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Introduction: Delay in nonlinear systems and networks

Universal classification of delay-coupled networks
for large time delay: stability of synchronization

Application to neural networks and coupled lasers

Controlling synchrony in delay-coupled networks:
from in-phase to splay and cluster states

[
Adaptive control




Delay in nonlinear systems Is ubiquitous

e

electronic systems: capacitive effects (==RC) - ¢n

RN latency time due to processin

mechanical systems: balancing, segway

optical systems: signal transmission times
travelling waves + reflections
> laser coupled to external cavity (Fabry-Perot)dO0
> laser with optical injection or feedback (mirror)
> optically coupled lasers

® biological systems: cell cycle time
biological clocks
» neural networks: delayed coupling, delayed feedback




Why Is delay interesting in dynamics?

Delay increases the dimension of a differential
equation to infinity:

—ax(t) + bx(t — 1)

delay t generates

Simple equations produce very complex behavior:
delay-induced
delay-induced
stabilization of




Examples of complex systems (networks

brain




Synchronization in complex networks

m Synchronization and Desynchronization

s Constructive role for strongly coherent fields:
m Laser system, ...
=4 Synchronization
® A. Pikovsky, et al., Synchronization, Cambridge, 2001
= On occasion, undesirable phenomenon:
@ Parkinsomian tremor
E  Swayimng motion of London’s Millennium Bridge

3 Desynchronization

© simonho.org




Stablility of synchronous solutions
m Master Stability Function (MSF)

*. L. M. Pecora and T. L. Carroll: Phys. Rev. Lett. 80, 2109 (1998).

Network System

v, :

L 2

L .
L 1 yapunovExp. A (v,) /'y
MSF Method




Stability of synchronous solutions
m Master Stability Function (MSF)

*. L. M. Pecora and T. L. Carroll: Phys. Rev. Lett. 80, 2109 (1998).

Network System

v,

Extend to
delayed
coupling:




Synchronization in delay-coupled networks

Synchronization and delay

Synchronization in networks:

» | Synchronization of neurons|in the brain:

cognition, learning, Parkinson's, epilepsy

FlCha{}S synchronization of Ias.er5|
chaos communication, encryption

Delays play a crucial role in realistic networks:

delay +<— synchronization




Synchronization in delay-coupled networks

* M. Dhamala, V. K. Jirsa, M. Ding, PHILOSOPHICAL::
PRL 92, 074104 (2004) TRANSACTIONS:S

* |, Fischer, R. Vicente, J.M. Buldu, M. Peil, [atelass
C. Mirasso, M. Torrent, J. Garcia-Ojalvo: THE ROYAL *

PRL 97, 123902 (2006) SOCIETY
-] . Delayed complex systems
* W. Kinzel, A.Englert, G.Reents, M.Zigzag, R T e ey e
|. Kanter, PRE 79, 056207 (2009)
* V. Flunkert, S.Yanchuk,T. Dahms, E.Scholl:
PRL 105, 254101 (2010)
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Synchronization in delay-coupled networks
Master stability function (MSF)

» Network of delay-coupled elements (for simplicity use maps):

xt1 = F(x{) Zg{; (x!_,) (x" € RY)

o= Z;il gij row sum of the coupling matrix G

Y1 ..-YN—1 transverse eigenvalues of G

> Small perturbatmns £ around synchronized solution:
» Linearization and diagonalization of G
— variational equations

(41 = DF(X¢) & + o Dh(Xe—7) &r—r,
Et41 = Df(X¢) & + o Dh(Xe—7) -+




Synchronization in delay-coupled networks

Master stability function (MSF) Il

MSF = largest Lyapunov exponent A max(r €'?) that arises from the
variational equation

Er41 = DF(Xe) & + 1 e’V Dh(X¢—+)&e—r

0.04

0.0 system chaotic

0.00 system non-chaotic
—0.02

T (ret™)

004 synchronization stable

synchronization unstable




Synchronization in networks W|th Iarge delay

(106

Structure of the MSF for large delay,ﬁ 0.04

0.02
0.00
| —0.02
i -
Am a.x{ re ) : —0.04
—0.06

{150
. ' .48
» Rotationally symmetric around the ﬁ 016
origin, i.e. independent of - TP o

5 . 0.42

(1440

» Either negative at the origin and ey

monotonically increasing with r Re (rei®
—  Amax ChangES sign at a crictical
radius rp

