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Quantum Phase Transitions 

Metals Insulators 

Quantized Conductance 

Quantum Hall Effect 

Topological  Insulators 

Dirac Fermions 

Graphene 

Photovoltaic Quantum Hall effect High Tc 

Superconductivity 

Majorana Fermions 

Quantum Magnetism 

Weyl Fermions 



Why cold atoms? 

• Different approach 
• New systems  
• New regimes 
• New questions 
•  Surprises 



Optical Lattices 

+ 

Quantum Gases (40K) 

Building the Hamiltonian 

See also: Mainz/Munich, Hamburg, MIT, Illinois, Rice,… 



Building a lattice Hamiltonian 



Simple Measurement... 



Simple structure... 



Bose gases in lattices with topological defects 

BEC in Excited bands: 
•  1D « Dirac point » (Weitz group, Bonn) 

 S. Kling et al., Phys. Rev. Lett. 105, 215301 (2010) 
 T. Salger et al., Phys. Rev. Lett. 107, 240401 (2011) 

•  Quadratic avoided  band crossing  (Hemmerich group, Hamburg) 
  M. Ölschläger et al., Phys. Rev. Lett. 108, 075302 (2012) 

BEC in Kagome:  
 (Dan Stamper-Kurn, Berkeley) 
 G.B. Jo et al. Phys. Rev. Lett. 108, 045305 (2012) 

BEC in a Honeycomb lattice: 
 (Sengstock group, Hamburg) 
 P. Soltan-Panahi et al., Nature Phys. 7, 434 (2011) 
 P. Soltan-Panahi et al., Nature Phys. 8, 71 (2012) 



Thanks to Dario Poletti and Corinna Kollath 
 



Tunable Geometry Optical Lattice 
Setup Optical potential 

λ = 1064nm 

+ 

Other complex lattices: NIST, Munich, Hamburg, Berkeley 



Tunable Geometry Optical Lattice 
Chequerboard 

Triangular Honeycomb 

Dimer 1D chains 

Square 

V  =0 X 



Honeycomb Lattice 



Probing the Dirac points 

vanishing density of states 
 
small energy scales 



Bloch oscillation and interband transitions 

+ magnetic gradient  

Transfer to 2nd band 

Starting point 

qx 

qy 

Method in 1D: T. Salger et. al,  Phys. Rev. Lett. 99, 190405 (2007) 



Touching Dirac points 
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L.	Tarruell,	D.	Greif,	T.	Uehlinger,	G.	Jotzu,	and	T.	Esslinger,	Nature	483,	302–305	(2012).	
Theory,	see	also:	L.-K.	Lim,	J.-N.	Fuchs,	G.	Montambaux,	PRL	108,	175303	(2012)	

	
	



Breaking Inversion Symmetry 



Breaking Inversion Symmetry 
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Berry curvature 

See also: L. Duca, Science 347, 288 (2015) 



Berry Curvature and Transverse Drift 

2nd BZ 

1st BZ 

Chang and Niu, PRL 75, 1348 (1995) 
Price and Cooper, PRA 85, 033620 (2012) 



Berry Curvature and Transverse Drift 

2nd BZ 

1st BZ 

Like a Hall current 



Topological Haldane model 

Proposal for Quantum Hall Effect without magnetic field! 
Haldane, PRL 61,2015-2018 (1988) 



Topological Haldane model 
Start from a honeycomb lattice 

 inversion and time-reversal symmertry 



Topological Haldane model 

break time-reversal symmetry 





Topological Haldane model 
break time-reversal symmetry with  
complex next-nearest neighbour tunnellings 



è Topological Chern insulator, with non-
zero Hall conductance




Topological Haldane model 
Additionally break time-reversal symmetry 
with energy offset 




è Distinct topological phases 



Topological Haldane model 

Haldane,	PRL	61,2015-2018	(1988)	



Topological Haldane model 

Haldane,	PRL	61,2015-2018	(1988)	



Topological Haldane model 

Haldane,	PRL	61,2015-2018	(1988)	



Topological Haldane model 

Haldane,	PRL	61,2015-2018	(1988)	



How? 
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geometrical constant of order unity, and g is the Lande g
factor for the electrons.
While the particular model presented here is unlikely

to be directly physically realizable, it indicates that, at
least in principle, the QHE can be placed in the wider
context of phenomena associated with broken time-
reversal invariance, and does not necessarily require
external magnetic fields, but could occur as a conse-
quence of magnetic ordering in a quasi-two-dimensional
system.
This requirement is not fulfilled by the physical system

