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Abstract

The properties of different spatial structures which emerge in a nonlinear resonator with a spatial transformer in a feedback
are investigated. In detail, we determine the parameter regions, the amplitudes and the rotation frequency of various optical
reverberators. Special emphasis is devoted to critical cases of infinite dimension which occur in a system with large geometrical
size. Evolution equations obtained describe multistable travelling waves, slowly rotating step structures, or modulated waves
in dependence on the spatial shift in the feedback. Sensitive dependence of the phase space construction on geometrical size
of the system is demonstrated even in the case of a large-scale system. © 1999 Elsevier Science B.V.
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1. Introduction

Recently, different types of instability of a light field were observed in a nonlinear interferometer with spatial field
transformer in two-dimensional feedback (FB) [1,2]. In particular, various rotating patterns and a transition to optical
turbulence were demonstrated experimentally. From a theoretical point of view, this system has the advantage that
a single evolution equation with a shifted spatial argument describes a broad variety of nonlinear wave structures.

Usually, such self-organizing phenomena are studied in the vicinity of a bifurcation point by approximately
constructing the simplified models which describe the important properties of the original problem in terms of few
order parameters [3]. This problem can be solved accurately in the critical case of a finite dimension by applying
either the adiabatic elimination procedure of synergetics [3,4] or the normal form theory [5,6]. In this way, the
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existence of rotating multi-petal structures, the optical reverberators, has been shown for a Hopf bifurcation on the
basis of linear analysis [2] and of hormal form theory [7,8].

The aim of this paper is to consider a more complex situation of a system with a “large” geometrical size
which exhibits the critical cases of infinite dimension. In this case, the known results concerning the existence
of integral manifolds and the method of normal forms are inapplicable immediately. One possible way around
this problem is to use so-called multiple-scaling technique [9,10] to derive amplitude equations in the limit of an
infinite geometrical size. However, optical systems involve a very fast wave processes and, hence, the influence of
the boundary conditions may prove to be important. Here we apply the scaling technique [11,12] which uses and
develops the ideas of [4,13], and allows us, in addition, to investigate the effects of finite geometry in a large-scale
system.

The mathematical description of optical reverberators [1,2] is based on the parabolic equation with a shifted
spatial argument

ou 82u
— = —u+

o DW + K sinu(t, 6 — A) + ¢] 1)

and periodic boundary conditions
u(t,0) =u(t,0 + 2m). (2)

Egs. (1) and (2) describe the behaviour of the light beam which has the form of a thin circlex (et is
the phase shift of the field in the medium depending on the normalized: tand on the angle coordinate K
is proportional to the input intensity of lighty denotes the rotation angle of the field in the feedback circuit, and
D is an effective diffusion coefficient inversely proportional to the radtugf the circle mask. Note that such a
normalization results in a variation of the diffusion coefficient with the systemisineaccordance witlh ~ R—2.
Letug be a homogeneous stationary state of the parabolic equation (1)

uo = K sin(ug + ¢). 3)

The stability of the every such state is determined by the rbptsf the characteristic equation for the corre-
sponding linearized problem given as

Apn = —Dn? — 1+ pe 4, (4)

Heren = 0, +1, ... characterizes a spatial mode proportional to(@4). We have also used the notation
p = K coqug + ¢) because the properties of stationary states corresponding to positive and negative values of
turn out to be different. In the following we will consider the parametgnstead oK, as an independent parameter.

As is well-known, the stability spectrum of a scalar parabolic equation without shifted space variable is real. It
means, in particular, that all bifurcation phenomena are connected only to a change of the quantity of stationary
states. The more general result is that all limited solutions of such a boundary problem tend to homogeneous
stationary states at— oo. EQ. (4) shows that the spectrum of the single parabolic equation (1) becomes complex
due to the shifta of the spatial variable. An opportunity of the bifurcation analysis is thus opened in cases when
the characteristic roots cross the imaginary axis. For equations without spatial shift such an opportunity is opened
only for a system consisting of not less than two parabolic equations, for example, a reaction—diffusion system.
Moreover, the specific high-order spatial mode bifurcations which take place in Egs. (1) and (2) may appear for a
system of not less than three parabolic equations. Hence, the local dynamic properties of a model change essentially
by the spatial transformer in the feedback.
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In the following, we present a complete bifurcation analysis for the stationary states of the system (1), (2).
Various types of critical cases can be distinguished depending on peculiarities of stability destruction for finite, i.e.
asymptotically not small, or asymptotically small, values of the diffusion coeffidieand the rotation anglg.

