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Abstract

The properties of different spatial structures which emerge in a nonlinear resonator with a spatial transformer in a feedback
are investigated. In detail, we determine the parameter regions, the amplitudes and the rotation frequency of various optical
reverberators. Special emphasis is devoted to critical cases of infinite dimension which occur in a system with large geometrical
size. Evolution equations obtained describe multistable travelling waves, slowly rotating step structures, or modulated waves
in dependence on the spatial shift in the feedback. Sensitive dependence of the phase space construction on geometrical size
of the system is demonstrated even in the case of a large-scale system. © 1999 Elsevier Science B.V.
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1. Introduction

Recently, different types of instability of a light field were observed in a nonlinear interferometer with spatial field
transformer in two-dimensional feedback (FB) [1,2]. In particular, various rotating patterns and a transition to optical
turbulence were demonstrated experimentally. From a theoretical point of view, this system has the advantage that
a single evolution equation with a shifted spatial argument describes a broad variety of nonlinear wave structures.

Usually, such self-organizing phenomena are studied in the vicinity of a bifurcation point by approximately
constructing the simplified models which describe the important properties of the original problem in terms of few
order parameters [3]. This problem can be solved accurately in the critical case of a finite dimension by applying
either the adiabatic elimination procedure of synergetics [3,4] or the normal form theory [5,6]. In this way, the
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existence of rotating multi-petal structures, the optical reverberators, has been shown for a Hopf bifurcation on the
basis of linear analysis [2] and of normal form theory [7,8].

The aim of this paper is to consider a more complex situation of a system with a “large” geometrical size
which exhibits the critical cases of infinite dimension. In this case, the known results concerning the existence
of integral manifolds and the method of normal forms are inapplicable immediately. One possible way around
this problem is to use so-called multiple-scaling technique [9,10] to derive amplitude equations in the limit of an
infinite geometrical size. However, optical systems involve a very fast wave processes and, hence, the influence of
the boundary conditions may prove to be important. Here we apply the scaling technique [11,12] which uses and
develops the ideas of [4,13], and allows us, in addition, to investigate the effects of finite geometry in a large-scale
system.

The mathematical description of optical reverberators [1,2] is based on the parabolic equation with a shifted
spatial argument

∂u

∂t
= −u + D

∂2u

∂θ2
+ K sin[u(t, θ − ∆) + φ] (1)

and periodic boundary conditions

u(t, θ) = u(t, θ + 2π). (2)

Eqs. (1) and (2) describe the behaviour of the light beam which has the form of a thin circle. Hereu(t, θ) is
the phase shift of the field in the medium depending on the normalized timet and on the angle coordinateθ, K

is proportional to the input intensity of light,∆ denotes the rotation angle of the field in the feedback circuit, and
D is an effective diffusion coefficient inversely proportional to the radiusR of the circle mask. Note that such a
normalization results in a variation of the diffusion coefficient with the system sizeR in accordance withD ∼ R−2.

Let u0 be a homogeneous stationary state of the parabolic equation (1)

u0 = K sin(u0 + φ). (3)

The stability of the every such state is determined by the rootsλn of the characteristic equation for the corre-
sponding linearized problem given as

λn = −Dn2 − 1 + pe−i∆n. (4)

Heren = 0, ±1, . . . characterizes a spatial mode proportional to exp(inθ). We have also used the notation
p = K cos(u0 + φ) because the properties of stationary states corresponding to positive and negative values ofp

turn out to be different. In the following we will consider the parameterp, instead ofK, as an independent parameter.
As is well-known, the stability spectrum of a scalar parabolic equation without shifted space variable is real. It

means, in particular, that all bifurcation phenomena are connected only to a change of the quantity of stationary
states. The more general result is that all limited solutions of such a boundary problem tend to homogeneous
stationary states att → ∞. Eq. (4) shows that the spectrum of the single parabolic equation (1) becomes complex
due to the shift∆ of the spatial variable. An opportunity of the bifurcation analysis is thus opened in cases when
the characteristic roots cross the imaginary axis. For equations without spatial shift such an opportunity is opened
only for a system consisting of not less than two parabolic equations, for example, a reaction–diffusion system.
Moreover, the specific high-order spatial mode bifurcations which take place in Eqs. (1) and (2) may appear for a
system of not less than three parabolic equations. Hence, the local dynamic properties of a model change essentially
by the spatial transformer in the feedback.
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In the following, we present a complete bifurcation analysis for the stationary states of the system (1), (2).
Various types of critical cases can be distinguished depending on peculiarities of stability destruction for finite, i.e.
asymptotically not small, or asymptotically small, values of the diffusion coefficientD and the rotation angle∆.

