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•  Dorothy:  But how can you talk without a brain? 
•  Scarecrow:  Well, I don't know... but some people without brains 

    do an awful lot of talking. 
  -- The Wizard of Oz 
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Neural activity!

E = (mean) firing rate of a population of excitatory neurons!
I = (mean) firing rate of a population of inhibitory neurons!

w Background!
o     MEG recordings!

w Math-framework!
o     Wilson-Cowan/Kuramoto!

w Amplitude/phase!
o     Analytics!

w Kuramoto!
o     Semi-numerics!

7/40!



Neural activity!

d
dt
E = − E + S ae c1E − c2I −Θ

e + P!
"

#
$( )

d
dt
I = − I + S ai c3E − c4I −Θ

i!
"

#
$( )

w Background!
o     MEG recordings!

w Math-framework!
o     Wilson-Cowan/Kuramoto!

w Amplitude/phase!
o     Analytics!

w Networks!
o     Numerics!

w Background!
o     MEG recordings!

w Math-framework!
o     Wilson-Cowan/Kuramoto!

w Amplitude/phase!
o     Analytics!

w Kuramoto!
o     Semi-numerics!

8/40!

Wilson & Cowan, Biophys. J. 1972, Schuster & Wagner, Biolog. Cybern. 1990!



d
dt
E = − E + S ae c1E − c2I −Θ

e + P!
"

#
$( )

d
dt
I = − I + S ai c3E − c4I −Θ

i!
"

#
$( )

Neural activity!

R 

P 

ω 

P 

9/40!

Wilson & Cowan, Biophys. J. 1972, Schuster & Wagner, Biolog. Cybern. 1990!

w Background!
o     MEG recordings!

w Math-framework!
o     Wilson-Cowan/Kuramoto!

w Amplitude/phase!
o     Analytics!

w Kuramoto!
o     Semi-numerics!



Neural activity!

d
dt
Ek = − Ek + S ae c1Ek − c2Ik −Θ

e + Pk +
η
N

CklEl
l=1

N

∑
"

#
$

%

&
'

(

)
**

+

,
--

d
dt
Ik = − Ik + S ai c3Ek − c4Ik −Θ

i!
"

#
$( )

  ηC12 =ηC21

10/40!

Wilson & Cowan, Biophys. J. 1972, Schuster & Wagner, Biolog. Cybern. 1990!

w Background!
o     MEG recordings!

w Math-framework!
o     Wilson-Cowan/Kuramoto!

w Amplitude/phase!
o     Analytics!

w Kuramoto!
o     Semi-numerics!



Neural synchronization!

d
dt
Ek = − Ek + S ae c1Ek − c2Ik −Θ

e + Pk +
η
N

CklEl
l=1

N

∑
"

#
$

%

&
'

(

)
**

+

,
--

d
dt
Ik = − Ik + S ai c3Ek − c4Ik −Θ

i!
"

#
$( )

φk = arcta !n
Ek
Ik

"

#
$$

%

&
''phase!

  
ρ = 1

N eiφk

k=1

N

∑uniformity!

ρ

η

11/40!w Background!
o     MEG recordings!

w Math-framework!
o     Wilson-Cowan/Kuramoto!

w Amplitude/phase!
o     Analytics!

w Kuramoto!
o     Semi-numerics!



Kuramoto network!
φk =ωk +

η
N

Dkl sin φl −φk( )
l=1

N

∑

ω 

P 

d
dt
Ek = − Ek + S ae + Pk +!" #$( )

w Background!
o     MEG recordings!

w Math-framework!
o     Wilson-Cowan/Kuramoto!

w Amplitude/phase!
o     Analytics!

w Kuramoto!
o     Semi-numerics!

12/40!



Kuramoto network!
φk =ωk +

η
N

Dkl sin φl −φk( )
l=1

N

∑

ρeiψ = 1
N eiφk
k=1

N

∑

mean field approximation for Dkl = 1 

order parameter!

φk =ωk +ηρ sin ψ −φk( )

ηc

ρ
∞

η

Kuramoto, Chemical Oscillations…, Springer, 1984, Strogatz, Physica D, 2000!

ρ
ρ
∞

η >ηc

η <ηc

 t

w Background!
o     MEG recordings!

w Math-framework!
o     Wilson-Cowan/Kuramoto!

w Amplitude/phase!
o     Analytics!

w Kuramoto!
o     Semi-numerics!

