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Abstract

Using functional derivatives with respect to the free correlation function we derive a closed
set of Schwinger–Dyson equations in �4-theory. Its conversion to graphical recursion relations
allows us to systematically generate all connected and one-particle irreducible Feynman diagrams
for the two- and four-point function together with their weights.
c© 2003 Elsevier B.V. All rights reserved.

1. Introduction

Many quantities observed in modern particle or statistical physics are modi6ed due
to 7uctuation corrections. The corresponding theoretical computations are usually quite
lengthy, which makes their automation mandatory. The current status of the automatic
calculation of Feynman diagrams is reviewed in Refs. [1–3]. There, the most important
theoretical techniques are introduced and their usefulness is demonstrated with the help
of simple examples. In addition, a survey over frequently used programs and packages
is provided, discussing their abilities and 6elds of applications.
The 6rst step towards an automatic calculation of Feynman diagrams is their con-

struction and the determination of their weights in di=erent 6eld theories. For this
purpose various convenient computer programs have been designed as, for instance,
FEYNARTS [4,5], QGRAF [6], or DIANA [7]. Some of them are based on a combi-
natorial enumeration of all possible ways of connecting vertices by lines according to
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Feynman’s rules. Others use a systematic generation of homeomorphically irreducible
star graphs [8,9]. The latter approach is quite eIcient and popular at higher orders. It
has, however, the conceptual disadvantage that it renders, at an intermediate stage, nu-
merous super7uous diagrams with di=erent vertex degrees, which have to be discarded
at the end. Further promising methods have been proposed in Refs. [10,11]. Whereas
the 6rst one is based on a bootstrap equation that uses only the free-6eld value of
the energy as an input, the second one combines Schwinger–Dyson equations with the
two-particle irreducible (“skeleton”) expansion.
A well-established method to obtain perturbation expressions in 6eld theory relies on

the source concept of Julian Schwinger [12]. To this end, one introduces in the given
energy functional local external currents, which are linearly coupled to the 6elds (see,
for instance, the textbooks [13–25]). This makes the corresponding partition function
a generating functional, which allows one to calculate all n-point functions from func-
tional derivatives with respect to these external currents. Another more sophisticated
and not well-known approach uses arti6cial tensorial currents, so the n-point functions
follow from a smaller number of functional derivatives. This technique has in7uenced
the development of many-body theory for a long time [26–31]. More contemporary
applications of these functional analytic methods were developed for quantum and sta-
tistical 6eld theory in Refs. [32–34]. They aimed at systematically constructing certain
classes of Feynman diagrams of a 6eld theory together with their weights by graphically
solving a closed set of functional di=erential equations. Furthermore, they developed
nonperturbative approximations by successively eliminating corrections to the lines and
vertices with the help of higher Legendre transformations.
Recently, we have elaborated a related program, which abandons the introduction of

arti6cial tensorial currents. Instead, we consider the Feynman diagrams of a 6eld the-
ory as functionals of their graphical elements, i.e., their lines and vertices. Functional
derivatives with respect to these graphical elements are represented by removing lines
or vertices of a Feynman diagram in all possible ways. Our program is then based on
the observation that the knowledge of the vacuum energy implies the knowledge of
the entire theory (“The vacuum is the world”) [12,35], and proceeds in the following
four steps. First, a nonlinear functional di=erential equation for the free energy is de-
rived as a consequence of the 6eld equations. Subsequently, this functional di=erential
equation is converted into a recursion relation for the respective perturbative expan-
sion coeIcients of the free energy. From its graphical solution, the connected vacuum
diagrams are constructed together with their weights. Finally, all diagrams of n-point
functions are obtained by removing lines or vertices from the connected vacuum dia-
grams. This program has been recently used to systematically generate all Feynman dia-
grams of �4-theory of second-order phase transitions in the disordered, symmetric phase
[36] and in the ordered, broken-symmetry phase [37,38]. In the same way we have
treated Ginzburg–Landau theory [39], quantum electrodynamics [40], and many-body
theory [41].
Furthermore, we have developed a modi6cation of this program, which does not

start from the vacuum diagrams. Instead, it aims at directly generating the Feynman
diagrams of n-point functions, which obey an in6nite hierarchy of Schwinger–Dyson
equations [13–25]. Using functional derivatives with respect to the free correlation
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functions and the vertices has allowed us to close these Schwinger–Dyson equations
in a functional analytic sense. They can be turned into graphical recursion relations for
the Feynman diagrams of the respective connected and one-particle irreducible n-point
functions. From these, the corresponding vacuum diagrams follow by short-circuiting
external legs. So far, this functional closure of the Schwinger–Dyson equations has
been performed for quantum electrodynamics [42].
The purpose of the present paper is to apply this functional–analytic approach to

the �4-theory of second-order phase transitions in the disordered, symmetric phase.
A short outline of this program was already published in Ref. [43]. To this end we
derive in Section 2 a closed set of equations for the connected two- and four-point
function. Analogosly, we determine in Section 3 a closed set of Schwinger–Dyson equa-
tions for the self-energy and the one-particle irreducible four-point function. In both
cases, the closed set of Schwinger–Dyson equations can be converted into graphical re-
cursion relations for the corresponding connected and one-particle irreducible Feynman
diagrams in �4-theory. From these the respective connected vacuum diagrams follow
by short-circuiting external legs.