First, in Section 2 of the paper, order parameter equations will be constructed in the critical cases of one, two and
four dimensions. These cases occur if the diffusion coefficientD is not too small, i.e. local transverse interactions are
rather strong. It turns out that the stationary states which are associated with positivep lose stability via transcritical
bifurcation, irrespective of the rotation angle∆ in the feedback. The other stationary states become unstable via
Andronov–Hopf bifurcation of different inhomogeneous spatial modes in dependence on rotation shift∆. It will be
shown that this bifurcation is always supercritical. Moreover, the emerging optical reverberators are also stable in
the case of a bifurcation of codimension two due to the action of mode competition. The normal forms for critical
cases of finite dimension are derived by applying multiple scaling technique. This formalism is shown in Sections 3
and 4 to expand correctly to critical cases of infinite dimension which appear if the diffusion coefficientD becomes
small as the geometrical size of the system increases. An analysis of the constructed quasi-normal forms reveals that
the high dimension of the critical cases can result in complex dynamics as well as in simple periodical structures.
In Section 3, slowly oscillating (in space) patterns are described which are caused by a set of lower-order spatial
modes for a finite rotation angle∆. It is shown that the stationary states, corresponding to positivep, conserve a
homogeneous structure. In contrast, the stationary states with negativep bifurcate to multistable travelling waves
or to slowly rotating step structures bepending on the spatial shift∆ in the feedback. In Section 4, we deduce
quasi-normal forms which describe the structure formation in the vicinity of higher-order spatial mode bifurcations.
Such a situation can be observed in the large system with an asymptotically small spatial shift in the feedback or in
the limits of experimental variation “without” rotation of the field in feedback. It is shown that in the neighbourhood
of the stationary state the dynamics of the travelling waves is sensitive to a “natural” wavelength of the system even
in the case of a large-scale system.

2. Normal forms for problem (1), (2)

Let both the diffusion coefficientD and rotation angle∆ not be too small. The respective bifurcation diagram is
given in Fig. 1, showing three situations when the critical conditions are valid for the different numbers (one, two,
and four) of spatial modes. It is known that such critical conditions imply the existence of a local invariant integral
manifold of finite dimension in the neighbourhood of the stationary state. All solutions with initial conditions from
this vicinity approach this manifold in the limitt → ∞ [5,6]. Therefore, the problem to find solutions of Eqs. (1)
and (2) is reduced to the investigation of solutions that belong to the manifold. Also, the dimension of the last one is
equal to the dimension of corresponding critical case. In the following, we deduce these normal forms by applying
the multiple-scaling technique. With this aim, we introduce a small parameterε � 1 and consider a sufficiently
small vicinity of the bifurcation point

p = p0 + εp1, ∆ = ∆0 + ε∆1, D = D0 + εD1. (5)

Here,p0, ∆0, D0 act as bifurcation parameters which have to be specified for every type of bifurcation.

2.1. One-dimensional critical case

It follows from the characteristic equation (4) that the critical conditions for the single spatial mode with wave
numbern = n0 = 0 occur atp = p0 = 1, Fig. 1. In this situation, the characteristic rootλn0 = 0 and the inequality
Reλn < 0 is valid for any othern 6= 0. The type of bifurcation remains the same for any rotation angle∆. Note that
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Fig. 1. Bifurcation diagram at the coefficient of diffusionD = 0.04. Numbers near curves correspond to wave numbers of the excited
modes.

in this case the stationary stateu0 is determined as a root of the equationu0 = tan(u0 + φ) and the input intensity
of light is determined byK = cos−1(u0 + φ).

In the case ofu0 6= 0 transcritical bifurcation occurs and the corresponding normal form on the one-dimensional
local invariant manifold reads

dξ

dτ
= aξ − bξ2, (6)

with slow time variableτ = εt . The functionξ is connected to the phase of the field by the series

u = u0 + εξ(τ ) + ε2g(τ) + · · · (7)

Inserting (5) and (7) into (1) and collecting the terms of the same order ofε, we find the coefficients of the normal
form as

a = p1, b = 1
2u0. (8)

It follows from (6)–(8) that the steady solution of Eq. (1) which is homogeneous in space and stationary in time
becomesu = u0 + ε2p1/u0 for p1 > 0 oru = u0 for p1 < 0.

The second-order term in the nonlinear part of Eq. (1) disappears foru0 = 0. This degenerate case represents a
pitchfork bifurcation and the normal form is

dξ

dτ
= aξ − bξ3. (9)
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Here, the functionξ is connected to the phase of the field by the series

u = ε1/2ξ(τ ) + εg(τ) + · · · (10)

and we obtain for the coefficient of the normal form

a = p1, b = 1
6. (11)

From (9)–(11) one concludes that the homogeneous stationary solution of the amplitudeu = √
6εp1 is stable in

a vicinity of the bifurcation pointp = 1, u0 = 0 for p1 > 0.
Physically, the homogeneous stationary states which correspond to positivep do not change essentially when

they lose their stability.

2.2. Two-dimensional critical case (Andronov–Hopf bifurcation)

Now, we turn to bifurcations of stationary states which are associated with negativep. The respective bifurcation
diagram is shown in Fig. 1. Contrary to the previous one-dimensional critical case, different inhomogeneous spatial
modes become unstable at different angles∆ in the feedback.