First, in Section 2 of the paper, order parameter equations will be constructed in the critical cases of one, two and
four dimensions. These cases occur if the diffusion coeffidieistnot too small, i.e. local transverse interactions are
rather strong. It turns out that the stationary states which are associated with poligesstability via transcritical
bifurcation, irrespective of the rotation angtein the feedback. The other stationary states become unstable via
Andronov—Hopf bifurcation of different inhomogeneous spatial modes in dependence on rotatian Ehifill be
shown that this bifurcation is always supercritical. Moreover, the emerging optical reverberators are also stable in
the case of a bifurcation of codimension two due to the action of mode competition. The normal forms for critical
cases of finite dimension are derived by applying multiple scaling technique. This formalism is shown in Sections 3
and 4 to expand correctly to critical cases of infinite dimension which appear if the diffusion coeffidiEtomes
small as the geometrical size of the system increases. An analysis of the constructed quasi-normal forms reveals that
the high dimension of the critical cases can result in complex dynamics as well as in simple periodical structures.
In Section 3, slowly oscillating (in space) patterns are described which are caused by a set of lower-order spatial
modes for a finite rotation angla. It is shown that the stationary states, corresponding to pogitie®nserve a
homogeneous structure. In contrast, the stationary states with negdtifigrcate to multistable travelling waves
or to slowly rotating step structures bepending on the spatial ghift the feedback. In Section 4, we deduce
guasi-normal forms which describe the structure formation in the vicinity of higher-order spatial mode bifurcations.
Such a situation can be observed in the large system with an asymptotically small spatial shift in the feedback or in
the limits of experimental variation “without” rotation of the field in feedback. It is shown that in the neighbourhood
of the stationary state the dynamics of the travelling waves is sensitive to a “natural” wavelength of the system even
in the case of a large-scale system.

2. Normal forms for problem (1), (2)

Let both the diffusion coefficienb and rotation anglet not be too small. The respective bifurcation diagram is
given in Fig. 1, showing three situations when the critical conditions are valid for the different numbers (one, two,
and four) of spatial modes. It is known that such critical conditions imply the existence of a local invariant integral
manifold of finite dimension in the neighbourhood of the stationary state. All solutions with initial conditions from
this vicinity approach this manifold in the limit— oo [5,6]. Therefore, the problem to find solutions of Egs. (1)
and (2) is reduced to the investigation of solutions that belong to the manifold. Also, the dimension of the last one is
equal to the dimension of corresponding critical case. In the following, we deduce these normal forms by applying
the multiple-scaling technique. With this aim, we introduce a small pararaeterl and consider a sufficiently
small vicinity of the bifurcation point

p = po+ €p1, A= Ag+ €Ay, D = Dg+¢€Dq. (5)
Here, po, Ag, Do act as bifurcation parameters which have to be specified for every type of bifurcation.
2.1. One-dimensional critical case
It follows from the characteristic equation (4) that the critical conditions for the single spatial mode with wave

numbem = ng = 0 occur alp = pg = 1, Fig. 1. In this situation, the characteristic ragf = 0 and the inequality
ReA, < 0isvalid for any othen # 0. The type of bifurcation remains the same for any rotation angeote that
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n=0

Rotation angle A

Fig. 1. Bifurcation diagram at the coefficient of diffusi@h = 0.04. Numbers near curves correspond to wave numbers of the excited
modes.

in this case the stationary statgis determined as a root of the equation= tan(ug + ¢) and the input intensity
of light is determined byk = cos(ug + ¢).

In the case ofig # 0 transcritical bifurcation occurs and the corresponding normal form on the one-dimensional
local invariant manifold reads

L —at e ©
T

with slow time variabler = ¢z. The function¢ is connected to the phase of the field by the series
u=uo+ €&(v) +eg(r) +--- @)

Inserting (5) and (7) into (1) and collecting the terms of the same ordeneé find the coefficients of the normal
form as

a=p1, b = Zuo. (8)

It follows from (6)—(8) that the steady solution of Eq. (1) which is homogeneous in space and stationary in time
becomest = ug + €2p1/ug for p1 > 0 oru = ug for p1 < 0.
The second-order term in the nonlinear part of Eq. (1) disappearg fer0. This degenerate case represents a
pitchfork bifurcation and the normal form is
dé

_ o 3
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Here, the functior§ is connected to the phase of the field by the series
u=e"2e(t) 4 eg(t) + - - (10)
and we obtain for the coefficient of the normal form
a = pi, b= %. (12)

From (9)—(11) one concludes that the homogeneous stationary solution of the amplitug®e p1 is stable in
a vicinity of the bifurcation poinp = 1, ug = 0 for p; > 0.

Physically, the homogeneous stationary states which correspond to pgsdivenot change essentially when
they lose their stability.

2.2. Two-dimensional critical case (Andronov—Hopf bifurcation)

Now, we turn to bifurcations of stationary states which are associated with negafite respective bifurcation
diagram is shown in Fig. 1. Contrary to the previous one-dimensional critical case, differentinhomogeneous spatial
modes become unstable at different angles the feedback.