» Or positive at the origin and then
constant everywhere
[Local Lyapunov exponent]

l l ]
_ —0.4-02 00 02 04
Coupled semiconductor lasers (Lang-Kobayashi) gre(yei®




Synchronization in networks with large delay

Universal classification of networks

chaotic non-chaotic
synchronized dynamics  synchronized dynamics
(ro <o) (ro > |o])

(A)  |Ymax| < |o|  synchr. stable synchr. stable
iff |F:l"max| < fp

(B) |7%max| = |o|  synchr. unstable synchr. stable

(C)  |ymax| > |e|  synchr. unstable synchr. stable
iff |,Tmax| <

o= Z}il gij row sum of the coupling matrix G
Y1 ... YN—1 transverse eigenvalues of G




Synchronization in networks with large delay

Class B and C — no chaos synchronization possible

» Rings of unidirectiunally coupled elements

» Networks with zero row sum (o = 0)
[W. Kinzel et al., Phys. Rev. E 79, 056207 (2009)]

Lasers (including role of phases):




Synchronization in networks with large delay

Class A — chaos synchronization possible,
non-chaotic synchronization stable

» Rings of unidirectionally coupled elements with self-feedback

%A
e oéi b

» Rings with bidirectional coupling

» Mean-field coupled systems

» Networks with only inhibitory or only excitatory coupling

(class A or B)




Networks of chaotic lasers

M N,
)'{Ek) — F(xgk)) + 0o Z Z Ag‘”}H(k”]x}”)(r — T(k”))
n=1 j=1

The Lang-Kobayashi model for semiconductor lasers
-

with carrier inversion n, electric field E = x + iy: x = (n, x, y)

" H=

Why networks of lasers?

» Chaotic dynamics as information carrier
» Secure communication

» Lang-Kobayashi as paradigmatic model in nonlinear dynamics




Isochronous chaotic synchronization

Example: isochronous synchronization in a random
network, N = 25 lasers, p = 0.8 t=1000 (1 ns)




Master stability function

Example: random network: p = 0.8

largest Lyapunov exponent \




Master stability function

Example: random network: p = 0.6

largest Lyapunov exponent \




Master stability function

Example: random network: p = 0.4

largest Lyapunov exponent A\




Master stability function

Example: random network: p = 0.2

-

10.00

largest Lyapunov exponent A




Group synchrony




Synchronization in neural networks

The FitzHugh-Nagumo model for neuronal activity

with activator u, inhibitor v: x = (u, v)'

operation in the excitable regime

uncoupled neurons rest in fixed
point

] - network coupling induces ‘periodic‘
ug} Sp|k|ng
excitablility type-Il time delay sets period




In-phase synchronization of FHN model

Master stability function .
Stability does not

é: (DF+§'C)€—|— C(ﬂl—— J’B)H&T depend on 7 or C

but exclusively on
' the topology!!!

real coupling C

Class B: stable
1 periodic sync

Maximum Lyapunov exponents as a continuous function of the
eigenvalues (topology!)




Small-world network with inhibitory coupling

@ Regular network of excitatory coupled neurons

@ Add randomly for each excitatory link with probability p an
inhibitory |one (no rewiring!)

@ Example: N = 20, next-nearest neighbors k =2, p=0.1

M. E. J. Newman and D. J. Watts, Phys. Lett. A 263, 341 1999




Eigenvalue spectrum of coupling matrix

N =20, k=2, p=0.05

Synchronization Desynchronization




Desynchronization phase transition

Fraction of desynchronized networks (/N = 100)

Inhibitory links introduce desynchronization




Thermodynamic limit of phase transition

Fraction of desynchronized networks:
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Thermodynamic limit of phase transition

Fraction of desynchronized networks:
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Thermodynamic limit of phase transition

Fraction of desynchronized networks:
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Thermodynamic limit of phase transition

Fraction of desynchronized networks:
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Thermodynamic limit of phase transition

Fraction of desynchronized networks:
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Thermodynamic limit of phase transition

Fraction of desynchronized networks:
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Excitability type-I: SNIPER or SNIC
(saddle-node Infinite period bifurcation)

Global bifurcation of limit cycle for b=1 (SNIPER)
frequency of limit cycle scales as

r = x(l— e — r,." )+ yle—b)

g = y(l—a*—y*) —x(x —b)

(similar: Hindmarsh-Rose model for neurons)




Coherence Resonance

PHYSICAL REVIEW
LETTERS

VoLumE T1 9 AUGUST 1993

Stochastic Resonance without External Periodic Force

Hu Gang

frternational Centre for Theoretical Physics, Trieste 34100, lialy
and Physics Department, Beijing Normal University, Beijing 1008735, People's Republic of China