Two spatial modes with the wave numbersn = ±n0, n0 6= 0, fulfill the critical conditions if Reλ±n0 = 0 with
Im λ±n0 = ±ω(n0), and the inequality Reλn < 0 is valid for any othern 6= ±n0. For givenD = D0, ∆ = ∆0, the
characteristic equation (4) determines the critical value of the parameterp = p0, p0 < 0 according to

p0 = 1 + D0n
2
0

cos(∆0n0)
, (12)

and the numbern0 of exited mode is obtained at the minimum of|p0|. Furthermore, the corresponding frequencies
are given by

ω(n0) = −p0 sin(∆0n0), ω(−n0) = −ω(n0). (13)

In the vicinity (5) of the bifurcation point Eqs. (1) and (2) are reduced to the normal form in a two-dimensional
local invariant integral manifold

dξ

dτ
= a(n0)ξ + b(n0)ξ |ξ |2. (14)

Here, the functionξ of the slow time variableτ = εt is connected to the phase of the fieldu by a power series
of the excited harmonics

u = u0 + ε1/2ξ(τ )eiη + ε[u20(τ ) + u21(τ )ei2η] + ε3/2 + · · · + c.c. (15)

with η = ω(n0)t + n0θ . The above critical factora(n0) and the Lyapunov valueb(n0) are determined by

a(n0) = −D1n
2
0 + e−in0∆0(p1 − ip0∆1n0), (16)

b(n0) = e−i∆0n0

2

[
−p0 + u2

0

(
2

1 − p0
+ G(n0, n0)

)]
, (17)

with

G(x, y) = e−i∆0(x+y)

i[ω(x) + ω(y)] + 1 + D0(x + y)2 − p0ei∆0(x+y)
. (18)

Note that the functionG(x, y) is always determinable forx + y 6= n0 due to the critical conditions
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Fig. 2. Lyapunov value Reb corresponding to the bifurcation diagram in Fig. 1.

Eq. (14) has a stable periodic solution given asξ = ξ0(n0) exp[ir(n0)τ ], where

ξ0(n0) =
√

Rea(n0)

−Reb(n0)
,

r(n0) = Im a(n0) − Rea(n0)

Reb(n0)
Im b(n0),

if the conditions Rea(n0) > 0 and Reb(n0) < 0 are fulfilled.
In accordance with (15), this limit cycle corresponds to the optical reverberator in the original system (1), (2)

u(ε) = u0 + ε1/22ξ0(n0) cos(Ω(n0)t + n0θ) + O(ε),

with the frequencyΩ(n0) = ω(n0) + εr(n0) + O(ε2).
Fig. 2 shows that the condition Reb(n0) < 0 is valid for anyn0, i.e. for all inhomogeneous spatial modes which

lose stability. Therefore, optical reverberators will appear along the whole boundary of stability. Experimental and
numerical results [1,2] confirm this conclusion.

2.3. Four-dimensional critical case

In this section, we consider the critical conditions to be fulfilled for four spatial modes with the wave numbers
n = ±n1, ±n2 excited simultaneously. The respective bifurcation parametersD = D0, ∆ = ∆0, p = p0, are
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determined from Eq. (12) and

D0 = cos(n2∆0) − cos(n1∆0)

n2
2 cos(n1∆0) − n2

1 cos(∆0n2)
. (19)

In such a codimension two bifurcation we have Reλ±n1,±n2 = 0 and Reλn < 0 for any othern 6= ±n1, ±n2.
For instance, this situation may be realized by the set±(n1, n2) of exited modes:±(1, 2); ±(2, 3); . . ., or by
±(1, 4); ±(2, 5) . . .

The corresponding frequencies are given by Eqs. (13) and it is important that low-order resonances do not occur
due to the opposite direction of pattern rotation at the bifurcation point. In the vicinity (5) of the bifurcation point,
we introduce a series:

u = u0 + ε1/2[ξ(τ )eiη1 + χ(τ)eiη2] + εg(τ, η1, η2) + ε3/2 + · · · + c.c., (20)

where, as before,η1 = ω(n1)t + n1θ andη2 = ω(n2)t + n2θ . Now we have to insert (5) and (20) in (1) and
to collect all terms of the same order ofε and a similar class of functions. Then we obtain the normal form in a
four-dimensional local invariant manifold:

dξ

dτ
= a(n1)ξ + ξ [b(n1)|ξ |2 + γ1(|χ |2],

dχ

dτ
= a(n2)χ + χ [b(n2)|ξ |2 + γ2(|ξ |2]. (21)

Here,a(n1), a(n2), andb(n1), b(n2) are given by (16) and (17); the coefficientsγ1 andγ2 which are responsible
for the interaction of modes are determined from:

γ1 = e−i∆0n1

[
−p0 + u2

0

(
1

1 − p0
+ G(n1, n2) + G(n1, −n2)

)]
,

γ2 = e−i∆0n2

[
−p0 + u2

0

(
1

1 − p0
+ G(n2, n1) + G(n2, −n1)

)]
, (22)

The normal form (21) has two periodic solutions

ξ =
√

Rea(n1)

−Reb(n1)
eir(n1)τ , χ = 0;

and

ξ = 0, χ =
√

Rea(n2)

−Reb(n2)
eir(n2)τ .

These cycles correspond to the same ones which appear via simple Hopf bifurcation. They are stable and coexist
under conditions Rea(n1), a(n2) > 0 as the other necessary conditions Reb(n1), b(n2) < 0 are always valid for the
whole boundary of stability, including the bifurcation points of codimension two. Therefore, hysteresis phenomena
may be observed in a region of coexistence of both optical reverberators, which is in good agreement with the
experimental results [2].

In addition, the normal form (21) has the solutionξ 6= 0, χ 6= 0 which would exist in the case of a “weak”
coupling between modes. Comparing (17) and (22) we obtain that this coupling is quite strong for our system

Reγ1Reγ2

Reb(n1)Reb(n2)
> 1.

