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 topological states 

exo$c	quantum	states		

Abelian	&	non-Abelian	anyons	

 but: in general no protection against losses 

protected	edge	states	&	edge	transport	

topological	protec$on		



  

topological order in the steady state  

of an open system ?? 



open dynamics drives the system to a steady state 

steady state:       attractor 

 open-system dynamics 



Re[�]

d

dt
⇢ = L ⇢

    gapped open systems 

L⇢� = �� ⇢�

parameter space 
� = 0

    damping gap 

 robustness of the steady state 



 outline 

 
•   topological invariants & open systems  

•   Su-Schrieffer-Heeger model & Thouless pump 

•   quantized topological transport in open spin chain   
 with interactions 

•   detection of topological invariant 
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topological invariants & open systems  



 topology 

    Möbius strip: 

 locally indistinguishable 



 topology 

    Möbius strip: 

 differ by global properties ! 



 topological invariants: geometric phases 

Zak (Berry) phase  
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 geometric phases for density matrices 

Uhlmann connection 

⇢ = ww†

w ! w U

gauge degree of freedom: U(N) 

O. Viyuela, et al. Phys. Rev. Lett. (2014) 
Z. Huang, D. P. Arovas, Phys. Rev. Lett. (2014) 

w† ! U† w†

U(1) Uhlmann phase 
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I
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⇥
w@�w
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 Berry phases for density matrices 

Furthermore without constraints: trivial global gauge 

w =
p
⇢

finite-T state of a Chern insulator  

J. C. Budich, S. Diehl 1501.04135:  
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where the circle S1 is around the kx loop of the BZ. Equiv-
alently, the role of kx and ky could be exchanged here, of
course. This is again because of the holonomy group struc-
ture of the Berry phase which allows us to divide the BZ into
stripes in an arbitrary direction.

The basic idea of Refs. [24, 25] is to take the right hand
side of Eq. (24) but to replace the ordinary Berry phase by the
Uhlmann phase as defined in Eq. (23), i.e.,

CU =

1

2⇡

Z

S1

 
@�k

x

U

@kx

!
dkx. (25)

We note that Ref. [24] actually discusses several constructions
in terms of the spectrum of the “holonomy matrix” ⇢(0)H�

U .
Since the absence of a holonomy group structure which is at
the heart of our present discussion also pertains to ⇢(0)H�

U ,
this distinction is not of central importance here as will be
addressed more explicitly in our example below. As both kx in
the BZ and the phase �k

x

U are defined on a circle, the mapping
kx 7! �k

x

U is characterized by an integer quantized winding
number which is exactly measured by Eq. (25).

However, since the Uhlmann phase does not have an addi-
tive group structure, CU cannot be represented as the integral
of a curvature over the 2D BZ. It is hence not immediately
clear to what extent CU , technically being a 1D winding num-
ber, can be seen as a unique property of the 2D system under
investigation. In particular, it is not clear that CU as defined in
Eq. (25) is equal to ˜CU obtained from CU by exchanging kx
and ky in all calculations, i.e.

˜CU =

1
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FIG. 1. (color online) Momentum dependence of the Uhlmann phase
for a thermal state at � = 1.3 for the model defined in Eq. (27). Left
panel: �k

x

U

as a function of k
x

. Right panel: �k

y

U

as a function of k
y

.

Here, we demonstrate that indeed CU 6= ˜CU can occur for
a Chern insulator the Hamiltonian of which is not invariant
under the exchange of kx and ky . To this end, we consider a
two banded fermionic Chern insulator on a 2D square lattice
with unit lattice constant defined by the Bloch Hamiltonian

H(k) =
3X

j=1

dj(k)�j ,

d1(k) = sin(kx), d
2
(k) = 3 sin(ky), (27)

d3(k) = 1� cos(kx)� cos(ky),

where �j are Pauli matrices. Note the anisotropy factor of
3 in d2(k) which is crucial here. For this simple model, the
Uhlmann connection and the Uhlmann phase can be readily
calculated. At T = 0, the ordinary Chern number is well
defined and explicit calculation yields C = �1. Also, both
CU and ˜CU trivially concur with C since the Uhlmann phase
reduces to the Berry phase for pure states such that Eq. (24),
Eq. (25), and Eq. (26) become equivalent. At finite T , the
system is in a thermal state defined by ⇢(k) = 1