2. Scalar �4-theory

Euclidean �4-theories in d dimensions are useful models for a large family of uni-
versality classes of continuous phase transitions [25]. In particular, the O(N )-symmetric
�4-theory serves to describe the critical phenomena in dilute polymer solutions (N=0),
Ising- and Heisenberg-like magnets (N = 1; 3), and super7uids (N = 2). In all these
systems, the thermal 7uctuations of a self-interacting scalar order parameter 6eld �
with N components are controlled by the Ginzburg–Landau energy functional

E[�] =
∫

ddx


1

2

N∑
	=1

�	(x)(−92x + m2)�	(x) +
g
24

[
N∑
	=1

�2
	(x)

]2

 ; (1)

where the mass m2 is proportional to the temperature deviation from the critical point
and g denotes the coupling constant. In the following it turns out to be advantageous
to rewrite the Ginzburg–Landau energy functional (1) as

E[�] =
1
2

∫
12
G−1

12 �1�2 +
1
24

∫
1234

V1234�1�2�3�4 : (2)

In this short-hand notation, the spatial and tensorial arguments of the order parameter
6eld �, the bilocal kernel G−1, and the quartic interaction V are indicated by simple
number indices, i.e.,

1 ≡ {x1; 	1};
∫
1
≡

N∑
	1=1

∫
ddx1; �1 ≡ �	1 (x1) : (3)

The kernel G−1 represents the functional matrix

G−1
12 ≡ G−1

	1 ;	2 (x1; x2) = �	1 ;	2 (−92x1 + m2)�(x1 − x2) ; (4)
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while the interaction V is given by the functional tensor

V1234 ≡ V	1 ;	2 ;	3 ;	4 (x1; x2; x3; x4)

=
g
3
(�	1 ;	2�	3 ;	4 + �	1 ;	3�	2 ;	4 + �	1 ;	4�	2 ;	3 )�(x1 − x2)�(x1 − x3)�(x1 − x4) ;

(5)

both being symmetric in their indices. For the purpose of this paper we shall leave the
kernel G−1 in the energy functional (2) completely general, except for the symmetry
with respect to its indices. By doing so, we regard the energy functional (2) as a
functional of the kernel G−1:

E[�] = E[�;G−1] : (6)

As a consequence, all global and local statistical quantities derived from (6) are also
functionals of the bilocal kernel G−1. In particular, we are interested in studying the
functional dependence of the partition function, de6ned by a functional integral over a
Boltzmann weight in natural units

Z[G−1] =
∫

D�e−E[�;G
−1] ; (7)

and the (negative) vacuum energy

W [G−1] = ln Z[G−1] : (8)

For the sake of simplicity we restrict ourselves in the present paper to study the
disordered, symmetric phase of the �4-theory where the n-point functions

G1:::n[G−1] =
1

Z[G−1]

∫
D��1 : : : �ne−E[�;G

−1] ; (9)

with odd n vanish. Thus, the 6rst nonvanishing n-point functions are the two-point
function

G12[G−1] =
1

Z[G−1]

∫
D��1�2e−E[�;G

−1] (10)

and the four-point function

G1234[G−1] =
1

Z[G−1]

∫
D��1�2�3�4e−E[�;G

−1] : (11)

Further important statistical quantities are the correlation functions, i.e., the connected
n-point functions. In the disordered, symmetric phase, the connected two-point function
coincides with the two-point function

G c12[G
−1] = G12[G−1] ; (12)

whereas the connected four-point function is de6ned by

G c1234[G
−1]≡G1234[G−1]− G12[G−1]G34[G−1]− G13[G−1]G24[G−1]

−G14[G−1]G23[G−1] : (13)

By expanding the functional integrals (7) and (9) in powers of the coupling constant
g, the expansion coeIcients of the partition function and the n-point functions consist
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of free-6eld expectation values. These are evaluated with the help of Wick’s rule as a
sum of Feynman integrals, which are pictured as diagrams constructed from lines and
vertices. Thereby the free correlation function G12, which is the functional inverse of
the kernel G−1 in the energy functional (2)∫

2
G12G−1

23 = �13 (14)

with �13 = �	1 ;	3�(x1 − x3), is represented by a line in a Feynman diagram

(15)

and the interaction V is pictured as a vertex

(16)

The graphical elements (15) and (16) are combined by an integral which graphically
corresponds to the gluing prescription

(17)

In this paper we analyze the resulting diagrams for the statistical quantities (7)–(13)
by using their functional dependence on the kernel G−1

12 . To this end we introduce
the functional derivative with respect to the kernel G−1

12 whose basic rule re7ects the
symmetry of its indices

�G−1
12

�G−1
34

=
1
2
(�13�42 + �14�32) : (18)