Hence, the mode beating regime is unstable, at least, near the bifurcation point.
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As an important result, the mechanism of the mode competition predominates in the case of the finite diffusion
coefficient. It provides the existence of simple optical reverberators. The conditions for cooperative mode interaction
can appear when the diffusion coefficient becomes small. They will be considered in the following.

3. Slow oscillating spatial structures

With an increase of the radius of circle maskR → ∞, we obtainD ∼ R−2, D → 0. Indeed, the values of the
diffusion coefficientD from experimental data were estimated to be 10−5 [2]. In this situation, critical cases of
infinite dimension arise, i.e. an asymptotically infinite number of spatial modes become unstable simultaneously near
the boundary of stability. Fig. 3 illustrates this tendency forD = 10−3. As can be seen, there exist different critical
cases of infinite dimension corresponding to different critical values ofp. Slowly oscillating spatial structures are
formed if the angle of field rotation∆ in the feedback is close to rational number multipleπ and ifp = 1, p = −1 or
p < −1. In addition, higher-order spatial modes bifurcate if both the rotation angle∆ and the diffusion coefficient
D tend to zero atp < −1.

Applying the normal forms method we would have to analyse the infinite system of coupled equations. Instead of
pursuing this approach, we will derive as a quasi-normal form a partial differential equation for the order parameter.
By doing so the existence of a small parameter in form of the diffusion coefficientD becomes essential. To emphasize
this point we explicitly introduce the diffusion coefficientD = d � 1 as a small parameter instead of arbitrary

Fig. 3. Bifurcation diagram at the quite small coefficient of diffusionD = 0.001.



E.V. Grigorieva et al. / Physica D 125 (1999) 123–141 131

ε which was used previously. Now the time scaling and the scaling of the above critical parameters should be
connected with the small diffusion parameter. Also, we have not to apply any scaling for spatial variable and, hence,
we do not change the boundary conditions.

The equations obtained have the same meaning as the normal forms in the finite-dimensional critical cases and
they have following advantages:
– they possess a universal nonlinearity, and only their coefficients depend on peculiarities of the original problem;
– they take into account the boundary effects even in the case of large-scale system;
– they do not possess a small parameter that allows us to compute them accurately.

3.1. Finite rotation angle∆ andp = 1

Let us first consider the bifurcation of the stationary solution which is associated with positivep in the case
of D = d, d → 0. An infinite number of rootsλnk

of the characteristic equation (4) tends to the simple zero at
p = p0 = 1 and at the rotation angle∆ close to the rational number multipleπ : ∆0 = π(m1/m2), wherem1, m2

are integers. The numbers of excited modes are given bynk = mk, k = 0, ±1, ±2, . . . andm = m2 if m1 is even
butm = 2m2 if m is odd. Therefore, the critical case of infinite dimension is realized.

In the neighbourhood of the bifurcation point

∆ = ∆0 + d1/2∆1 + d∆2, p = 1 + dp1, (23)

we introduce, in analogy to (7), the formal series

u = u0 + d

∞∑
k=−∞

ξk(τ )eimkθ + d2
∞∑

k=−∞
zk(τ )eimkθ + · · · (24)

Here, all “critical” harmonics are collected in the first sum;ξk(τ ), andzk(τ ) are functions of the slow time variable
τ = dt . Inserting (23) and (24) into (1), we obtained an infinite system of equations

d2ξ̇k = [−m2k2d(1 + 1
2∆2

1) + p1d − d1/2imk(∆1 + d1/2∆2)]dξk + d2Φk(ξ) + O(d3), (25)

whereΦk(ξ) is a coefficient of exp(imkθ) in the Fourier expansion of the function

u0

2

[ ∞∑
k=−∞

ξk(t)e
imkθ

]2

Neglecting terms of high order ofd, we can reformulate system (25) as the parabolic boundary problem

∂v

∂τ
= m2

(
1 + ∆2

1

2

)
∂2v

∂x2
+ p1v − u0

2
v2, v(τ, x) = v(τ, x + 2π), (26)

for the function

v(τ, x) =
∞∑

k=−∞
ξk(τ )eikx, x = m[θ − d1/2(∆1 + d1/2∆2)t ], τ = dt.

The diffusion coefficient in quasi-normal form (26) is determined by the characteristics of the large-scale trans-
verse interaction due to the field rotation in the feedback. Its minimum value atm = 2 is equal to 4. Such a strong
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diffusion supports the stability properties of the homogeneous solution. In fact, atp1 > 0, the only stable solution
of the problem (26) is given by

u = u0 + d
2p1

u0
+ O(d2),

which describes the homogeneous stationary state.
Thus, the “high” dimension of the critical case does not lead to complex dynamics in the local vicinity of the

stationary states corresponding to positivep.

3.2. Finite rotation angle∆ andp = −1

Let us consider the critical conditions which occur atp = p0 = −1. In this case, as follows from Eq. (4),
at ∆ = ∆0 = (m1/m2)π , wherem1, m2 are integer numbers and, in addition,m1 is odd, an infinite number of
characteristic rootsλnk

tends to the simple zero. Herenk = m2(2k + 1), k = 0, ±1, ±2, . . .