Z e��H(k) with
Z = Tr[e��H(k)

]. Both CU and ˜CU jump to zero at critical
temperatures Tc and ˜Tc, respectively. Remarkably, for the
present model, Tc 6= ˜Tc, i.e., CU and ˜CU do not concur at all
temperatures. In Fig. 1, we visualize the winding numbers CU
(left panel) and ˜CU (right panel) for � =

1
T = 1.3. Clearly,

CU = 1 while �
k
y

U does not reach all values in [�⇡,⇡] which
implies ˜CU = 0. On a more detailed note, we would like to
point out that, for the parameters chosen here, CU is in the
well defined regime in the sense of Ref. [24]. This is because
the “holonomy matrix” ⇢(kx, ky0)H

�
k

x

,k

y0

U of a ky-loop with
footpoint ky0 at fixed kx is gapped for all kx, ky0, i.e., the
difference of the absolute values of its eigenvalues is finite
and bounded from below by � = 0.268.

V. CONCLUDING REMARKS

We have discussed how several assumptions regarding the
spectrum of a family of density matrices can lead to a topolog-
ically non-trivial gauge structure. In this framework topologi-
cal invariants that are protected by these spectral assumptions
have been defined for mixed states. Protected here means that
topologically inequivalent mappings from a parameter space
into the density matrices can be continuously deformed into
each other only if the underlying spectral assumptions are vi-
olated. Identification of the parameter space with the Bril-
louin zone of a lattice translation invariant system provides
one way of generalizing topological band structure invariants
to the realm of mixed states. A non-trivial example where go-
ing beyond pure states is crucial to obtain a topologically non-
trivial steady state in the framework of a non-equilibrium open
quantum system dynamics has been reported in [34]. Addi-
tional physical symmetries refining this system of topological
invariants can be considered in analogy to the pure state case.
The topological invariants defined here, being gauge invariant
properties of the density matrix, are in principle experimen-
tally accessible via state tomography. However, their relation
to natural observables like response functions is not yet con-
clusively understood. First progress along these lines has been
reported in Ref. [35]. As for two-banded Chern insulators like
the toy model in Eq. (27), any statistical mixture of bands with
opposite Chern number will certainly cause deviations from
the quantized Hall conductance. In other situations where the
physical ramification of the topological invariant is related to
a half-integer quantized polarization, a statistical mixture may
still exhibit a quantization.



 non-interacting fermions 

Gaussian systems C.E.  Bardyn, et al. New J. Phys (2013) 
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(†)
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 non-interacting fermions 
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topological classification in terms of  �ij
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(I)    closing of the damping gap (criticality) 

(II)    closing of the purity gap = gap of effective Hamiltonian 
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topological phase transition 

! beyond Gaussian systems ?? 



 polarization 

Thouless, Kohmoto, Nightingale, den Nijs (TKNN) PRL (1982) 

topology   "!   quantized bulk transport 

Zak phase & Polarization   

King-Smith, Vanderbilt  PRB (1983)  
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 quantization of Hall conductance 
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Su-Schrieffer-Heeger model  
& Thouless pump 

Su, Schrieffer, Heeger,  PRL (1979)  

D.J. Thouless, PRB (1983) 

Attala et al. (I. Bloch),   Nature Physics (2013)  



 SSH 

Model: free fermions on a superlattice with inversion symmetry 
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ĉiĉ
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à half filling = band insulator of lower sub-band 
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 SSH ! Rice Mele Hamiltonian 

locally 
indistinguishable

topological
phase transition
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Inversion symmeric SSH  symmetry breaking term  

t1 = t2

M.J. Rice & E.J. Mele, PRL(1982)  



Rice-Mele Hamiltonian 

breaking inversion symmetry & Thouless pump 
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breaking inversion symmetry & Thouless pump 