From identity (14) and the functional product rule we 6nd the e=ect of this derivative
on the free correlation function

− �G12

�G−1
34

=
1
2
(G13G42 + G14G32) ; (19)

which has the graphical representation

(20)

Thus, a functional derivative with respect to the kernel G−1
12 is represented by a graph-

ical operation which cuts a line of a Feynman diagram in all possible ways [36–42].
For practical purposes it is convenient to use also functional derivatives with respect
to the free correlation function G12 whose basic rule reads

(21)



460 A. Pelster, K. Glaum /Physica A 335 (2004) 455–486

Such functional derivatives are represented graphically by removing a line of a Feyn-
man diagram in all possible ways [36–42]. The functional derivatives with respect to
the kernel G−1

12 and the correlation function G12 are related via the functional chain
rule

�

�G−1
12

=−
∫
34
G13G24

�
�G34

: (22)

These functional derivatives are used in Section 2.1 to derive a closed set of Schwinger–
Dyson equations for the connected two- and four-point functions. In Section 2.2 they are
converted into graphical recursion relations for the corresponding connected Feynman
diagrams. Finally, the connected vacuum diagrams contributing to the vacuum energy
are constructed in a graphical way in Section 2.3.

2.1. Closed set of equations for connected two- and four-point function

In this subsection we apply the functional derivatives introduced so far to a func-
tional identity which immediately follows from the de6nition of the functional integral.
By doing so, we derive a closed set of Schwinger–Dyson equations determining the
connected two- and four-point function.

2.1.1. Connected two-point function
In order to derive an equation for the connected two-point function, we start with

the trivial identity∫
D�

�
��1

(�2e−E[�]) = 0 ; (23)

which follows via direct functional integration from the vanishing of the exponential
at in6nite 6elds. Taking into account the explicit form of the energy functional (2),
we perform the functional derivative with respect to the 6eld and obtain∫

D�
(
�12 −

∫
3
G−1

13 �2�3 − 1
6

∫
345
V1345�2�3�4�5

)
e−E[�] = 0 : (24)

Applying the de6nitions (7)–(13), this equation can be expressed in terms of the con-
nected two- and four-point function as follows:

�12 −
∫
3
G−1

13 G23 =
1
2

∫
345
V1345G34G52 +

1
6

∫
345
V1345G c2345 : (25)

Multiplying this equation with G16 and integrating with respect to the index 1 6nally
leads to the Schwinger–Dyson equation which determines the connected two-point func-
tion

G12 = G12 − 1
2

∫
3456

G13V3456G45G62 − 1
6

∫
3456

G13V3456G c2456 : (26)
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When the connected two-point function is graphically represented in terms of Feynman
diagrams by a double line

(27)

and the connected four-point function is pictured by a vertex with an open dot with
four legs

(28)

this Schwinger–Dyson equation reads graphically

(29)

It represents an integral equation for the connected two-point function on the left-hand
side which turns out to appear also on the right-hand side. Iteratively solving the
integral equation (29) for the connected two-point function G12 necessitates, however,
the knowledge of the connected four-point function G c1234.

2.1.2. Connected four-point function
In principle, one could determine the connected four-point function (13) from the

connected two-point function (10) as follows. We obtain from (2) and (18)

�1�2 = 2
�E[�]

�G−1
12

; (30)

so that we yield from (7), (11), and (13)

G c1234 =−2
�G12

�G−1
34

− G13G24 − G14G23 : (31)

This result reads graphically

(32)

However, such a procedure would have the disadvantage that cutting a line in the
diagrams of the connected two-point function G12 would also lead to disconnected
diagrams which are later on removed by the second and the third term on the right-hand
side of (32). As the number of undesired disconnected diagrams occurring at an inter-
mediate step of the calculation increases with the loop order, this procedure is quite
ineIcient to determine the connected four-point function G c1234. Therefore, we aim at
deriving another equation for G c1234 whose iterative solution only involves connected
diagrams. To this end we insert the Schwinger–Dyson equation (26) into relation (31)
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and obtain

G c1234 =
1
3

∫
5678

G15V5678
�G c6782
�G−1

34

−
∫
5678

G15V5678G62G73G84

− 1
2

∫
5678

G15V5678G c6734G82 − 1
2

∫
5678

G15V5678G c8234G67

+
1
6

∫
5678

G15V5678G c6784G23 +
1
6

∫
5678

G15V5678G c6783G24 : (33)

The last two terms in (33) are still disconnected and cancel the disconnected diagrams
which are generated by the functional derivative of the connected four-point function
with respect to the kernel in the 6rst term. In order to eliminate all disconnected terms
from (33) we use the commutator relation

�G c1234
�G−1

56

− �G c1256
�G−1

34

=
1
2
(G13G c2456 + G14G c2356 + G23G c1456 + G24G c1356

−G15G c2346 − G16G c2345 − G25G c1346 − G26G c1345) ; (34)

which directly follows from (31) because of the identity that mixed second functional
derivatives with respect to the kernel G−1 can be interchanged