Two spatial modes with the wave numbers= £ng, ng # 0, fulfill the critical conditions if Ré.,, = 0 with
Im A+,, = £w(np), and the inequality Re, < 0 is valid for any other # £ng. For givenD = Dg, A = Ag, the
characteristic equation (4) determines the critical value of the parametepg, po < 0 according to

1+ Don%
~ cogAong)’

and the numbetg of exited mode is obtained at the minimum|p|. Furthermore, the corresponding frequencies
are given by

Po (12)

w(no) = —poSin(Agno), w(—=ng) = —w(no). (13)
In the vicinity (5) of the bifurcation point Egs. (1) and (2) are reduced to the normal form in a two-dimensional
local invariant integral manifold

d
d—i = a(no)t + b(no)&|&|%. (14)

Here, the functiorg of the slow time variable = ¢t is connected to the phase of the fialdhy a power series
of the excited harmonics

u=ug+ el/zé(r)ei” + €[uo(r) + uzl(r)eizn] +e¥24 ... tce (15)

with n = w(ng)t + nob. The above critical factat(ng) and the Lyapunov valuk(ng) are determined by

a(no) = —D1n3 + €040 (py — ipoA1no), (16)
—iAong 5 2
b(no) = —po+uy| —— + G(no, no) ) |, (17)
2 1-po
with
efiAo(x+y)
Gx,y) = (18)

i[w(x) + w(y)] + 1+ Do(x + )2 — pgedotr+y)’

Note that the functiori; (x, y) is always determinable for + y # ng due to the critical conditions
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Fig. 2. Lyapunov value Rk corresponding to the bifurcation diagram in Fig. 1.

Eqg. (14) has a stable periodic solution giverEas &y(ng) explir (ng)t], where

_ | Rea(ng)
éo(no) = Tb(ﬂo)’
Rea(no)
Reb(ng)

if the conditions Re(ng) > 0 and Ré(ng) < 0 are fulfilled.
In accordance with (15), this limit cycle corresponds to the optical reverberator in the original system (1), (2)

u(€) = ug + €Y/22£0(ng) coK 2 (no)t + noh) + O(e),

with the frequency2 (ng) = w(ng) + €r(ng) + O(€2).

Fig. 2 shows that the condition Réng) < 0 is valid for anyno, i.e. for all inhomogeneous spatial modes which
lose stability. Therefore, optical reverberators will appear along the whole boundary of stability. Experimental and
numerical results [1,2] confirm this conclusion.

r(ng) =Ima(ng) — Im b(ng),

2.3. Four-dimensional critical case

In this section, we consider the critical conditions to be fulfilled for four spatial modes with the wave numbers
n = +n1, +ny excited simultaneously. The respective bifurcation paramddees Dg, A = Ag, p = po, are
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determined from Eq. (12) and

cognzAp) — CoSn1Ao)
Do = — 5 . (19)
n5C0Sn1Ap) — ny CoAon2)

In such a codimension two bifurcation we have)Rg, +,, = 0 and Re\, < 0O for any othem # £nj1, £ny.
For instance, this situation may be realized by thedsets, ny) of exited modes=+(1, 2); +(2, 3); ..., or by
+(1,4);+£(2,5)...

The corresponding frequencies are given by Egs. (13) and it is important that low-order resonances do not occur
due to the opposite direction of pattern rotation at the bifurcation point. In the vicinity (5) of the bifurcation point,
we introduce a series:

u = uo + €7?[£()EM + x(0)€"] + eg(z, n1, m2) + €72+ +cc, (20)

where, as before;; = w(m1)r + n16 andn2 = w(n2)t + n26. Now we have to insert (5) and (20) in (1) and
to collect all terms of the same order ©faind a similar class of functions. Then we obtain the normal form in a
four-dimensional local invariant manifold:

d
d_’i — a(n1)E + E[b(n)E12 + y1(lx 2],

d
K —atna)x + x I E + 28] @1

Here,a(n1), a(n2), andb(n1), b(np) are given by (16) and (17); the coefficientsandy, which are responsible
for the interaction of modes are determined from:

yp =g 4o |:—Po + ug (

+ G(ny, n2) + G(ny, —nz)ﬂ ,
1-po

yy =g 4o [—po +uj (

The normal form (21) has two periodic solutions

_ | Reamy) e _ o
=\ Rebp® - X0
Rea(no)
—0, y= R4 g,
§ X =\ ZReb(na)

These cycles correspond to the same ones which appear via simple Hopf bifurcation. They are stable and coexist
under conditions Re(n1), a(nz) > 0 as the other necessary conditiondiRe ), b(n2) < 0 are always valid for the
whole boundary of stability, including the bifurcation points of codimension two. Therefore, hysteresis phenomena
may be observed in a region of coexistence of both optical reverberators, which is in good agreement with the
experimental results [2].

