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Outline

• a linear neural system

• everything starts with the slaving principle

• additive noise in non-delayed nonlinear systems

• additive noise in delayed nonlinear systems
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feedback system in weakly electric fish

topological feedback model 

with spatially correlated input
(Hutt, Sutherland and Longtin, Phys.Rev.E 78, 021911(2008))

experimental results obtained 
in vivo from electric fish

(Doiron et al., Nature (2003))
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τe

∂E(x, t)

∂t
= −E(x, t) −

∫
Ωn

dy Ken(x − y)Sn[N(y, t − τ2)] + I(x, t)

τn

∂N(y, t)

∂t
= −N(x, t) −

∫
Ωe

dx Kne(y − x)Se[E(x, t − τ1)]

stationary constant state: 

L̂u(x, t) = −

g

τeτn

∫
Ωe

dx′ F (x − x′)u(x′, t − τ0) + I(x, t)

linearization with u(x,t)=E(x,t)-E0:

E0 = κenSn (κneSe (E0)) , N0 = κneSn (E0)

(Hutt, Sutherland and Longtin, Phys.Rev.E 78, 021911(2008))

nonlinear evolution:

F (z) =
1

√

2πσf

e
−z2/2σ2

fC(z) =
1

√

2π
e
−z2/2σ2

iinput correlation:  spatial feedback:

〈I(x, t)I(y, T )〉 = Qδ(t − T )C(x − y)noisy external input:
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strong input correlation

weak input correlation

(Hutt, Sutherland and Longtin, Phys.Rev.E 78, 021911(2008))

τd = 6ms

power spectrum
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linear approximation ....

1. ... assumes a stimulus-independent 
stationary state

2. ... assumes small deviations from the 
stationary state (low noise level)

3. ... assumes stimulus-independent time 
scales 

but:  
what happens if 

assumptions do not hold ?
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major results
fast variable depends on slow variable (slaving principle):

application to Haken-Zwanzig model:

resulting order parameter equation (lowest order): 
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1996: 
Xu and Roberts show similar results based on a 

stochastic centre manifold approach

ansatz:

order parameter equation (up to 5th order):

Haken-Zwanzig:

noise-induced shift

10Thursday, November 15, 2012



+

(
∫

Ω

dy K1(x − y) U(y, t) + K2(x − y) U2(y, t) + K3(x − y) U3(y, t)

)

dt

dU(x, t) ≈ ηdW (t)

(Hutt and Atay, Physica D 2000; Hutt aet al., PhysicaD 2008))

∂V (x, t)

∂t
= −V (x, t) +

∫
Ω

dy K(x − y)S[V (y, t)] + I(x, t)

V0 =

∫
Ω

dy K(y)S[V0] + I0stationary homogeneous state:

global random fluctuations:
(Gaussian i.i.d.)

〈Γ(t)Γ(T )〉 = 2δ(t − T )〈Γ(t)〉 = 0 ,

I(x, t) = I0 + ηΓ(t)

nonlocal neural fields
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projection to Fourier space: U(x, t) =
1

√

|Ω|

∞
∑

n=−∞

un(t)eiknx

+



αnun(t) + βn

∑

l

ul(t)un−l(t) + γn

∑

l,m

ul(t)um(t)un−l−m(t)



 dt

dun(t) = δn,0ηdW (t)

analytical treatment

kc-kc k2c k3c-k2c k0-k3c

3

2

0
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deterministic centre manifold theorem says:

αc = 0 → un = un(uc), n "= c

u0 = h0(uc, t) =
∞∑

n=2

h
(n)
0 (uc, t) h

(n)
0 (uc, t) ∼ O(εn/2),

du0 =
∂h0

∂uc

duc +
∂h0

∂t
dt

Boxler (1989, 1991) :  it exists a stochastic centre manifold
 (proof of stochastic slaving principle). 
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u̇c = (αc − αth(η))uc + Cu3

c + Du5

c

noise-induced shift of bifurcation point by

(Hutt et al.,, Physica D 2008)(Hutt, et al., Phys.Rev.Lett. (2007))

αth(η) = η2

(

β0b

α2
0

− 3
γc

|α0|

)
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duc = (αc + bu0uc + 2γcu
3
c + 3γcucu

2
0)dt

du0 = (α0 + 4β0u
2
c + 2γcu

3
c + 3γcucu

2
0)dt+ ηdW (t)

K(x) is Mexican hat kernel:

(5th order)
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(Hutt and Atay, Physica D(2005); Hutt, Phys.Rev.E 75, 026214 (2007))

other example: extended Swift-Hohenberg equation 

∂U(x, t)

∂t
= aU(x, t) + bU3(x, t)− cU5(x, t)−

�
1 +

∂2

∂x2

�2

U(x, t) + ηΓ(t)

projection onto spatial Fourier modes: 
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after stochastic centre manifold reduction:

shift term

↓

schematic 
bifurcation diagram:
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(Hutt, Europhys.Lett. (2008))

numerical test:

η = 0.5

η = 0.8

η = 0.0

noise-induced phase 
transition:

ηη

now: additive noise induces instability
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conditions that additive noise changes stability:

e.g.

• specific nonlinear coupling of slow and fast mode 

• presence of slow and fast mode

• easy to understand if fast mode is noisy

• found in two- and infinite dimensional (spatial) systems

question: does it occur in delayed systems as well ?
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additive noise affects neural breathers

K(r) = 0.176e−r/3 − 0.045er/7 (local excitation, lateral inhibition)

τ
∂

∂t
V (x, t) = −V (x, t) +

�

Ω
d
2
yK(|x− y|)H

�
V

�
y, t− |x− y|

c

��
+I(x, t)

I(x, t) = (I0 + ξ(x, t))e−x2/2σ

�ξ(x, t)� = 0, �ξ(x, t)ξ(y, τ)� = 2κ2δ(x− y)δ(t− τ)
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simple neural delayed system:

Hutt et al., Europhys. Lett. (2012)
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stationary state:

characteristic equation:

,

projection on stable and unstable eigenvector: 

(only critical value λ=0)

new variable:
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centre manifold ansatz:

result:

Z(t)=ht(-τ,t)

noise-induced shift

Hutt et al., Europhys. Lett. (2012)
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delay necessary for effect

good pathwise reduction 

Hutt et al., Europhys. Lett. (2012)
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Ching et al. (2010)

effect of propofol on EEG
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