�2G12

�G−1
56 �G

−1
34

=
�2G12

�G−1
34 �G

−1
56

: (35)

The commutator relation (34) states that within the functional derivative of the con-
nected four-point function with respect to the kernel indices might be interchanged at
the expense of the additional terms on the right-hand side. Inserting (34) in (33) by
taking into account the Schwinger–Dyson equation (26) and the functional chain rule
(22), we yield the following functional integrodi=erential equation for the connected
four-point function:

G c1234 =−
∫
5678

G15V5678G62G73G84 − 1
3

∫
5678

G15V5678G69G70
�G c8234
�G90

− 1
6

∫
5678

G15V5678G c8234G67 − 1
6

∫
5678

G15V5678G c6723G84

− 1
6

∫
5678

G15V5678G c6724G83 − 1
6

∫
5678

G15V5678G c6734G82 : (36)

Although Eq. (36) has the disadvantage of being more complex than Eq. (31), it
has the advantage that it does not lead to disconnected diagrams at an intermediate
stage of the calculation. This can be immediately seen in its graphical representation



A. Pelster, K. Glaum /Physica A 335 (2004) 455–486 463

which reads

(37)

Thus the closed set of Schwinger–Dyson equations for the connected two- and four-point
function is given by (29) and (37).

2.2. Graphical recursion relations

Now we demonstrate how the diagrams of the connected two- and four-point function
are recursively generated in a graphical way. To this end we perform for both quantities
a perturbative expansion

(38)

(39)

where p denotes the number of interactions V which contribute. With these we obtain
from (29) and (37) the following closed set of graphical recursion relations:

(40)

(41)
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This is solved starting from

(42)

(43)

Note that these graphical recursion relations (40)–(43) allow to prove via complete
induction that all diagrams contributing to the connected two- and four-point function
are, indeed, connected [44].
The 6rst few perturbative contributions to G12 and G c1234 are determined as follows.

Inserting (42) and (43) in (40) and (41), we obtain for p=1 the connected two-point
function

(44)

and the connected four-point function

(45)

With this we get from (40) the second-order contribution to the connected two-point
function

(46)

Amputating one line from (45), i.e.,

(47)
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we 6nd the second-order contribution to the connected four-point function from (41)

(48)

The results (44)–(46), and (48) are listed in Tables 1 and 2 which show all diagrams of
the connected two- and four-point function up to the forth perturbative order irrespective
of their spatial indices. However, to evaluate the recursion relations in higher orders,
it becomes necessary to reassign the spatial indices to the end points of the diagrams
of the connected two- and four-point function in Tables 1 and 2. This involves a
decomposition of the weights shown in Tables 1 and 2 due to symmetry considerations.
To this end we characterize a diagram by its symmetry degree N . Thus reassigning the
spatial indices to the end points of the diagrams of the connected two- and four-point
function leads to 24=N di=erent diagrams. As an example for determining the symmetry
degree N we consider diagram #4.5 in Table 2. Successively assigning the indices
1,2,3,4 to the respective end points leads to N = 4:

(49)

Note that the weights of the diagrams of the connected two- and four-point function
in Tables 1 and 2 have been determined by solving the graphical recursion relations.
However, as a cross-check, they also follow from the formula [25,36,45]

w(n) =
n!

2!S+D3!TPN
; (50)

where n stands for the number of external legs and S; D; T denote the number of self-,
double, triple connections between vertices. Furthermore, P stands for the number of
vertex permutations leaving the diagrams unchanged.

2.3. Connected vacuum diagrams

The connected vacuum diagrams of �4-theory can be generated order by order to-
gether with their weights in two ways. In this section we show 6rst that they follow
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Table 1
Diagrams of the connected two-point function and their weights of the �4-theory up to four loops charac-
terized by the vector (S; D; T; P;N )a
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Table 1 (Continued)

aIts components S; D; T specify the number of self-, double, triple connections, P stands for the number
of vertex permutations leaving the diagram unchanged, and N denotes the symmetry degree of the external
legs.

from short-circuiting the external legs of the diagrams of the connected two-point
function. Then we elaborate that the connected vacuum diagrams also follow from
combining diagrams of the connected two- and four-point function. Thus the latter ap-
proach is closely related to Ref. [36], where a nonlinear functional integrodi=erential
equation for the vacuum energy was recursively solved in a graphical way in order to
directly generate the connected vacuum diagrams.

2.3.1. Relation to the diagrams of the connected two-point function
Our 6rst approach is based on the connected two-point function G12. We start with

concluding

G12 =−2
�W

�G−1
12

; (51)

which follows from (7), (8), and (10) by taking into account (30). We can read o=
from (51) that cutting a line of the connected diagrams of the vacuum energy in all
possible ways leads to all diagrams of the connected two-point function. Here, however,
we want to regard (51) as a functional di=erential equation for the vacuum energy W .
If the interaction V vanishes, Eq. (51) is solved by the free contribution of the vacuum
energy

W (0) =− 1
2
Tr lnG−1 : (52)
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Table 2
Diagrams of the connected four-point function and their weights of the �4-theory up to three loops charac-
terized by the vector (S; D; T; P;N )a
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Table 2 (Continued)

aIts components S; D; T specify the number of self-, double, triple connections, P stands for the number
of vertex permutations leaving the diagram unchanged, and N denotes the symmetry degree of the external
legs.