In addition, the normal form (21) has the solution#£ 0, x # 0 which would exist in the case of a “weak”
coupling between modes. Comparing (17) and (22) we obtain that this coupling is quite strong for our system

+ G(n2,n1) + G(n, —nl)ﬂ , (22)
1-po

ReyiRey?
_—_—m—— >
Reb(n1)Reb(ny)
Hence, the mode beating regime is unstable, at least, near the bifurcation point.
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As an important result, the mechanism of the mode competition predominates in the case of the finite diffusion
coefficient. It provides the existence of simple optical reverberators. The conditions for cooperative mode interaction
can appear when the diffusion coefficient becomes small. They will be considered in the following.

3. Slow oscillating spatial structures

With an increase of the radius of circle maBk— oo, we obtainD ~ R~2, D — 0. Indeed, the values of the
diffusion coefficientD from experimental data were estimated to be®1[2]. In this situation, critical cases of
infinite dimension arise, i.e. an asymptotically infinite number of spatial modes become unstable simultaneously near
the boundary of stability. Fig. 3 illustrates this tendencyfioe= 10-3. As can be seen, there exist different critical
cases of infinite dimension corresponding to different critical valugs &lowly oscillating spatial structures are
formed if the angle of field rotatioa in the feedback is close to rational number multiplendifp = 1, p = —1or
p < —1. In addition, higher-order spatial modes bifurcate if both the rotation angled the diffusion coefficient
D tend to zero ap < —1.

Applying the normal forms method we would have to analyse the infinite system of coupled equations. Instead of
pursuing this approach, we will derive as a quasi-normal form a partial differential equation for the order parameter.
By doing so the existence of a small parameter in form of the diffusion coeffibibetomes essential. To emphasize
this point we explicitly introduce the diffusion coefficiemt = d <« 1 as a small parameter instead of arbitrary

M
|

il

!

|

Fig. 3. Bifurcation diagram at the quite small coefficient of diffusidr= 0.001.
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€ which was used previously. Now the time scaling and the scaling of the above critical parameters should be
connected with the small diffusion parameter. Also, we have not to apply any scaling for spatial variable and, hence,
we do not change the boundary conditions.

The equations obtained have the same meaning as the normal forms in the finite-dimensional critical cases and
they have following advantages:
— they possess a universal nonlinearity, and only their coefficients depend on peculiarities of the original problem;
— they take into account the boundary effects even in the case of large-scale system;
— they do not possess a small parameter that allows us to compute them accurately.

3.1. Finite rotation angleA andp = 1

Let us first consider the bifurcation of the stationary solution which is associated with pgsitivéhe case
of D = d,d — 0. An infinite number of roots.,, of the characteristic equation (4) tends to the simple zero at
p = po = 1 and at the rotation angl# close to the rational number multipte: Ag = 7 (m1/m2), wheremq, mo
are integers. The numbers of excited modes are given, by mk, k = 0, 1, £2, ... andm = m» if m1 is even
butm = 2m; if m is odd. Therefore, the critical case of infinite dimension is realized.

In the neighbourhood of the bifurcation point

A= Ag+dY2AL +dAs, p=1+dp1, (23)

we introduce, in analogy to (7), the formal series

]

u=uo+d »  &@OE™ +4% Y gy(mem? ... (24)

k=—00 k=—00

Here, all “critical” harmonics are collected in the first sugpr), andzy (7) are functions of the slow time variable
t = dt. Inserting (23) and (24) into (1), we obtained an infinite system of equations

A2 = [-m?kPd(1+ 34%) + pad — dY2imk(AL + dY2A))dE + d? i (£) + Od®), (25)
wheredy (&) is a coefficient of eximk®) in the Fourier expansion of the function

00 2
”—20{ > ék(t>ei’""9}

k=—00

Neglecting terms of high order af, we can reformulate system (25) as the parabolic boundary problem

3 A%\ 92

8—: = m? (1+ ?1> aTZ"‘Plv— %UZ, v(t, x) = v(T, x + 27), (26)
for the function

o0 .
v(r.x) = Y &@EN, x=m[o —d*(A1+dYP 1], =t
k=—00

The diffusion coefficient in quasi-normal form (26) is determined by the characteristics of the large-scale trans-
verse interaction due to the field rotation in the feedback. Its minimum value-a® is equal to 4. Such a strong
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diffusion supports the stability properties of the homogeneous solution. In fagt,-at0, the only stable solution
of the problem (26) is given by

2
w=uo+d Pt 4 0W?),
ug

which describes the homogeneous stationary state.
Thus, the “high” dimension of the critical case does not lead to complex dynamics in the local vicinity of the
stationary states corresponding to positive

3.2. Finite rotation angleA andp = —1

Let us consider the critical conditions which occurpat= po = —1. In this case, as follows from Eq. (4),
atA = Ag = (m1/m2)m, wheremq, mo are integer numbers and, in additiom; is odd, an infinite number of
characteristic roots,, tends to the simple zero. Hetg¢ = m(2k + 1), k = 0, £1, £2, ...

