonizing once more converts L; to a scalar field ¢:

2 2
S= Z [92 D (M) + %(AO%)Q - 27riNi<pi]

Tp
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U (1) spin liquid and Compact QED

@ Dual theory is given by a sine-Gordon lattice action describing the
quantum dynamics of instantons:

2
g
Ssa = z@: {@(A,Api)z — 2z cos <pi:|
—00 < i < 0o (i Is non-compact)

2 = e 27" 0/9% with ¢y = 0.2527 is the fugacity of the instanton gas.

@ In the continuum limit we have

Ssag = (%)Q/d?’a: [%(aH@)Q — M? cosga}
M? = (87%/9%)z
@ The excitations of the sine-Gordon theory in (2+1)D are always gapped
= no phase transition!
@ Instantons are condensed <= spinons are permanently confined

Tp

@ String tension = 7, = 2¢° M /n*
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U (1) spin liquid and Compact QED

e The dual theory is equivalent to a London model that
features instantons, rather than vortices.

e London model with instantons is a Mott insulator, while the
London model of vortices is a superconductor

1 m3
LLondon = §(V X h)2 + 7}1}12

satisfying the constraint V - h = 2™ pr(x)

Instanton density: p;(x) = 3", ;63 (x — x;) ¢G=*+q€Z
e In contrast to the London model of superconductors, my,

here is an arbitrary mass scale, which reflects the

topological nature of the problem

— Dual Meissner effect independent of (penetration)

length scale. We have here an example of topological dual

Meissner effect 319



U(1) spin liquid and Compact QED

@ Proof of equivalence to the sine-Gordon theory:
Partition function for a given monopole density,

Z(pr) = /DhDa exp (—/d%ﬁ),

2
L= %(V x h)? + %hz +i0(V -h —2mpr/mpg),

where

Integrating out h yields

o= e[y

h

Defining ¢ = gmn¢/27 and summing over all instanton configurations
yields the sine-Gordon theory once more

TP 3



U (1) spin liquid and Compact QED

@ Partition function:

z= [ Dpex [—% (L) d3r<Vso>2] ;{2}2;}. / (ﬁd) xpli 3 are(ry)}

@ Keeping only +1 instantons:

/Dxexp[ % o /d3 ] > Ucﬁrcosgp]
_ /Dgpexp{—/d3r [5 2 —zcown (1)

TP 3




U (1) spin liquid and Compact QED

@ Debye-Huickel approximation:

Lsc =~ (%)2 (V)? + 2¢°

N —

@ Correlation functions:

_ (2n/9)?
(ele(=p) = 3
orpor-n) = (L) 2
1 M2\ pup
(hu(p)h (=p)) = P2tmd [@w - (1 - nT}z}) p? + M2

@ Physical magnetic correlation function (Polyakov, 1977):

HADHA-p) = g () = o° (30— L0

|
T

RUB



U (1) spin liquid and Compact QED
Ways to stabilize the spin liquid:

T

(IN) )

oo )=

%\
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U(1) spin liquid and Compact QED

Bednorz und Muller (1986) S.-H. Lee et al., Nature Materials (August 2007)
[ vBL
300 La, §r,Cu0, 0 ZnCu, (OD)Cl,
2 0- < [
= . =1 RVB (?)
. "Metal" 10 -
100 \ L
[ Néel+VBS
AF|RVBO) o G
— sc Covvn b b b Ly
0.1 0.2 03 0. . . . 1.0
Sr—Doping(x) Zn-Doping (x)

RUB
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U(1) spin liquid and Compact QED

Compact Abelian Higgs model in (2+1)D:

S=-p Z cos(Apb; — qAiy) — K Z cos(Fiuw)
i e

qgeN, k=1/g

e ¢ = 1 = no phase transition

e ¢ = 2 = spinon pairing, Ising universality class

Z5 spin liquid

o Kk — oo = XY model

B — oo = Z, gauge theory (¢ > 1)

(7]
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U(1) spin liquid and Compact QED

Duality in 2+1 dimensions:

e 0, periodic = vortex loops
o A;, periodic = instantons

e Dual theory = field theory for a gas of vortex loops and
vortex lines with instantons attached at the ends

e 0; periodic, A;, non-periodic = vortex loops,
no instantons —> superconductor universality class, no
matter the value of ¢

T

RUB



U (1) spin liquid and Compact QED
Phase diagram: [Smiseth,Smargrav,Nogueira,Hove,Sudbg, PRL 89, 226403
(2002); PRB 67, 205104 (2003)]

10
a=2| =3

Deconfined

Confined

@ Confined phase: ordinary Mott insulator
@ Deconfined (Higgs) phase: fractionalized insulator TP
@ ¢ = 3 = tricritical point