Contrary to the previous case,m2-odd spatial modes become unstable simultaneously in the vicinity of the
bifurcation point. Because the product of odd harmonics gives only even harmonics, we have to take into account
at least the terms of the third order in the series of a small diffusion parameterd.

u = u0 + d1/2
∞∑

k=−∞
ξk(τ )ei(2k+1)x + du2(τ, x) + d3/2u3(τ, x) + · · · , (27)

and to consider a small vicinity of the bifurcation point

∆ = ∆0 + d1/2∆1 + d∆2, p = −1 + dp1. (28)

As before,τ = dt, x = m2[θ − d1/2(∆1 + d1/2∆2)t ]. Combining (27), (28) and (1), one finds at the second step

u2(τ, x) = −u0

4

[ ∞∑
k=−∞

ξk(τ )ei(2k+1)x

]2

.

Neglecting the terms of the higher-order ofd and introducing the functionz(τ, x)

z(τ, x) =
∞∑

k=−∞
ξk(τ )ei(2k+1)x,

we obtain the parabolic equation with antiperiodic boundary conditions

∂z

∂τ
= m2

2

(
1 + ∆2

1

2

)
∂2z

∂x2
− p1z −

(
1

6
+ u2

0

4

)
z3, z(τ, x) = −z(τ, x + π). (29)

Quasi-normal form (29) determines the local dynamics of system (1), (2) near the stateu0 which is the root
of equation:u0 = − tan(u0 + φ). The bifurcation value of the input light intensity in this case is proportional to
K = (1 + u2

0)
1/2.

As in previous case, the effective diffusion coefficient in (29) depends on characteristics of the rotation shift in
the feedback and is quite large. However, specific antiperiodic boundary conditions may provide the existence of
inhomogeneous structures. Indeed, for:
(1) p1 > −m2

2(1 + ∆2
1/2), the homogeneous stationary solutionz = 0 is stable (the solutionu = u0 is stable and

there are no other stable solutions in some vicinity of the last one);
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Fig. 4. The final state of the amplitudez, given by Eqs. (29), resulting from the different initial distributions.K = 7, m2 = 1, p1 = −15.2,
and∆1 = 0.

(2) p1 < −m2
2(1+ ∆2

1/2), the spatial inhomogeneous solution is stable, which corresponds to a stable inhomoge-
neous slowly rotating pattern

u(t, θ, d) = u0 + d1/2z0(m2θ − d1/2m2[∆1 + d1/2∆2]t) + O(d).

A typical form of the solution is shown in Fig. 4. Evidently, the functionz0(x) tends to a step-function with

the amplitude±2
√

−p1/(u
2
0 + 2/3) as the parameterp1 decreases. That corresponds to the stationary contrast

structures observed experimentally [1,2]. Such a pattern is formed to cooperative interaction of all excited modes.
In this next section, we derive another type of dynamical behaviour – mode competition – leading to multistability
of the reverberators.

3.3. Finite rotation angle∆ andp < −1

Let us determine the critical conditions atp = p0 <= −1. In this case, as can be seen from Eq. (4), with

∆ = ∆0 = πm1

m2
,

wherem1, m2 are integer and, in addition,m1 is even, an infinite number of the characteristic rootsλnk
have

asymptotically small real parts but, contrary to the previous case, all excited modes have nonzero frequency of
rotation.

For simplicity, we consider here only the particular casem1 = 2,m2 = 3, i.e.∆0 = 2π/3, in which an infinite set
of spatial modes with wave numbersnk = (3k ± 1), k = 0, ±1, ±2, . . . and with frequenciesω3 ∼ ∓√

3 become
unstable simultaneously atp = p0 − 2.

As before, to obtain the quasi-normal form, we introduce the power series of the small diffusion parameterd

u = u0 + d1/2eiη
∞∑

k=−∞
ξk(τ )ei3kθ + d[u20(τ, θ) + u21(τ, θ)ei2η] + +d3/2 + · · · + c.c., (30)

with η = θ − t
√

3 in the neighbourhood of the bifurcation point

∆ = ∆0 + d∆1, p = −2 + dp1. (31)
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Acting analogously, we find at the second step:

u20(τ, x) = −u0

3

[ ∞∑
k=−∞

ξk(τ )ei3kθ

][ ∞∑
k=−∞

ξ∗
k (τ )e−i3kθ

]
,

u21(τ, x) = −u0(1 + i
√

3)

12i
√

3

[ ∞∑
k=−∞

ξk(τ )ei3kθ

]2

.

Neglecting terms of higher-order ofd, puttingx = m2θ , and

y(τ, x) =
∞∑

k=−∞
ξk(τ )eikx,

it becomes possible to pack back the infinite system into the parabolic equation with periodic boundary conditions

∂y

∂τ
= 9

∂2y

∂x2
+ 3c

∂y

∂x
+ ay + by|y|2, y(τ, x) = y(τ, x + 2π). (32)

The coefficients of this quasi-normal form are given by the expressions

a = −1

2
(1 + i

√
3)(p1 + 2i∆1) − 1,

b = −1

2

(
1 + u2

0

3

)[
1 + i

√
3

(
1 − u2

0

9 + 3u2
0

)]
,

c = −∆1(1 + i
√

3) + 2i.