Contrary to the previous caseip-odd spatial modes become unstable simultaneously in the vicinity of the
bifurcation point. Because the product of odd harmonics gives only even harmonics, we have to take into account
at least the terms of the third order in the series of a small diffusion parasheter

o0
u=ug+d? Z E.(0)€ DY & dus(z, x) + d¥ us(t, x) + -+, 27

k=—00

and to consider a small vicinity of the bifurcation point
A=Ag+dY2A1+dA,,  p=—-1+dp:. (28)

As before;r = dt, x = mo[6 — dY%(A1 + d¥/? A5)t]. Combining (27), (28) and (1), one finds at the second step

oo 2

k=—o00

Neglecting the terms of the higher-orderdénd introducing the function(z, x)

2t x)= Y E(r)d@

k=—o00

we obtain the parabolic equation with antiperiodic boundary conditions

9z 2 AT\ 9%z 1 uf)
E:mz(l_'_? ﬁ—plZ— é+z 7, z(t,x) = —z(tr, x + m). (29)

Quasi-normal form (29) determines the local dynamics of system (1), (2) near theigtatéch is the root
of equationiug = —tan(ug + ¢). The bifurcation value of the input light intensity in this case is proportional to
K = (1+ud)*>.

As in previous case, the effective diffusion coefficient in (29) depends on characteristics of the rotation shift in
the feedback and is quite large. However, specific antiperiodic boundary conditions may provide the existence of
inhomogeneous structures. Indeed, for:

Q) p1> —m%(l + A%/Z), the homogeneous stationary solutios: O is stable (the solution = ug is stable and
there are no other stable solutions in some vicinity of the last one);
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Fig. 4. The final state of the amplitudegiven by Egs. (29), resulting from the different initial distributiokis= 7, m» = 1, p; = —15.2,
andA; = 0.

(2) p1 < —m%(l + A%/Z), the spatial inhomogeneous solution is stable, which corresponds to a stable inhomoge-
neous slowly rotating pattern

u(t,6,d) = uog + d*?zo(mo0 — d¥’ma[ A1 + dY?Ao)t) + O(d).

A typical form of the solution is shown in Fig. 4. Evidently, the functigy(x) tends to a step-function with

the amplitudei—z,/—pl/(u(z) + 2/3) as the parametep; decreases. That corresponds to the stationary contrast
structures observed experimentally [1,2]. Such a pattern is formed to cooperative interaction of all excited modes.
In this next section, we derive another type of dynamical behaviour — mode competition — leading to multistability
of the reverberators.

3.3. Finite rotation angleA andp < —1

Let us determine the critical conditionsat= pg <= —1. In this case, as can be seen from Eq. (4), with
A=Ag=——7,
mp

wheremy, m, are integer and, in additiom;; is even, an infinite number of the characteristic raots have
asymptotically small real parts but, contrary to the previous case, all excited modes have nonzero frequency of
rotation.

For simplicity, we consider here only the particular cage= 2,m» = 3,i.e.Ag = 27/3, in which an infinite set
of spatial modes with wave numbers = (3k +£ 1), k = 0, &1, +-2, ... and with frequenciess ~ ++/3 become
unstable simultaneously at= pg — 2.

As before, to obtain the quasi-normal form, we introduce the power series of the small diffusion patameter

o0
u=uo+d"2e" " &) + dluzo(t. 0) + uza(r, )€ + +d¥? + - +cc., (30)
k=—o00
with n = # — t+/3 in the neighbourhood of the bifurcation point
A= Ag+dAy, p=—2+dp1. (31)



134 E.V. Grigorieva et al. / Physica D 125 (1999) 123-141

Acting analogously, we find at the second step:

wdrw———[E:&hﬁ“ﬂ[E:éﬂﬂfmﬂ,

k=—00

12iv/3

Neglecting terms of higher-order gf puttingx = m26, and

. 00 2
un(t, x) = _M |: Z Sk(f)ei3k0j| _
k=—00

Y = Y &0,

it becomes possible to pack back the infinite system into the parabolic equation with periodic boundary conditions

ay
at

The coefficients of this quasi-normal form are given by the expressions

9— +3c— +ay + bylyl%, y(T,x) = y(r,x + 2m). (32)

a= _%(1+ iv3)(p1 +2iA1) —

=205 [rsleai) )

c=—A1(1+iv3) + 2i.