(a domain wall in a PbTe-type semiconductor) in which
Fradkin, Dagotto, and Boyanovsky (FDB) have recent-
ly proposed related effects may be realized. In this mod-
el, spin-orbit coupling is supposed to give rise to the
effect, but this does not break time-reversal symmetry.
In fact, in "simplifying" the p bands of the Hamiltonian
that describes PbTe, FDB introduce an unphysical
effective spin-dependent hopping term that is odd under
time reversal, and thus break the time-reversal invari-
ance of the original physically motivated model. This,
rather than any topological character of the domain wall,
is the reason that FDB find the "parity anomaly" at the

end of their calculation.
I thank E. Fradkin and T. A. L. Ziman for very useful

discussions. The author would like to thank the Alfred
P. Sloan Foundation for financial support.
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Breaking time-reversal symmetry 

Proposal for Photovoltaic Hall effect in graphene 

T. Oka und H. Aoki, PRL 79, 081406 (2009) 



 
Other proposals to realize topological Hamiltonains: 
T. Kitagawa et al., Phys. Rev. B 82, 235114 (2010) 
P. Hauke et al., Phys. Rev. Lett 109, 145301 (2012) 
 
Realisation in photonic system: Rechtsman et. al   Nature 496, 196–200 (2013) 
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Breaking time-reversal symmetry 



Lattice Shaking 
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Breaking time-reversal symmetry 

Lattice shaking: 
 
 
 

Pisa —  Lignier, PRL 99, 220403 (2007) 
Hamburg/Barcelona — Struck, Science 333, 996-9 (2011), PRL 108, 225304 (2012)  
Chicago — Parker, Nat. Phys. 9, 769-774 (2013) 
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Chern number 0 Chern number -1 

Trivial band insulator Chern insulator 

Berry Curvature  



à Transverse Drifts 

Berry Curvature - Measurement  

See also: M. Aidelsburger, Nature Physics 11, 162  (2015) 



Berry Curvature - Measurement  

à  Detect difference in center of  
mass position after full Bloch cycle 

See also: M. Aidelsburger, Nature Physics 11, 162  (2015) 



Topological features of the system 

ΔAB ≠ 0 

ΔT ≠ 0 
nonzero Chern number 

topologically trivial 

G. Jotzu, M. Messer, R. Desbuquois, M. Lebrat, T. Uehlinger, D. Greif, T. E.,  Nature 515, 237 (2014) 



Observing Transverse Drifts 

G. Jotzu, M. Messer, R. Desbuquois, M. Lebrat, T. Uehlinger, D. Greif, T. E.,  Nature 515, 237 (2014) 



Mapping out the transition line 



Mapping out the transition line 

G. Jotzu, M. Messer, R. Desbuquois, M. Lebrat, T. Uehlinger, D. Greif, T. E.,  Nature 515, 237 (2014) 



Mapping out the transition line 

G. Jotzu, M. Messer, R. Desbuquois, M. Lebrat, T. Uehlinger, D. Greif, T. E.,  Nature 515, 237 (2014) 



What about interactions? 

Little is known 



What about interactions? 

 
Loaded interacting gas into 

coupled layers of Haldene models 
 

è Observed no significant heating 



What about spin dependency? 

Proposed in: G. Jotzu, M. Messer, R. Desbuquois, M. Lebrat, 
 T. Uehlinger, D. Greif, T. E.,  Nature 515, 237 (2014) 



What about spin dependence? 

The band structure is different for each internal state 
 

mF=-5/2 

mF=-9/2 

K0
-9/2 

G. Jotzu, M. Messer, F. Görg, D. Greif, R. Desbuquois, and T.E. PRL 115, 073002 (2015) 
  
 

mF=-9/2 mF=-5/2 



What about spin dependence? 

mF=-5/2 

G. Jotzu, M. Messer, F. Görg, D. Greif, R. Desbuquois, and T.E. PRL 115, 073002 (2015) 
  
 

mF=-9/2 



What about quantized edge currents? 

Hasan, Kane RMP 82, 3045 (2010) 

See: M. Mancini et al. Science 349, 1510 (2015) 
B. K. Stuhl et al. Science 349, 1514 (2015) 
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Supersolidity? 



Supersolidity? 

Coexistence of:  
-  non-trivial diagonal long-range order 
-  off-diagonal long-range order  

A. J. Leggett, Phys. Rev. Lett. 25, 1543 (1970) 



A possible Hamiltonian 
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Quantum Phases of Dipolar Bosons in Optical Lattices
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The ground state of dipolar bosons placed in an optical lattice is analyzed. We show that the modifica-
tion of experimentally accessible parameters can lead to the realization and control of different quantum
phases, including superfluid, supersolid, Mott insulator, checkerboard, and collapse phases.