Typical solutions of Eqs. (32) are travelling waves (T W) which may be stable and coexist at the same parameters.
This phenomenon of multistability of travelling waves corresponds to a set of optical reverberators in the original
system:

u = u0 + d1/2y0k cos[Ω(k)t + (3k + 1)θ ] + O(d), k = 0, ±1, . . . ,

where the amplitude of the reverberator is determined by

y0k =
√√√√−(3k2 + 1 − ∆1

√
3/2)2 − p1 + 3∆2

1/2

1 + u2
0/3

,

and the rotation frequency is given as

Ω(k) = −
√

3 − d

√
3

2

[
p1 + 8√

3
∆1 + y2

0k

(
1 + u2

0

3

)(
1 − u2

0

9 + 3u2
0

)]
+ O(d2).

The existence of such ak-travelling wave is determined by the conditionu2
0k > 0 and the stability condition. The

last one shows that such simple pattern may be only observed in a sufficiently small vicinityd · ∆1 of bifurcation
point ∆0. As the detuning increases up to the order ofd1/2∆1, all travelling waves lose stability abruptly. In fact,
in this case the quasi-normal form is transformed to:

∂y

∂τ ′ = m2c
∂y

∂x
+ ay + by|y|2, (33)

and for every T W there is an infinite number of eigenvalues which have positive real parts.
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Thus, the considered high-dimensional critical case results in a set of coexisting simple optical reverberators
which may be observed in a close vicinity of the bifurcation point.

4. Fast oscillating spatial patterns

In the previous cases steady solutions are formed by a set of spatial modes with not too high wave numbers. Now
we consider patterns, fast oscillating in space, which are formed at a small diffusion and at a small rotation shift in
the feedback circuit.

The set of high-order spatial modes with wave numbers close tod−1/2 may be excited simultaneously if the
rotation shift is separated from zero at least by the value∆ = d1/2δ0. It turns out that, as the geometrical size of
the system increases, the wave numbers increase too, whereas the corresponding rotation angle decreases due to
d → 0.

To obtain such critical conditions, let us introduce the parameterS2 = d · n2 which has the propertys →/ 0 as
d → 0. Furthermore, we consider this parameter as independent and uninterrupted. Then the bifurcation values of
the parametersS = S0, p = p0 < −1 can be determined from Eq. (4). The conditions Reλ(S0) = 0 and for any
otherS 6= S0 the real part of the corresponding characteristic root is negative, lead to the system:

−1 − S2
0 + p0 cos(S0δ0) = 0, −2S0 − δ0p0 sin(S0δ0) = 0. (34)

All solutions of Eqs. (1) and (2) from a small (independent ond) vicinity of u0 tend tou0 at ∆ < d1/2δ0 as
t → ∞. In the opposite case, there is an infinite number of characteristic roots having asymptotically small real
parts. Therefore, an infinite number of high-order spatial modes with wave numbers around(S0d

−1/2) become
unstable and their frequencies coverge to

ω(S0) = −p0 sin(S0δ0). (35)

Because of the large wave numbers(∼ d−1/2) of excited harmonics, the rate of the changing of the harmonic
amplitude due to spatial interaction has the order ofd1/2. That is why it is convenient to choose the above critical
parameters of the same order and to consider the small vicinity of the bifurcation point

∆ = d1/2(δ0 + d1/2δ1), p = p0 + d1/2p1. (36)

We then seek solutions of Eqs. (1) and (2) in the form

u = u0 + d1/4ξ(s, θ)eiη + d1/2[u20(s, θ) + u21(s, θ)ei2η] + d3/4 + · · · + c.c., (37)

where the functionsξ(s, θ), u20(s, θ, η), . . . are 2π -periodic. Slow temporal and travelling variables are connected
to the small parameter of the diffusiond by

s = d1/2t, η = n(d)θ + ω(S0)t.

Here, the wave number

n(d) = d−1/2S0 + σ

is a central one for excited spatial modes. We have introduced the “internal” parameterσ to maken(d) an integer,
so thatσ = {ε−1/2S0}−ε−1/2S0, σ ∈ (−1, 0). This parameter allows us to fulfill the periodic boundary conditions.
Note that in particular, it depends on the geometrical size of the system.
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Let us substitute Eqs. (36) and (37) into Eq. (1), and collect the coefficients of the same powers ofd. At the
second step, we obtain the expressions for functionsu20(s, θ), u21(s, θ), and at the next step, we find thatξ satisfies

∂ξ

∂s
= ω′(S0)

(
∂ξ

∂θ
+ iσξ

)
+ Aξ + Bξ |ξ |2, (38)

with periodic boundary conditions

ξ(s, θ) ≡ ξ(s, θ + 2π), (39)

where

A = (p1 − iS0p0δ1)e
−iS0δ0,

B = e−iδ0S0

[
−p0

2
+ u2

0

2

(
2

1 − p0
+ e−2iδ0S0

2iω(S0) + 1 + 4S2
0 + p0e−i2S0δ0

)]
.

The quasi-normal form given by (38) and (39) describes the dynamics of T W:

ξk(s, θ) = ξ0k exp(iρks + ikθ), k = 0, ±1, ±2, . . . ,

with the amplitude

ξ0k =
√

ReA

−ReB

and the frequency

ρk = (k + σ)ω′(S0) + Im A + ξ2
0k Im B.