Rice-Mele Hamiltonian 
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ĉ†i ĉi+1
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breaking inversion symmetry & Thouless pump 

Rice-Mele Hamiltonian 
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ĉ†i ĉi
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breaking inversion symmetry & Thouless pump 

�P =
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Rice-Mele Hamiltonian 



quantized topological transport in  
an open spin chain 

D. Linzner, F. Grusdt, M. Fleischhauer, arxiv:1605.00756 



 model 

⇢̇ = L⇢ =
X

j,µ

⇣
2Lµ

j ⇢L
µ†
j � Lµ†

j Lµ
j ⇢� ⇢Lµ†

j Lµ
j

⌘

j j + 1j � 1

LA
j

LB
j

Lindblad generators 

LB
j =

p
1� "

h
(1� �)

⇣
�̂L,j+1 + �̂+

R,j

⌘
+ (1 + �)

⇣
�̂+
L,j+1 + �̂R,j

⌘i
LA
j =

p
1 + "

h
(1� �)

⇣
�̂L,j + �̂+

R,j

⌘
+ (1 + �)

⇣
�̂+
L,j + �̂R,j

⌘i



LB
j =

p
1� "

h
(1� �)

⇣
�̂L,j+1 + �̂+

R,j

⌘
+ (1 + �)

⇣
�̂+
L,j+1 + �̂R,j

⌘i
LA
j =

p
1 + "

h
(1� �)

⇣
�̂L,j + �̂+

R,j

⌘
+ (1 + �)

⇣
�̂+
L,j + �̂R,j

⌘i

 model 

action of Lindblad generators 
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 symmetries 
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 steady-state Thouless pump 

polarization in finite system with PBC 

R. Resta PRL 80, 1800 (1998)  
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 steady-state Thouless pump 

periodic cycle in parameter space 

steady state is a pure state  
(dark state) 
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 steady-state Thouless pump 

winding !! 

periodic cycle in parameter space 

1/2

�1/2



parent Hamiltonian 

 steady-state Thouless pump 

H =
X

µ

L†
µLµ

=   Rice-Mele Hamiltonian:  winding à quantized bulk transport 
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topological invariant = Zak phase / Chern number 



 steady-state Thouless pump 

inner part of parameter space 
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 steady-state Thouless pump 

TEBD simulations in inner part of parameter space 

Zak phase undefined  

 winding defines topological invariant 



robustness  



 robustness 

Hamiltonian disorder homogeneous local losses 

"

�

 robust to disorder and losses 



symmetry protected topological order  



 symmetry-protected topology 

inversion symmetric axes 

polarization constant & jumps at sigularity  

� = 0

" = 0



 symmetry-protected topology 

Inversion symmetry 
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topological singularity  



 topological singularity 



 damping spectrum (4 sites) 

 no closing of damping gap 

L⇢⌫ = �⌫⇢⌫ ⇢⌫(t) = ⇢⌫(0) e
�⌫t

Re[⌫]



 eigenvalues of the density matrix (4 sites) 

à no degeneracies in the density matrix ! 

 no closing of generalized “purity” gap 



detection of topological invariant 
  



 detection of top. invariants in interacting systems 

topological polarons  

F. Grusdt, N. Yao, D. Abanin, M.F., E. Demler,   arxiv:1512.03407  



 auxiliary system 

coupling of spin chain to closed fermion system  
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 effective Hamiltonian of auxiliary system 

tunneling rates  

staggered potential  
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perturbative limit  à   no effect on open spin system 
    mean-field dynamics in auxiliary system  
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 induced Thouless pump (Rice-Mele) 

�t1 � t2
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 summary 

notion of topological order in open systems 
beyond Gaussian systems open problem 

quantized polarization winding to classify topology 
also in non-Gaussian systems 

reservoir induced topological polarization 
winding in open interacting spin chain 

•  robust to Hamiltonian perturbation, dephasing & losses  

•  symmetry protected topological order 

•  nature of topological singularity unlcear 
      (no damping gap nor purity gap closing) 

•  detection scheme 
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