DOI: 10.1103/PhysRevLett.88.170406 PACS numbers: 03.75.Fi, 05.30.Jp, 64.60.Cn

The Bose-Einstein condensation (BEC) of dilute atomic
gases [1] has opened a new interdisciplinary area of mod-
ern atomic, molecular, and optical (AMO) physics on one
side and condensed matter physics on the other: the study
of ultracold weakly interacting trapped quantum gases [2].
Thus far most of the experiments in this area have been
very accurately described by the semiclassical mean-field
method and its extensions, based on the Gross-Pitaevskii
(GP) and Bogoliubov– de Gennes equations [3]. How-
ever, experimental techniques have recently progressed
to a stage at which mean-field methods cease to provide
an appropriate physical description. In this sense, ex-
periments on Feshbach resonances at JILA [4] allow the
modification of the s-wave scattering length to such large
values that the mean-field picture is no more applicable.
Similarly, the achievement of BEC in metastable helium
[5] opens the possibility to study higher-order correlation
functions, whose analysis requires theoretical approaches
beyond mean field. The recent observation of the Mott
insulator-superfluid phase transition in ultracold atomic
samples in optical lattices [6], predicted in [7], belongs
to the same category, but at the same time initiates a new
research area of AMO physics: the physics of strongly
correlated quantum gases. The experiments of [6] are
relatively easy to accurately control and manipulate and
thus provide a novel and particularly promising test ground
for theories of quantum phase transitions [8], which have
traditionally dealt with condensed-matter systems rather
than with atomic gases.

The influence of dipole-dipole forces on the properties
of BEC has also drawn considerable attention recently.
It has been shown that these forces significantly modify
the ground state and collective excitations of trapped con-
densates [9–11]. Dipole-dipole interactions are also re-
sponsible for spontaneous polarization and spin waves in
spinor condensates in optical lattices [12] and may lead
to self-bound structures in the field of a traveling wave
[13]. In addition, since dipole-dipole interactions can be
quite strong relative to the short-range (contact) interac-
tions, dipolar particles are considered to be promising
candidates for the implementation of fast and robust quan-
tum-computing schemes [14,15]. Sources of cold dipolar
bosons include atoms [16] or molecules [17] with perma-
nent magnetic or electric dipole moments. Other possible

candidates could be atoms with electric dipoles, induced
either by large dc electric fields [9] or by optically admix-
ing the permanent dipole moment of a low-lying Rydberg
state to the atomic ground state in the presence of a mod-
erate dc electric field [11,14].

This Letter is devoted to the analysis of the ground state
of an ultracold gas of polarized dipolar bosons in an optical
lattice. The ground state of a gas of short-range repulsively
interacting bosons in a periodic potential can be either in
a superfluid phase or in a Mott-insulating phase, charac-
terized by integer boson densities and the existence of a
gap for particle-hole excitations [18]. The superfluid-Mott
insulator transition in cold bosonic atoms in optical lat-
tices has been recently theoretically analyzed [7] and ex-
perimentally demonstrated [6]. For the case of finite-range
interactions new quantum phases have been predicted [19],
including supersolid phases which combine both diagonal
and off-diagonal long-range ordering. To the best of our
knowledge, dipole-dipole interactions have not yet been
discussed in this context. We show in the following that
these interactions, which are long range and anisotropic,
lead to new interesting properties. The long-range charac-
ter of the dipole-dipole potential provides a rich variety of
quantum phases. Moreover, we show that the interactions
in a gas of dipolar bosons are easily tunable, allowing for
the experimental engineering of quantum phase transitions
between various kinds of ground states. Such a highly con-
trollable system may be crucial in answering some unre-
solved questions in the theory of quantum phase transitions
(e.g., the existence of a yet-unobserved supersolid [20], or
a Bose metal at zero temperature [21]).

A dilute gas of bosons in a periodic potential (e.g., in
an optical lattice) can be described with the help of the
Bose-Hubbard (BH) model [7]. For particles interacting
via long-range forces, the BH Hamiltonian becomes
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where bi is the annihilation operator of a particle at the lat-
tice site i, which is considered as being in a state described

170406-1 0031-9007%02%88(17)%170406(4)$20.00 © 2002 The American Physical Society 170406-1
K. Goral, L. Santos, and M. Lewenstein, PRL 88, 170406 (2002) 
Scarola, V. W. & Sarma, S. D.. Phys. Rev. Lett. 95, 033003 (2005)  
 



Long-range interactions 

Dipolar molecules/atoms 

Rydberg atoms 

Cavity mediated interactions 
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Coherence: Measure of superfluid order parameter  



Cavity output: measure of checkerboard order parameter  



Phase diagram 

Renate Landig, Lorenz Hruby, Nishant Dogra, Manuele Landini, Rafael Mottl, Tobias Donner, 
TE, Nature 532, 476 (2016), arXiv:1511.00007 

Related work: J. Klinder, H. Keßler, M. Reza Bakhtiari, M. Thorwart, and A. Hemmerich, Phys. Rev. 
Lett. 115, 230403 (2015), arXiv:1511.00850 
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Deeper understanding of many-body quantum physics 



Deeper understanding of many-body quantum physics 
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