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Isotropic Landau-Khalatnikov Two-Fluid Model

General Properties

•Two Ideal Fluids

normal fluid and superfluid

•Continuity Equation9ρ � div j � 0

density ρs � ρn � ρ

current j � ρsvs � ρnvn

•Conservation of Momentum

Btji � BkΠik � 0

Πik � ρsvsivsk � ρnvni
vnk

� pδik

•Pressure

p � �u � Ts � µρ � 1
2
ρn pvn � vsq2

with µ: chemical potential per unit mass,
s: entropy density, u: internal energy density

•Entropy Conservation9s � div psvnq � 0; s � sn, ss � 0

•Superfluid Euler Equation9vs �∇
�
1
2
v2
s � µ̄

	 � 0, rotvs � 0

Propagation of Sound

•Linearization, Ansatz δs, δρ � eipq�r�ωtq
•Approximation

� BpBT	ρ � 0

•First Sound

density and pressure oscillations

u21 � �BpBρ
�
s̄

, δvn � δvs

•Second Sound

entropy and temperature oscillations

u22 � s̄20
ρs0
ρn0

�BTBs̄
�
ρ

, δvn � �δvs

Anisotropic Extension

Motivation

•Solution of the GP Eq. for a dipolar BEC with disorder [1] yields

nsik � nδik � » d3kp2πq2 4nRpkqkikk
k2
�
~2k2{2m � 2nVintpkq�2 � . . .

• Super- and normalfluid densities are tensors of second rank

ρnij
� ρsij � ρij � ρ̃δij

•What are the consequences for two-fluid hydrodynamic?

Action Principle

Action

A � ¼
d3r dt

"
1
2vsipρ̃δij � ρnij

qvsj � 1
2vni

ρnij
vnj

� upρ̃, ρnij
, sq

� λ

�Bρ̃Bt � Bippρ̃δij � ρnij
qvsj � ρnij

vnj
q� � κ

�BsBt � divpsvnq�*
Differential equation of state

du � Tds � µ̄dρ̃ � BuBρnij

dρnij

Extremize action to obtain 7 sets of equations

δA

δρ
� 0 ,

δA

δρnik

� 0 ,
δA

δs
� 0 ,

δA

δvni

� 0 ,
δA

δvsi
� 0 ,

δA

δλ
� 0 ,

δA

δκ
� 0

Classical Approach

Classical approach analog to [2]

Conservation laws without explicit expressions for Πik, j, etc.

Galilean transformations impose structure of flux tensors
velocity vn � vs � vn0

current j � ρ̃vs � j0

momentum density Πik � Π0ik � ρ̃vsivsk � vsij0k � j0ivsk

energy density e � 1
2ρ̃v

2
s � vs � j0 � e0

energy flux q � �
1
2
ρ̃v2

s � vs � j0 � e0
	
vs � 1

2
v2
sj0 � Π0vs � q0

entropy flux f � svs � f0

Notice: energy flux does not depend on space and time derivatives

Eliminate those dependencies to obtain expressions for flux quantities

Result & Outlook

Hydrodynamic Equations

•Equations inherit their structure from isotropic case

•Current ji � ρnij
vnj

� ρsijvsj

•Pressure gradient Bip � ρnjk
pvn � vsqk Bi pvn � vsqj � ρ̃Biµ̄ � sBiT

•Asymmetric momentum density tensor

Πik � ρskjvsjvsi � ρnij
vnj

vnk
� ρnij

vnk
vsj � ρnkj

vnj
vsi � pδik

consequence of broken rotational invariance

indicates the possibility of intrinsic angular momentum

Sound Modes

• In a fully polarized quantum gas, the tensoric densities simplify to

ρn,sx,y � ρn,sK , ρn,sz � ρn,s‖

•Linearization yields coupled wave-equations�����
�BpBρ̃�s̄ � u2‖,K �BpBs̄�ρ̃
s̄20

ρs‖,K
ρn‖,K�BTBρ̃ �s̄ s̄20

ρs‖,K
ρn‖,K�BTBs̄ �ρ̃ � u2‖,K

�ÆÆÆ

���δρ̃
δs̄

�Æ
� 0

• Sound velocities depend on direction ‖, K
u21,2‖,K � 1

2

���BpBρ̃
�
s̄

� ρs0‖,K
ρn0‖,KT s̄20cν

�� �
gfffe1

4

���BpBρ̃
�
s̄

� ρs0‖,K
ρn0‖,KT s̄20cν

��2 � ρs0‖,K
ρn0‖,K

�
T s̄20
cν

��BpBρ̃
�
T

•First and second sound modes are coupled

•Amplitude ratio
δρ̃
δs̄

� �BpBs̄	
ρ̃

u2‖,K��BpBρ̃	
s̄

•Normal fluid and superfluid oscillate in-phase or out-of-phase

δvs � νδvn , ν � γρn0‖,K
α � ρs0‖,Kγ

Outlook

•Calculate thermodynamic relations from a microscopic model

•Obtain sound velocities in dependence of temperature, dipole interac-
tion strength and disorder
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