Linear analysis shows that characteristic roots for every such solution are

λ+
m = imω(S0), λ−

m = imω(S0) + 22
0k ReB, m = 0, ±1, ±2, . . .

The expression for the coefficientB is analogous to Eq. (17) forb and therefore, as before, ReB < 0. Thus, the
obtained T W are neutrally stable and the second normalization is necessary to find the direction of their evolution.
However, it is possible to demonstrate the existence of the stable travelling waves in the “super” small vicinity of
the bifurcation point

∆ = d1/2(δ0 + dδ1), p = p0 + dp1.

In this case, we have to introduce the series

u = u0 + d1/2ξ(s1, Θ)eiζ + d[u20(s1, Θ) + u21(s1, Θ)ei2ζ ] + d3/2 + · · · + c.c., (40)

with the amplitudes depending slowly on times1 = dt and with moving variables

ζ = η + d1/2σω′(S0)t, Θ = θ + d1/2ω′(S0)t.

With these notations, the quasi-normal form becomes

∂ξ

∂s1
= C

(
∂2ξ

∂Θ2
+ ∂ξ

∂Θ
2iσ − σ 2ξ

)
+ Aξ + Bξ |ξ |2, ξ(s1, Θ) = ξ(s1, Θ + 2π). (41)
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Here

C = 1 + 1
2δ2

0p0e−iS0δ0.

The quasi-normal form (41) is a complex Ginzburg–Landau type equation. As before, the diffusion coefficient
C is determined by the characteristic of the rotation shift in the feedback. However, contrary to previous situations
it is a complex coefficient. That is why Eq. (41) is more complicated in comparison with the analogous one for
a two-component reaction–diffusion system under high-order spatial mode bifurcation [15]. On the other hand,
the quasi-normal form (41) is more complex than standard Ginzburg–Landau equation [10] due to the coefficient
σ taking into account the geometrical size of the system. It is important that this coefficient does not disappear
asymptotically as the size of the system becomes larger. Below we investigate the effects of finite geometry in the
dynamics of the most simple solutions, the travelling waves, of the system.

In fact, Eq. (41) describes the phenomenon of multistability of travelling waves

ξk = ξ0k exp(iω2s1 + ikΘ), k = 0, ±1, ±2, . . .

In the original system, they correspond to optical reverberators with a “quite large” number of light spot:n(d) + k,
and with the amplituded1/2ξ0k, where:

ξ0k =
√

ReC

−ReB

√
a − (σ + k)2,

and with the rotation frequency:

Ω(k) = ω(S0) + d1/2ω1(k) + dω2(k),

ω1(k) = ω′(S0)(σ + k), ω2(k) = −(σ + k)2Im C + Im A + ξ2
0k Im B.

Hereafter, we use the notations

a = ReA

ReC
, b = − Im B

ReB
, c = Im C

ReC
.

The expression for the rotation frequency includes small corrections toω(S0), which, in particular, depend on
geometrical size of the system via the parameterσ . That is the evident effect of the boundaries. More essentially,
the existence and stability of suchk−T W depends also on the internal parameterσ . Indeed, the T W-solution with
wave numberk exists if

a > (σ + k)2. (42)

According to this condition, the typical domains of thek-T W existence are given in Fig. 5 for different values of
σ . At a sufficiently large value ofa, several different travelling waves may exist, arising from different initial data.
Investigating their stability, one finds the characteristic equation

λ2
m − 2λmh1 + h2 = 0, m = 0, ±1, ±2, . . . , (43)

h1 = −ξ2
0k − m2 − i2mc(σ + k),

h2 = 2ξ2
0k[m2(1 + bc) + 2im(σ + k)(c − b)] + [m2 − 4m2(σ + k)2](1 + c2),

which gives the stability boundaries of thek-T W shown in Fig. 5 by the dotted curves. We can estimate approximately
these boundaries as

a > (σ + k)2
(

3 − 2bc

1 + bc

)
− 1

2

1 + c2

1 + bc
. (44)
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Fig. 5. The domains of the existence (solid line) and stability (dotted line) of the travelling wave solutions of Eqs. (41). The numbers
near curves denote the wave numbersk of travelling waves. The part corresponding negative Reβ is marked. The intensity of input field
K = 5, the other parameters are found from Eqs. (3) and (34):p0 = −4.273,δ0 = 1.593,S0 = 1.653,c = 0.459, andb = −0.594.

One can see from conditions (42) and (44) that homogeneous solution (T W withk = 0) becomes unstable
if 1 + bc < 0. It agrees with the well-known result for the Ginzburg–Landau equation [10] and in this case the
possibility of complex irregular dynamics occurs [16]. The parameters of the initial problem described by Eqs. (1)
and (2) give us the valuebc in the limits(−0.5, 0), therefore such a possibility is not realized in the system.

In the opposite case(1 + bc > 0), there are some intervals ofa, σ for which the condition of stability follows
the condition of existence of the homogeneous solution. Apart from these intervals, there is a region of the Eckhaus
instability [17], where the T W-solution exits, but is unstable. In Fig. 5, this region is situated between the solid
and dotted curves. The detailed analysis of the Eckhaus instability has been presented, for example, in [18] for the
pitchfork bifurcation which was found to be always subcritical.