T. Ditzinger,* C. Z. Ning, and H. Haken
Institut fiir Theoretische Physik und Synergetik, Universitat Stuttgart, Pfaffenwaldring 57/1V,
D-7000 Stuttgart 80, Federal Republic of Germany

f signal-to-noise ratio
f T -

400

(b) -1 0 1

2 noise‘tntensi



Delay Induced multistability near SNIPER

(1 — T2 — y° )—|—t;[,r —b)— K(x — ;) K=0: Global bifurcation (SN'PER)

y(1—o? —y?) —a(e —b) = Ky —yr)

\Multistability:
\ fixed point

‘ +
\
'*,‘Iimit cycles

Monostability:
Fixe|d pOinF ‘Homoclinic bifurcation
2 4 8 10

Homoclinic orbits:
Shilnikov Theory

J. Hizanidis, R. Aust and E. Schall: IJBC 18, 1759 (2008)



Delayed feedback control of coherence
resonance: enhancement for optimal t©

0.1 0.15 0.2 0.25 0.3 0.35 04 045 05
D
t=z(l-2"—y*) +y(z—b)+DE+ K (¢, —a)
j=y(1—-2"—y*) —z(z—b)+ DE+ K (yr —v)
R. Aust, P. Hovel, J. Hizanidis, and E. Scholl: EPJ-ST 187, 77 (2010)




Networks of type-| excitable systems

N
%; = f(x;) + 0 Y GiH(x;(t —7) — x(t))

i=1

Synchronous dynamics:

Master stability function A:
Stability of zero-lag sync

6x(t) = [Df(x) — oH|6x(t) + (a + i3)Héx(t — 7)

unidirectional ring:
Stable delay-induced
periodic sync at =10
for excitatory coupling

-0.2

—-0.3 0.0 0.3 0.6 —-0.3 0.0 0.3 0.6 P
(@) X




Desynchronization by inhibitory couplings
Start with regular ring with coupling (k nearest neighbors)

Introducing long-range In a small-world like fashion
with probability p can lead to desynchronization




Small delay: Master stability function

Behavior different
from FHN:

rotational symmetry
breaks down

disconnected
stablility islands

-0.3 00 0.3 0.6




Control of synchronization by balance of
excitatory / inhibitory coupling
1.0ﬁ - . = 1.0; =
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0.6/ 0.6

p— p—
~ =~
=y ~
~— ~—

= =
0.4 0.4

w/ A { 1

0 01 02 03 04 05 %0 01 02z 03 04 05 90 01 02 03 o4
probability of inhibition, p probability of inhibition, p probability of inhibition, p

=2

|
B

(d)

|
—

|
—

—_—

eigenvalues

eigenvalues

N
N

0 01 02 03 04 05 60 01 02 03 04 O 50 01 02 03 04 O.
probability of inhibition, p probability of inhibition, p probability of inhibition, p

(a) k=20, (¢) k=40, and (e) k

500 realisations of networks of N = 200 ag=10.3 and T =




Mechanism for multiple sync/desync

transitions
Eigenvalue spectrum Histogram of eigenvalue spectrum
N=100, k=10, p=0 N=100, k=10, p=0.2 (1000 realizations)

small-world random network

00 05

. -1 0 1 2 2 -1 0 1 2
eigenvalues v,

eigenvalues v eigenvalues v




Delay-coupled network of Stuart-Landau
oscillators

C.U.Choe, T. Dahms, P. Hovel, E. Scholl: Phys. Rev. E 81, 025205 (R) (2010):

MOdel: Delayed networks of super- and subcritical Hopf normal forms

: =[a+ioFA+in|, 0 12,0+ 0 3 a, |z, @ -0)-=,0)]

c

-,» supercritical Hopf bifurcation
‘“+,: subcritical Hopf bifurcation coupling phase

Constant row sum condition:




Tune coupling phase [ for
In-phase / splay / cluster state

By changing the value of 5 one can provide stability of different
states:

In-phase sync | | _Cluster state




Simulation of 12 non-identical oscillators

Control of synchronization in Networks of Delay-Coupled Stuart-Landau Oscillators
(Unidirectionally Coupled Ring: N=12, K=0.9, 5 =0.04, 1=0.1x)

. Order Parameter

Coupli ith 3= OFF Tal
gggtprg{g ww:g %: gtz K (%FFF In phase
ontro Wi = - 1- S
Control  with ) = Q: - 221N : OFF Splay
ool wity  Rofr-femwnli Off
n | —- - L %