Here the trace of the logarithm of the kernel G−1 is de6ned by the series [46, p. 16]

Tr lnG−1 ≡ −
∞∑
n=1

1
n

∫
1:::n

(�12 − G−1
12 ) : : : (�n−1; n − G−1

n−1; n)(�n1 − G−1
n1 ) ; (53)

so that we get

− 2
�W (0)

�G−1
12

= G12 : (54)

For a nonvanishing interaction V , the functional di=erential equation (51) produces
corrections to (52), which we shall denote with W (int). Thus the vacuum energy
decomposes according to

W =W (0) +W (int) ; (55)

and we obtain together with (51) and (54)

−
∫
12
G−1

12
�W (int)

�G−1
12

=
1
2

∫
12
G−1

12 (G12 − G12) : (56)



470 A. Pelster, K. Glaum /Physica A 335 (2004) 455–486

In the following, we aim at recursively determining W (int) in a graphical way. To this
end we perform a perturbative expansion of the interaction part of the vacuum energy

W (int) =
∞∑
p=1

W (p) ; (57)

and a corresponding one of the connected two-point function

G12 = G12 +
∞∑
p=1

G (p)
12 : (58)

Inserting (57) and (58) into (56) and using the functional chain rule (22), we obtain
for p¿ 1∫

12
G12

�W (p)

�G12
=

1
2

∫
12
G−1

12 G
(p)
12 : (59)

The contributions W (p) of the vacuum energy obey the following eigenvalue problem
for p¿ 1:∫

12
G12

�W (p)

�G12
= 2pW (p) : (60)

Indeed, in the pth perturbative order the functional derivative �=�G12 generates dia-
grams in each of which one of the 2p lines of the original vacuum diagram is removed
and, subsequently, the removed line is again reinserted. Thus the left-hand side of (60)
results in counting the lines of the vacuum diagrams in W (p), so that we obtain the
eigenvalue 2p. With (60) we can explicitly solve (59) for the respective perturbative
contributions of the vacuum energy and obtain for p¿ 1:

W (p) =
1
4p

∫
12
G−1

12 G
(p)
12 : (61)

Now we supplement the above-mentioned Feynman rules with a graphical representa-
tion for the contributions of the vacuum energy

(62)

and for the kernel

(63)

The latter graphical element serves for gluing two lines together according to

(64)

which follows from∫
12
G31G−1

12 G24 = G34 : (65)

Thus our result (61) can be depicted graphically as follows:

(66)
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It states that closing the perturbative contributions of the connected two-point function
yields the corresponding contributions of the vacuum energy. From (44) and (66) we
yield for p= 1

(67)

Correspondingly, the second-order result follows from (46) and (66)

(68)

2.3.2. Relation to the diagrams of the connected four-point function
Now we elaborate a second approach which is based on closing the diagrams of the

connected four-point function G c1234. To this end we insert (51) into the left-hand side
of the Schwinger–Dyson equation (25) and use (22), (54) as well as the decomposition
(55) to obtain a functional di=erential equation for the interaction part of the vacuum
energy:∫

12
G12

�W (int)

�G12
=− 1

12

∫
1234

V1234G c1234 −
1
4

∫
1234

V1234G12G34 : (69)

Combining the perturbation expansions (57), (58) for W (int), G12 with the correspond-
ing one for G c1234, i.e.,

G c1234 =
∞∑
p=1

G c; (p)1234 ; (70)

we obtain together with the eigenvalue problem (60) from (69)

W (p+1) =− 1
24(p+ 1)

∫
1234

V1234G
c; (p)
1234

− 1
8(p+ 1)

p∑
q=0

∫
1234

V1234G
(q)
12 G

(p−q)
34 : (71)

The graphical representation of this result reads

(72)

Inserting the diagrams of the connected two- and four-point function from Tables 1
and 2, we obtain the corresponding vacuum diagrams. For instance, Eq. (72) reduces
for p= 2

(73)
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with the respective terms

(74)

(75)

(76)

Thus, we obtain the connected vacuum diagrams shown in Table 3 for p= 3:

(77)

The results (67), (68), and (77) are listed in Table 3 which shows also one further
perturbative order. Note that the weights of the connected vacuum diagrams obey a
formula similar to (50)

w =
1

2!S+D3!T4!FP
; (78)

where S; D; T; F denote the number of self-, double, triple, fourfold connections and P
stands for the number of vertex permutations leaving the vacuum diagram unchanged
[25,36,45].

3. One-particle irreducible Feynman diagrams

So far, we have explained how to generate connected Feynman diagrams of the
�4-theory. We shall now eliminate from them the reducible contributions. To this end
we derive in Section 3.1 a closed set of Schwinger–Dyson equations for the one-particle
irreducible two- and four-point function. In Section 3.2 they are converted into graphical
recursion relations for the corresponding one-particle irreducible Feynman diagrams
needed for renormalizing the �4-theory. Section 3.3 discusses how these Feynman
diagrams of the one-particle irreducible two- and four-point functions are related to the
connected vacuum diagrams which are also one-particle irreducible.