Typical solutions of Egs. (32) are travelling waves (T W) which may be stable and coexist at the same parameters.
This phenomenon of multistability of travelling waves corresponds to a set of optical reverberators in the original
system:

u = ug+ d*?yor cosf2(k)t + 3k + 1)0] + Od), k=0,=+1,...,

where the amplitude of the reverberator is determined by

_ | @24 1- A3/ - pr+347/2
Yok = 1+ 423

and the rotation frequency is given as

V3 8 2 uf ug 2
Qk)=—v3-d— — I+5) (1~ :
(k) V3-d 5 |:p1+ \/§A1+)’Ok + 3 91 32 + 0(@d*)

The existence of such/atravelling wave is determined by the conditimﬁL > 0 and the stability condition. The
last one shows that such simple pattern may be only observed in a sufficiently small vicindty of bifurcation
point Ag. As the detuning increases up to the ordedBf A1, all travelling waves lose stability abruptly. In fact,
in this case the quasi-normal form is transformed to:

] dy
ay/ _mzca— —l—ay—f-bylyl2 (33)

and for every T W there is an infinite number of eigenvalues which have positive real parts.



E.V. Grigorieva et al. / Physica D 125 (1999) 123-141 135

Thus, the considered high-dimensional critical case results in a set of coexisting simple optical reverberators
which may be observed in a close vicinity of the bifurcation point.

4. Fast oscillating spatial patterns

In the previous cases steady solutions are formed by a set of spatial modes with not too high wave numbers. Now
we consider patterns, fast oscillating in space, which are formed at a small diffusion and at a small rotation shift in
the feedback circuit.

The set of high-order spatial modes with wave numbers cloge ¥ may be excited simultaneously if the
rotation shift is separated from zero at least by the value d%/25. It turns out that, as the geometrical size of
the system increases, the wave numbers increase too, whereas the corresponding rotation angle decreases due to
d — 0.

To obtain such critical conditions, let us introduce the paramge d - n2 which has the property 40 as
d — 0. Furthermore, we consider this parameter as independent and uninterrupted. Then the bifurcation values of
the parameter§ = Sp, p = po < —1 can be determined from Eq. (4). The conditions\R®) = 0 and for any
otherS £ Sp the real part of the corresponding characteristic root is negative, lead to the system:

—1— $2 4 po cogSodo) = O, —280 — 8opo SiN(Sodo) = O. (34)

All solutions of Egs. (1) and (2) from a small (independentdrvicinity of ug tend toug at A < d/?5y as
t — oo. In the opposite case, there is an infinite number of characteristic roots having asymptotically small real
parts. Therefore, an infinite number of high-order spatial modes with wave numbers @fadnd’?) become
unstable and their frequencies coverge to

(So) = —po SiN(Sodo). (35)

Because of the large wave numbérs d—1/2) of excited harmonics, the rate of the changing of the harmonic
amplitude due to spatial interaction has the ordaf'df. That is why it is convenient to choose the above critical
parameters of the same order and to consider the small vicinity of the bifurcation point

A=d"%@o+d"?s1),  p=po+d’ps (36)
We then seek solutions of Egs. (1) and (2) in the form
u = ug+ d¥*€(s, 0)€" + dY?[uzo(s, 0) + uz1(s, )e?] + d¥*+ ... + c.c., (37)

where the function§(s, 6), u2(s, 6, n), . . . are 2r-periodic. Slow temporal and travelling variables are connected
to the small parameter of the diffusiarby

s = dY?s, n = n(d)6 + o(So)t.
Here, the wave number
nd)=d Sy + o

is a central one for excited spatial modes. We have introduced the “internal” parairteteraken (d) an integer,
sothatr = {e Y250} —e 128y, o € (—1, 0). This parameter allows us to fulfill the periodic boundary conditions.
Note that in particular, it depends on the geometrical size of the system.
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Let us substitute Eqgs. (36) and (37) into Eqg. (1), and collect the coefficients of the same powers tiie
second step, we obtain the expressions for functiops, 9), u21(s, ), and at the next step, we find thasatisfies

I & . 2
8_s_w(SO) (8—9+|05>+A§+BE|§| ;

with periodic boundary conditions
£(s,0) =5§(s,0 +2m),

where

iSo(So’

A= (p1—iSopodr)e”
2 efZi(SoSo

i u
B=e S| 204 20 + _ .
[ 2 2 \1-po  2iw(So) + 1+ 4SZ + poe25

The quasi-normal form given by (38) and (39) describes the dynamics of TW:

& (s, 0) = Eor expliprs + 1k6), k=0,%1,42,...,
with the amplitude

ReA
—ReB

ok =
and the frequency

pr = (k + 0)'(So) + Im A + €2, Im B.
Linear analysis shows that characteristic roots for every such solution are

A =imo(So), A, =imw(So) + 25, ReB, m=0,+1,+2, ...