Control  with = QE = 6.2;!LIN . OFF 6-C| USter
4-cluster
3-cluster
2-cluster

order parameter Re'® =




Adaptive control
Find phase 3 by adaptive algorithm:
Minimize goal function Q(x(t),t) to find optimum coupling phase 3
Speed-gradient method of control theory: (along trajectory)
control variable u




Adtive IN-

0k
L2
(¥
]
ot s
o

ohase synchronization

radius r.
el J I'=1, N=6 nodes

Erdds-Rényi random network

phase

difference

A,

coupling [ | .

phase B * different from MSF value Qrt
=0, K =008, 7 = 0.527, N = 6.

goal

function




Adaptive cluster synchronization

Choose different goal function to distinguish splay and d-cluster states:

Qs =1— falp)

=1 for p-cluster state




Adaptive cluster synchronization

Choose different goal function to distinguish splay and d-cluster states:

i o all divisors p of d also
Rs=1— falp) satisfy fd -1
-> add penalty

=1 for p-cluster state




Adaptive cluster synchronization

Choose different goal function to distinguish splay and d-cluster states:

V: all divisors p of d also

|
|
-

Qa=1— falp)+ = D satisfy f,=1
-> add penalty

=1 for p-cluster state

(N=6)




splay state 2-cluster 3-cluster
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Controlling K, B, T simultaneously: 3-cluster

6
4
2
0
- B
G
4
2
0




Self-adaptive control of network topology

Use speed-gradient algorithm to self-adaptively adjust the coupling
matrix G; for a desired synchronization state (zero-lag or cluster)

Goal function for d-cluster state:

N? 5
Qu=1— faly H—— o)+ /ZZ‘”A — 1)%dt
< U i.'

[_fl;_f

previous goal function g constant row sum

Result for zero-lag synchronization
(d=1) :

Initial condition: unidirectional ring,
zero-lag solution unstable,
4-cluster-synchronization stable

Control switched on at t=200




Self-adaptive control of network topology

_ _ time: 49.750
Time evolution

of network
topology

(30 nodes):
6-cluster state




Conclusions

»  Delay-coupled networks of oscillators

» Master Stability Function for delay-coupled networks:
universal classification of stable sync for large delay

» Application to neural networks and laser networks

Control of synchronization/desynchronization transitions
by balance of excitatory and inhibitory couplings

» Adaptive synchronization: speed gradient method helps
to find suitable coupling phase and coupling strength
for in-phase, splay, and cluster states

» Adaptive control of network topology
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Synchronization in networks with large delay

Sketch of the proof | - fixed point

Variational equation

Exir = DF(Xi) & + re™ Dh(Xp—y) Ek—r.

Simplest case:
Fixed point X, = X in the synchronization manifold

Ckr1 =Alk + re"V Bé,.
Ansatz &, = z" £o yields eigenvalue equation
det[A -z + re'"Bz7 | =0

Synchronization stable iff all solutions z have |z| < 1.




Synchronization in networks with large delay

Sketch of the proof || — eigenvalue spectrum

det[A -zl + re"."-*'""Bz_T] — 0 (1) 1F e

For large 7 two types of solutions:

1. strongly unstable spectrum
Solutions of det[A — z /] = 0 with
|z| > 1 are also solutions of Eq. (1).

2. pseudo-continuous spectrum
Ansatz

z=(14+6/1)e™

gives solution branches (w) on
which the solutions lie densely.

» r shifts branches right / left




Weak and strong chaos

10 15 20 25 30

(r {Il:’::_] 1

FIG. 2 (color online). (a) Maximum Lyapunov exponents A,,

Lang-KObayaSh| |aser mOdeI (solid line) and A, (dashed line) of the SM for 7 = 10 ns vs

coupling strength o. (b) Enlarged view for small coupling
strengths o.

Maximum Lyapunov exponent within SM: A,

Instantaneous Lyapunov exponent (SM without delay term): A,=A,,,(0)
Weak chaos (A, < 0): stable chaotic synchronization (A, = n/1)

strong chaos (A, > 0): no chaotic synchronization (A, ~ Ay)




Conclusions
»  Delay-coupled networks of oscillators

» Generalization of Master Stability Function
for general networks with constant row sum

» Control of synchrony by coupling phase:
syn- or desynchronization

» Unidirectional ring: in-phase / splay / cluster states
controlled by coupling phase

» Results are robust for slightly non-identical oscillators

»  Synchronization in neural and laser networks
P Desynchronization transition in small-world networks with
Inhibitory coupling
P Cluster synchronization in chaotic laser networks