3.1. Closed set of Schwinger–Dyson equations for one-particle irreducible two- and
four-point functions

In this subsection we revisit the functional identity (25) which immediately followed
from the de6nition of the functional integral. We show that it can be also used to derive
a closed set of Schwinger–Dyson equations for the one-particle irreducible two- and
four-point functions.
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Table 3
Vacuum diagrams and their weights of the �4-theory up to 6ve loopsa

aEach diagram is characterized by the vector (S; D; T; F; P) whose components specify the number of
self-, double, triple and fourfold connections, and of the vertex permutations leaving the vacuum diagram
unchanged, respectively.

3.1.1. Field-theoretic de8nitions
From Table 1 we can distinguish two classes of diagrams contributing to the con-

nected two-point function G12. The 6rst one contains one-particle irreducible diagrams
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which remain connected after amputating one arbitrary line. The second one consists
of the remaining diagrams which are called reducible. The diagrams #2.1 and #2.2, for
instance, are one-particle irreducible, whereas #2.3 is reducible. When considering the
self-energy

�12 = G−1
12 − G−1

12 ; (79)

where G−1
12 is the functional inverse of G12:∫
3
G13G−1

32 ≡ �12 ; (80)

we will see later on that this quantity is graphically represented by all one-particle
irreducible diagrams of the connected two-point function G12 where the external legs
are omitted. Reversely, all connected diagrams of the connected two-point function G12

are reconstructed from the one-particle irreducible ones of the self-energy �12 according
to the Dyson equation

G12 = G12 +
∫
34
G13�34G42 ; (81)

which immediately follows from (79) by taking into account (14) and (80). When the
self-energy is graphically represented in Feynman diagrams by a big open dot with
two legs

(82)

the Dyson equation (81) reads graphically

(83)

In a similar way, Table 2 shows that the diagrams of the connected four-point function
G1234 are either one-particle irreducible, as for instance diagram #2.1, or reducible such
as #2.2. De6ning

�1234 =−
∫
5678

G c5678G
−1
51 G

−1
62 G

−1
73 G

−1
84 ; (84)

we will see later on that this quantity consists of all one-particle irreducible diagrams of
the connected four-point function G1234 where the external legs are omitted. Therefore,
this quantity �1234 is called the one-particle irreducible four-point function. Inverting
relation (84) yields

G c1234 =−
∫
5678

�5678G51G62G73G84 : (85)

When the one-particle four-point function is depicted by using a big open dot with
four legs

(86)
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identity (85) reads graphically

(87)

In the following we determine a closed set of Schwinger–Dyson equations for the
self-energy and the one-particle irreducible four-point function.

3.1.2. Self-energy
Multiplying identity (25) with G−1

27 and integrating with respect to the index 2, we
take into account self-energy (79) as well as the connected four-point function (85).
Thus we yield the Schwinger–Dyson equation for the self-energy

�12 =−1
2

∫
34
V1234G34 +

1
6

∫
345678

V1345G36G47G58�6782 : (88)

Its graphical representation reads

(89)

It contains on the right-hand side the connected two-point function which is determined
by the Dyson equation (83). Iteratively solving the integral equations (83) and (89)
necessitates, however, the knowledge of the one-particle irreducible four-point function
�1234.

3.1.3. One-particle irreducible four-point function
In principle, one could determine �1234 from the self-energy �12. To this end we

insert relation (31) into the de6nition (84) of the one-particle irreducible four-point
function

�1234 = 2
∫
5678

�G56

�G−1
78

G−1
51 G

−1
62 G

−1
73 G

−1
84 + G−1

13 G
−1
24 + G−1

14 G
−1
23 : (90)

The functional derivative on the right-hand side follows from applying a functional
derivative with respect to the kernel G−1 to identity (80)

�G56

�G−1
78

=−
∫
90
G59

�G−1
90

�G−1
78

G06 : (91)

Using the de6nition of self-energy (79) and Eq. (18), the one-particle irreducible
four-point function (90) reduces to

�1234 = 2
∫
56
G−1

35
��12

�G−1
56

G−1
64 : (92)

Applying again (79) and the functional chain rule (22), this yields

− �1234 = 2
��12

�G34
− 2

∫
56
�35G56

��12

�G64
− 2

∫
56

��12

�G35
G56�64

+ 2
∫
5678

�35G57
��12

�G78
G86�64 ; (93)
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which is represented graphically as

(94)