(38)

(39)

The expression for the coefficieBtis analogous to Eq. (17) férand therefore, as before, Be< 0. Thus, the
obtained T W are neutrally stable and the second normalization is necessary to find the direction of their evolution.
However, it is possible to demonstrate the existence of the stable travelling waves in the “super” small vicinity of

the bifurcation point
A=d"?@o+ds),  p=po+dpr
In this case, we have to introduce the series
u = ug +d"%(s1, ©)€ + dluzo(s1, ©) + uz(s1, ¥ +d%?+ ...+ cc,
with the amplitudes depending slowly on time= dr and with moving variables
¢ =n+dY%a (So)t, O =0+ dY2 (So)t.
With these notations, the quasi-normal form becomes

g_c<azs 0t

051 -

(40)

(41)
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Here
C = 1+ 152 poe'50t,

The quasi-normal form (41) is a complex Ginzburg—Landau type equation. As before, the diffusion coefficient
C is determined by the characteristic of the rotation shift in the feedback. However, contrary to previous situations
it is a complex coefficient. That is why Eg. (41) is more complicated in comparison with the analogous one for
a two-component reaction—diffusion system under high-order spatial mode bifurcation [15]. On the other hand,
the quasi-normal form (41) is more complex than standard Ginzburg—Landau equation [10] due to the coefficient
o taking into account the geometrical size of the system. It is important that this coefficient does not disappear
asymptotically as the size of the system becomes larger. Below we investigate the effects of finite geometry in the
dynamics of the most simple solutions, the travelling waves, of the system.

In fact, Eq. (41) describes the phenomenon of multistability of travelling waves

£ = Eor eXPliwpsy + k@), k=0,+1, 42, ...

In the original system, they correspond to optical reverberators with a “quite large” number of light@pot: &,
and with the amplitude’/2£q,, where:

ReC
—ReB

and with the rotation frequency:

a— (U +k)2’

Eok =

2(k) = 0(So) + d2w1(k) + dwa(k),
w1(k) = @' (So) (0 + k), wa(k) = —(o + k)2 Im C +1m A + &2 Im B.

Hereafter, we use the notations

ReA Im B ImC
= = ——— cC=—7.
ReB ReC

)

ReC’
The expression for the rotation frequency includes small corrections §g), which, in particular, depend on
geometrical size of the system via the parameteFhat is the evident effect of the boundaries. More essentially,
the existence and stability of suéh- T W depends also on the internal parameteindeed, the T W-solution with
wave numbek exists if

a> (o +k? (42)

According to this condition, the typical domains of thd W existence are given in Fig. 5 for different values of
o. At a sufficiently large value of, several different travelling waves may exist, arising from different initial data.
Investigating their stability, one finds the characteristic equation

A2 — 2mh1+hp =0, m=0+142,..., (43)

hi=—&& —m? —i2mc(o + k),
ha = 282 [m?(L+ be) + 2im(o + k) (c — b)] 4 [m? — 4m? (o + k)?](L+ c2),

which gives the stability boundaries of th& W shown in Fig. 5 by the dotted curves. We can estimate approximately
these boundaries as

2 1142
be ) +c (44)

k)?(3- - .
“>("+)< 1+bc) 21+be
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7 T T T T

Fig. 5. The domains of the existence (solid line) and stability (dotted line) of the travelling wave solutions of Egs. (41). The numbers
near curves denote the wave numbeds travelling waves. The part corresponding negativggfRemarked. The intensity of input field
K =5, the other parameters are found from Egs. (3) and (&) —4.273,80 = 1.593,5p = 1.653,¢ = 0.459, andb = —0.594.

One can see from conditions (42) and (44) that homogeneous solution (T W witt)) becomes unstable
if 1 + bc < 0. It agrees with the well-known result for the Ginzburg—Landau equation [10] and in this case the
possibility of complex irregular dynamics occurs [16]. The parameters of the initial problem described by Egs. (1)
and (2) give us the valuic in the limits (—0.5, 0), therefore such a possibility is not realized in the system.

In the opposite casél + bc > 0), there are some intervals af o for which the condition of stability follows
the condition of existence of the homogeneous solution. Apart from these intervals, there is a region of the Eckhaus
instability [17], where the T W-solution exits, but is unstable. In Fig. 5, this region is situated between the solid
and dotted curves. The detailed analysis of the Eckhaus instability has been presented, for example, in [18] for the
pitchfork bifurcation which was found to be always subcritical.