The characteristic equation (43) for the normal equation (41) presents another critical case: a pair of the roots
has pure imaginary values (atm = ±1) ata = a0, σ = σ0 so thatλ1(a0, σ0) = il, λ−1(a0, σ0) = −il. In addition,
one simple zero eigenvalue (atm = 0) is associated with the symmetry of Eq. (41), namely,ξk exp(iφ) is also the
solution of this equation. In the local vicinity of the bifurcation parameters

a = a0 + εa1, σ = σ0 + εσ1

the corresponding normal form on three-dimensional local invariant manifold reads

dv

dτ
= αv + βv|v|2, dw

dτ
= 0. (45)
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Fig. 6. The dependence of the Lyapunov value Reβ on the intensityK of input field.σ = −0.9.

Hereτ = εs1 denotes a slow time and the functionv(τ) is connected to the amplitude of the travelling wave by the
series

ξ(s1, Θ) = ξ0k[1 + 2ε1/2|v|((1 + i Re(q)) cos(ls1 + Θ)

+ i Im(q) sin(ls1 + Θ)) + ε · · ·]eiω2(1+ε···)s1+ikΘ. (46)

The parameterq is determined by

q = 2i(σ0 + k) − 2b|ξ0k|2 − c

1 + il + 2ic(σ0 + k)
,

and, in addition, it is convenient to choose the constant value of the functionw to be zero,w = 0. The expressions
for the coefficientsα, β of the normal form (45) are too awkward hence we present here only the final result. Fig. 6
shows the dependence of the real part of the Lyapunov valueβ on the intensity of the input lightK. One can see
that Reβ < 0 atK ∈ (4, 6.3). It means that the normal form (45) has a stable periodic solution

v(τ) =
(

−Reα

Reβ

)1/2

exp

(
iτReα

(
Im α

Reα
− Im β

Reβ

))

in the region of T W-instability. This limit cycle results in a two-frequency attractor (torus) in the original system.
For the Lyapunov value Reβ > 0, the unstable cycle exists in the local vicinity of the stable T W-solution.

Thus, complicated pattern dynamics becomes possible at asymptotically small angle of the field rotation in the
feedback. Generally, it is interesting to note that, while the diffusion coefficientd → 0, the specificσ value cannot
be fixed. A small change ofd causes the displacement of the system along linea = const. Fig. 5 shows how the type
of solution can change in this case. The part of the bifurcation boundary corresponding to the negative Lyapunov
value is specially marked. Whenσ (or equivalentlyd) is varied one rotating structure changes into another one, in
particular, a complicated beating of spatial modes can be observed. It means that despite of “large” geometrical size
R, the dynamics of the system depends unexpectedly on the quantityR mod

√
d/S0.

In conclusion, the complete bifurcation analysis has been done for optical system described by a single parabolic
equation with a retarded argument. It provides an excellent agreement with experimental results even on the level
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of the linear analysis. For instance, the quantitative comparison between theoretical and experimental rotation
frequencies of patterns was given in [2] for the parameters closed to critical. Our results explain the stability of
such patterns and the existence of the hysteresis which has been also observed experimentally. The last one is a
consequence of the mode competition in the vicinity of the bifurcation point of codimension two. Hence, such an
accurate experiment would be useful to test more refined conclusions of the theory in the case of the large scale
system, in particular, the transformation of the pattern shape to the step-form, the multistability, and, at last, mode-
beating regimes depending sensitively on the geometrical size. Since the obtained quasi-normal forms are universal
ones, we may also expect analogous self-organization phenomena in different systems. Indeed, a parabolic equation
with special antiperiodic boundary conditions appears as a quasi-normal form for some large-time-delay equations
[14] to be responsible for step-like temporal structures. Note also a sensitive dependence of the so-called “blinking”
state on the aspect ratio which has been experimentally and numerically observed in a large hydrodynamical system
[19,20].

Various types of critical cases of finite as well as infinite dimensions arise in the system due to specific “delay”
in space. That is why it is interesting to compare the equation with a spatial shift (1) to a parabolic equation with a
time delay:

∂u

∂t
= D

∂2u

∂θ2
− u + f [u(t − h, θ)].

On the one hand, the same phenomenon is observed: a complex spectrum and, as a consequence, an occurrence
of nonstationary structures. On the other hand, the equation with a time delay should attribute to more difficult
problems, as far as its phase spaceC[−h,0] × C[0,2π ] is essentially more difficult than the phase spaceC[0,2π ] of
Eq. (1). Besides, the spatial shift∆ is limited by the interval(0, 2π) (i.e. by the size of the system), while unlimited
change of the time delayh is possible that can result in extremely complicated dynamics, even atD = 0 [21].

However, there is an important factor which distinguishes between the role of the delayh and of the shift∆. It is
connected with a study of the equations with a small coefficient of diffusionD. Such a peculiarity arises naturally
in many problems as due to some physical aspects of wave propagation, as to the spatial size of an object under
investigation. If the value of the time delayh is less than some threshold value, there are no local bifurcations at any
value of the diffusion coefficientD ∈ (0, ∞). For Eq. (1) with spatial shift, that is not valid. In fact, the parameters
D and∆ are coupled so that at their simultaneous decreasing the bifurcations occur and lead to complex spatial
structures even at the level of local dynamics.
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