Thus amputating a line from the self-energy �12 leads to the one-particle irreducible
diagrams of �1234. However, this procedure has the disadvantage that the 6rst two terms
yield reducible diagrams which are later on removed in the last two terms in (94). As
the number of undesired one-particle reducible diagrams occurring at an intermediate
step of the calculation increases with the loop order, the procedure of determining �1234

via relation (94) is quite ineIcient. Therefore, we aim at deriving another equation
for �1234 whose iterative solution only involves one-particle irreducible diagrams.
Going back to Eq. (92), we insert the Schwinger–Dyson equation (88) for the

self-energy and obtain

�1234 = V1234 − g
2

∫
5678

V1256G57G68�7834 − 1
2

∫
5678

V1356G57G68�7824

− 1
2

∫
5678

V1456G57G68�7823 +
1
2

∫
567890 U1 U2

V5167G69G70�902 U1G U1 U2� U2348G85

+
1
3

∫
567890 U1 U2

V1567G58G69G70
��8902

�G−1
U1 U2

G−1
U13
G−1

U24
: (95)

The last term is still problematic, as inserting de6nition (79) of the self-energy would
yield again an ineIcient equation. This time, however, we can circumvent the ineI-
ciency problem by deriving from (92) the commutator relation∫

78

��1234

�G−1
78

G−1
75 G

−1
86 −

∫
78

��1256

�G−1
78

G−1
73 G

−1
84

= 2
∫
7890 U1 U2

G−1
57 G

−1
68

�

�G−1
78

(G−1
39 G

−1
40 )G9 U1G0 U2� U1 U212

− 2
∫
7890 U1 U2

G−1
37 G

−1
48

�

�G−1
78

(G−1
59 G

−1
60 )G9 U1G0 U2� U1 U212 : (96)

Applying then

�G−1
12

�G−1
34

=
1
2
(�13�24 + �14�23)− 1

2

∫
56
G35�5126G64 ; (97)
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which follows from inserting (92) in (79), the intermediate commutator relation (96)
is converted to the 6nal one∫

78

��1234

�G−1
78

G−1
75 G

−1
86 −

∫
78

��1256

�G−1
78

G−1
73 G

−1
84

=
1
2

∫
78
�3457G78�8126 +

1
2

∫
78
�3467G78�8125

− 1
2

∫
78
�5637G78�8124 − 1

2

∫
78
�5647G78�8123 : (98)

Note that the present commutator relation (98) is equivalent to the former one (34) in
Section 2. Indeed, Eq. (98) follows also from inserting (85) into (34) after a lengthy
but straightforward calculation. Now we can treat the last problematic term in (95) with
the commutator relation (98) and thus yield a nonlinear functional integrodi=erential
equation for the one-particle irreducible four-point function

− �1234 =−V1234 + 1
3

∫
567890

V1567G58G69G70
��8234

�G90
+

1
2

∫
5678

V1256G57G68�7834

+
1
2

∫
5678

V1356G57G68�7824 +
1
2

∫
5678

V1456G57G68�7823

− 1
6

∫
567890 U1 U2

V5167G69G70�902 U1G U1 U2� U2348G85

− 1
6

∫
567890 U1 U2

V5167G69G70�903 U1G U1 U2� U2248G85

− 1
6

∫
567890 U1 U2

V5167G69G70�904 U1G U1 U2� U2238G85 : (99)

Its graphical representation reads

(100)

Thus the closed set of Schwinger–Dyson equations for the connected two-point func-
tion, the self-energy and the one-particle irreducible four-point function is given by
(83), (89), and (100). In the subsequent section we show that its recursive graphical
solution leads to all one-particle irreducible Feynman diagrams needed for renormaliz-
ing the �4-theory.
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3.2. Graphical recursion relations

To this end we supplement the perturbative expansion (38) of the connected two-point
function with corresponding ones for the self-energy

(101)

and for the one-particle irreducible four-point function

(102)

As a result we obtain the following closed set of graphical recursion relations:

(103)

(104)

(105)

This is to be solved starting from

(106)

(107)

Note that these graphical recursion relations (103)–(107) allow to prove via complete
induction that all diagrams which contribute to the self-energy and the one-particle
irreducible four-point function are, indeed, one-particle irreducible [44].
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The 6rst few perturbative contributions to �12 and �1234 are determined as follows.
Inserting (106) in (103) and (104) yield for p= 1 the self-energy

(108)

and the connected two-point function

(109)

As (107) represent a bare vertex with no line, we read o=

(110)

the second-order contribution to the one-particle irreducible four-point function follows
from (105) to be

(111)

The results in (108), (109), and (111) are then used to determine for p = 2 the
self-energy (103)

(112)

and the connected two-point function (104)

(113)

Amputating one line from (111),

(114)
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we 6nd the third-order contribution to the one-particle irreducible four-point function
from (105)

(115)

As expected, diagrams (109) and (113) for the connected two-point function coincide
with the ones from Section 2.2 which are shown in Table 1. Furthermore, diagrams
(108), (112) and (107), (111), (115) for the self-energy and the one-particle irreducible
four-point function are listed in Tables 4 and 5 which show all one-particle irreducible
diagrams up to the order p = 4 irrespective of their spatial indices (compare the dis-
cussion before Eq. (49)). Note that these one-particle irreducible Feynman diagrams
have to be evaluated in order to determine the critical exponents of the �4-theory from
renormalizing the 6eld �, the coupling constant g and the mass m2. So far, the results
are available up to six and partly to seven loops in d=3 [47–49] and up to 6ve loops
in d= 4− � dimensions within the minimal subtraction scheme [25,50].