The characteristic equation (43) for the normal equation (41) presents another critical case: a pair of the roots
has pure imaginary values (at= +1) ata = ag, 0 = og S0 thati1(ag, og) = il, A_1(ao, op) = —il. In addition,
one simple zero eigenvalue @at= 0) is associated with the symmetry of Eq. (41), namglexp(i¢) is also the
solution of this equation. In the local vicinity of the bifurcation parameters

a =ap + €ai, o0 =00+ €01
the corresponding normal form on three-dimensional local invariant manifold reads
dw

dv 2
E—av%—ﬁvlvl ) E_O' (45)
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06 T T T T
B(K)

04 -

02 =

Fig. 6. The dependence of the Lyapunov valuesRm the intensityk of input field.c = —0.9.

Heret = es7 denotes a slow time and the functio¢r) is connected to the amplitude of the travelling wave by the
series

£(s1, ©) = Eoe[1 + 2¢Y2[v| (1 + iRe(q)) cosisy + O)
+ilm(g) sin(lsy + ©)) + € - - Jel2FeIntike, (46)

The parameteg is determined by

_ 2i(o0 + k) — 2blEqi|? — ¢
1+l + 2ic(og + k)
and, in addition, it is convenient to choose the constant value of the fungttorbe zerow = 0. The expressions
for the coefficientsy, 8 of the normal form (45) are too awkward hence we present here only the final result. Fig. 6
shows the dependence of the real part of the Lyapunov vale the intensity of the input lighk. One can see
that Reg < 0 atK € (4, 6.3). It means that the normal form (45) has a stable periodic solution

_(_Rea\Y2 (oo (Ime Imp
0= (res) ool (Res ~es)

in the region of T W-instability. This limit cycle results in a two-frequency attractor (torus) in the original system.
For the Lyapunov value R& > 0, the unstable cycle exists in the local vicinity of the stable T W-solution.

Thus, complicated pattern dynamics becomes possible at asymptotically small angle of the field rotation in the
feedback. Generally, it is interesting to note that, while the diffusion coeffidient 0, the specifier value cannot
be fixed. A small change af causes the displacement of the system alongiiaeconst. Fig. 5 shows how the type
of solution can change in this case. The part of the bifurcation boundary corresponding to the negative Lyapunov
value is specially marked. When(or equivalentlyd) is varied one rotating structure changes into another one, in
particular, a complicated beating of spatial modes can be observed. It means that despite of “large” geometrical size
R, the dynamics of the system depends unexpectedly on the quAmtitd~/d/So.

In conclusion, the complete bifurcation analysis has been done for optical system described by a single parabolic
equation with a retarded argument. It provides an excellent agreement with experimental results even on the level

s
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of the linear analysis. For instance, the quantitative comparison between theoretical and experimental rotation
frequencies of patterns was given in [2] for the parameters closed to critical. Our results explain the stability of
such patterns and the existence of the hysteresis which has been also observed experimentally. The last one is a
consequence of the mode competition in the vicinity of the bifurcation point of codimension two. Hence, such an
accurate experiment would be useful to test more refined conclusions of the theory in the case of the large scale
system, in particular, the transformation of the pattern shape to the step-form, the multistability, and, at last, mode-
beating regimes depending sensitively on the geometrical size. Since the obtained quasi-normal forms are universal
ones, we may also expect analogous self-organization phenomena in different systems. Indeed, a parabolic equation
with special antiperiodic boundary conditions appears as a quasi-normal form for some large-time-delay equations
[14] to be responsible for step-like temporal structures. Note also a sensitive dependence of the so-called “blinking”
state on the aspect ratio which has been experimentally and numerically observed in a large hydrodynamical system
[19,20].

Various types of critical cases of finite as well as infinite dimensions arise in the system due to specific “delay”
in space. That is why it is interesting to compare the equation with a spatial shift (1) to a parabolic equation with a
time delay:

ou 9%u

=D Sl —h,0)]

On the one hand, the same phenomenon is observed: a complex spectrum and, as a consequence, an occurrence
of nonstationary structures. On the other hand, the equation with a time delay should attribute to more difficult
problems, as far as its phase spagey, o] x Clo,2-] is essentially more difficult than the phase spéggz.) of
Eq. (1). Besides, the spatial shiftis limited by the interval0, 2) (i.e. by the size of the system), while unlimited
change of the time delayis possible that can result in extremely complicated dynamics, evln=a0 [21].

However, there is an important factor which distinguishes between the role of thehdmtalyof the shiftA. It is
connected with a study of the equations with a small coefficient of diffuBioBuch a peculiarity arises naturally
in many problems as due to some physical aspects of wave propagation, as to the spatial size of an object under
investigation. If the value of the time delays less than some threshold value, there are no local bifurcations at any
value of the diffusion coefficiend e (0, co). For Eq. (1) with spatial shift, that is not valid. In fact, the parameters
D and A are coupled so that at their simultaneous decreasing the bifurcations occur and lead to complex spatial
structures even at the level of local dynamics.
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