RUB



Chiral spin liquid

@ Hamiltonian: H = J; Z(i,j) S; - Sj + Jo Z((i,j)) S; - Sj
@ Hubbard-Stratonovich transformation:

H= Z ( XU' XUfzafJDt +hC> + Z ( 2 XZJI XijfiTafja +hC)
)

((,5)
@ Mean-field Ansatz: = flux in plaquettes, 7 /2 flux in triangles
Xii+d = 1X1
Xii+g = 1(—=1)" x1
Xijiti+g = —i(—1)" X2

Xiiti—g = i(—1)"x2

@ Fy(k) = +/4x3(sin? ky +sin ky) + 16x3 cos? k. cos? ky, TP

RUB



Chiral spin liquid

MF solution yields x1 # 0 and x2 = 0if J2/J1 < 1/2. Both x1 and x2
are nonzero when J2/J; > 1/2

Chiral spin liquid (x2 # 0) breaks time-reversal symmetry —> orbital
ferromagnetism

@ Gapped Dirac spectrum
@ The two-component Dirac spinors 1 and > have the same mass

m = 4x2

@ Dirac v matrices: v° = ¢,, v' = —io., and 4% = io,
@ Effective Dirac Lagrangian:

L= Pulid — Jb —m)ia

=12 «
mass term breaks both parity and TR.
Parity transf.: 1 — v, ¥ — —py' = ¢rp — —hap.
TR transf.: o) — %9, ¥ — —hy* = b — —yp

Tp
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Chiral spin liquid

(]

Integrating out the fermions generate a Chern-Simons term —-
topological field theory. Low-energy form of the CS term:

N m A
Les = ———€ura’0’a
4m |m)|

(7]

Vacuum polarization:
d*k
(2m)?

_ 1 _ m—ik
T ik+m o k2+m2

Sy (p) = 2N / ey G (k)3 Glp + K)

G (k)

CS term arises due to tr(v.v.yr) = 2i€uun

(]

The CS term is a topological term, since it is independent of the metric

TP 3



Quantum dimer model

e Hamiltonian (Kivelson, Rokhsar, and Sethna, 1987):

H o= ) [+

O

+ oL+ D]

o Useful property (not valid for actual spin singlet states):

(1l +1zy e’
=D a+e e

o SetBo=[11) (2| + 1) (11

— H =) (~tBo+vB})

| TP
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Quantum dimer model

@ Introduce o;; such that o; = +1 when a dimer is present in the bond
(4,4), and ¢7; = —1 when it is absent. Raising/lowering operators:
05 = %(afj :i:ia:?‘j)

@ Rewriting Hamiltonian:

H=—t> (Wo+Wh)+v > (WaWl + Wiwg)
O O
Wo = ijajfka,:rlal;

\ +iA; s
o Gauge field: o}; = < —

t
— H = Z {—5 cos(Fimn) + %cos(ZFimn)}

i,m,n

@ [o7, 0’?;] = i2aiijLongrightarrow o;; conjugate to A;;

S=is Z 0inVrAjn + H.

Sy TP

RUB



Quantum dimer model

o Lattice gauge theory action (valid bothind =2 + 1 and
d=3+1):

S = —Zln[cos(sVTAin)]

1,T,N

t v
+ Z [2 cos(Fymn) + 3 cos(ZFimn)] .

1,T,m,n

[F. S. Nogueira and Z. Nussinov, PRB 80, 104413 (2009)]
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Quantum dimer model

Phase diagramford =2+ 1 (p =t — v):

T

KT transition line

Staggered L Plaquette VBS p

RK point
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Quantum dimer model

@ Dualmodel (d=2+1,p=1t—v):
L= S(0,h)% + P(Vh)? + L (V2h)? — 2 cos(2rh).
2 2 2K
Kosterlitz-Thouless-like phase transition at 7' = 0 and for p = 0 (¢t = v);

no transition for 7" > 0 and p = 0. VBS state for p > 0 and staggered
VBS for p < 0; KT transition for "> 0 and p > 0

@ Dual model (d = 3 + 1) at the Rokhsar-Kivelson (¢t = v) point:
£= 20 + o (V x V x @) + [(V — 2mia)yl* + oo + Sl

First-order phase transition at 7' = 0; Second-order transition for 7" > 0
@ Dual model (d = 3 + 1) above the RK point (¢t > v):

~ 1 .
Lpso = 5(9:2)° + £(V x a)* + |(V = 2miy/p a) | + |y + S |ul*

T = 0: First-order transition; 7' > 0: Second-order transition T

RUB
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o Is there a spin liquid?
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Conclusion

o Is there a spin liquid?

e In theory, yes, at least in some special models on
frustrated lattices, or regimes (large NN, strong interactions)
in well-known models (Hubbard)

e Experiments: promising

e High-T, superconductors? After more than 20 years, the
spin liquid lost some influence here...

Tp
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