3.3. One-particle irreducible vacuum diagrams

The vacuum diagrams of �4-theory are not only connected but also one-particle
irreducible. In this section we elaborate how they can be generated from short-circuiting
the external legs of the diagrams of the self-energy and the one-particle irreducible
four-point function, respectively.

3.3.1. Relation to the diagrams of the self-energy
At 6rst, we consider the approach which is based on the self-energy. Combining

the Dyson equation (81) with the perturbative expansion of the connected two-point
function (58) and the corresponding one for the self-energy

�12 =
∞∑
p=1

�(p)
12 ; (116)

we obtain∫
12
G (p)

12 G
−1
12 =

p∑
q=1

∫
12
�(q)
12 G

(p−q)
12 : (117)
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Table 4
One-particle irreducible diagrams of the self-energy and their weights of the �4-theory up to four loops
characterized by the vector (S; D; T; P;N )a

aIts components S; D; T specify the number of self-, double, triple connections, P stands for the number
of vertex permutations leaving the diagram unchanged, and N denotes the symmetry degree of the external
legs.
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Table 5
Diagrams of the one-particle four-point function and their weights of the �4-theory up to four loops char-
acterized by the vector (S; D; T; P;N )a

aIts components S; D; T specify the number of self-, double, triple connections, P stands for the number
of vertex permutations leaving the diagram unchanged, and N denotes the symmetry degree of the external
legs.

Thus our previous Eq. (61) for determining the contributions of the vacuum energy
W (p) from the connected two-point function is converted to

W (p) =
1
4p

p∑
q=1

∫
12
�(q)
12 G

(p−q)
12 : (118)
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This result reads graphically

(119)

We consider one example how the diagrams of the self-energy lead to the corresponding
diagrams of the vacuum energy. For p= 3 Eq. (119) reduces to

(120)

with the respective terms

(121)

(122)

(123)

Thus we reobtain the connected vacuum diagrams (77) shown in Table 3 for p= 3.

3.3.2. Relation to the diagrams of the one-particle irreducible four-point function
For the sake of completeness we also mention that the vacuum diagrams can be

generated from closing the diagrams of the one-particle irreducible four-point function.
To this end we insert in Eq. (119) determining the contributions of the vacuum energy
the recursion relation (103) for the self-energy and yield

(124)
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Note that this equation follows also directly from the previous recursion relation (72)
by taking into account the identity (87) and the perturbative expansions (38), (102).

4. Summary and outlook

In this paper we have derived a closed set of Schwinger–Dyson equations in the
disordered, symmetric phase of the �4-theory. In particular, we supplemented the
well-known integral equations (29) and (89) for the connected two-point function
and the self-energy by the new functional integrodi=erential equations (37) and (100)
for the connected and one-particle irreducible four-point function. Their conversion
to graphical recursion relations has allowed us to systematically generate the corre-
sponding connected and one-particle irreducible Feynman diagrams. Furthermore, we
have discussed how the short-circuiting of their external legs leads to the associated
connected vacuum diagrams. In the subsequent paper [51] we shall elaborate how tad-
poles and, more generally, corrections to the connected two-point function as well as
the vertex can be successively eliminated by introducing higher Legendre transforma-
tions [32–34]. This will lead to graphical recursion relations for the skeleton Feynman
diagrams in �4-theory.

The recursive graphical solution of our closed set of Schwinger–Dyson equations
in �4-theory is straightforward and has been carried out in this paper up to the forth
perturbative order by hand. Our iterative procedure can easily be automatized by com-
puter algebra. In Ref. [36] it was demonstrated that the basic graphical operations as
amputating a line or gluing two lines together can be formulated with the help of
a unique matrix notation for Feynman diagrams. It would be interesting to compare
the eIciency of our Schwinger–Dyson approach of generating Feynman diagrams of
n-point functions together with their weights with already existing computer programs
such as FEYNARTS [4,5], QGRAF [6], or DIANA [7].

We believe that our closed set of Schwinger–Dyson equations for the connected
and one-particle irreducible two- and four-point function will turn out to be useful for
developing nonperturbative approximations. This may proceed, for instance, as in Ref.
[52] which proposes a self-consistent solution of the Dyson equation in �4-theory by
using a scaling ansatz for the connected two-point function near the phase transition.
A similar consideration in Ginzburg–Landau theory has allowed Ref. [53] to analyze
the in7uence of the thermal 7uctuations of the order parameter and the vector poten-
tial on the superconducting phase transition. A self-consistent solution of our closed
Schwinger–Dyson equation may be found via a phenomenological ansatz for the con-
nected and one-particle irreducible two- and four-point function, respectively. Within
such an ansatz one has to 6nd how the functional derivative with respect to the free
correlation function is approximated, as this operation is crucial in the new Schwinger–
Dyson equations (37) and (100).
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