13/40!

   ρ = 1
N eiφk
k=1

N

∑    
"

#
$
$

%

&
'
'



Background!
   Movement-related M/EEG!
!
Mathematical framework!
   Wilson-Cowan model!
   Kuramoto network !
!
Amplitude dependency of phase connectivity!
   … analytical results!
   … link to M/EEG!
!
More on the Kuramoto model!
   System identification: the order parameter dynamics!

Outline!

14/40!



Do static and dynamic performances reflect distinct networks?!

Van Wijk et al., Europ. J. Neurosci. 2012!
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can be seen in Figure 2. In two dimensions, as shown in Figure 3, 
such points appear near complex intersections between coherent 
fronts of traveling waves. Their locations change but the existence of 
these points persists, corresponding to collisions between the local 
phase-coherent structures. The presence of local traveling struc-
tures at most locations reduces the expression of the PIFs across 
these domains. In keeping with our heuristic above, the sporadically 
occurring strong phase reversals reflects small regions where they 
are expressed strongly because of the influence of phase incongru-
ent waves on either side of these points. This leads to isolated phase 
rotations that diverge strongly from the local natural frequency. 

where W(m,n) is such a function. The lower row of Figure 2 illus-
trates an example employing the fourth derivative of a Gaussian 
function as an example kernel. As with (10), traveling wave-like 
structures emerge in this system. More specifically, traveling solu-
tions emerge locally with spatial frequencies that conform to those 
of the spatial kernel. However, because the periodically modulated 
phase interactions are only imposed locally, not globally, the sys-
tem converges only slowly toward these solutions and fluctuates 
strongly en route. Moreover, even if the natural frequencies of the 
oscillators are uniform, regions of sudden phase stress appear at 
sporadic spatial locations. Examples, such as near oscillator #60, 
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FIGURE 2 | Spatial patterns of phase locking in the 1D Kuramoto 
model (n = 128) at convergence (t = 10 s) under conditions of global 
versus local synaptic kernels. Top row shows the spatial pattern of phase 
locking adopted by the oscillators (left panel) when coupled using a 
cosine-with-distance kernel which extends to infinity (as shown in the 

top-right panel). The bottom-left panel shows the spatial pattern of phase 
locking evoked by a local kernel corresponding to the fourth derivative of a 
Gaussian (as shown in the bottom-right panel). Initial conditions were identical 
in both cases and natural frequencies were normally distributed  
as per Figure 1.
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This is particularly true when seeking to establish a link between 
cortical dynamics and cognitive processes because there is a natural 
mapping between the moments of neuronal states and components 
of cognition, including expectation, certainty, and surprise (Friston 
and Dolan, 2009). The distribution of states is also a crucial notion 
when the oscillators are influenced by stochastic forces. Finally, the 
probability distribution is crucial to a proper understanding of data 
obtained from oscillating neuronal systems because it determines 
the moment-to-moment statistics of these time series as the under-
lying system randomly samples its phase space.

In this section, we briefly overview the population formulation 
of the Kuramoto model, namely the nonlinear Fokker–Planck equa-
tion, and contrast it to the linear Fokker–Planck equation that can 
be derived from populations of spiking neurons. This is a crucial 
aspect of the Kuramoto model because it nicely recasts the circular 
causality that is present in the original formulation, whilst also 
underlining many of the important analytic results discussed in 
Section 2 (e.g., Strogatz and Mirollo, 1991; Acebrón et al., 2001). 
By knowing the distribution of states, it is also possible to esti-
mate information-theoretic quantities such as entropy and hence 
provide a more direct link to notions of free energy described in 
Sections 3 and 4.

Before proceeding, it is crucial to underline an important 
 distinction between the probability distribution of the states of 
the oscillators p on the one hand, and the population density of 
the whole ensemble  on the other. The population density is a 
quantitative measure of the relative states of all the oscillators and 
can be estimated in large purely deterministic systems as well as 

Hence, without de-phasing between the first and second modes, 
the scenario is almost identical to that encountered with the spa-
tial kernel and simple sinusoidal PIF (Figure 4). However, as  
slowly increases, an instability appears at these points and grows 
to encompass a small patch of oscillators (Figures 5B,E). With a 
further increase of  these instabilities grow in spatial extent and, 
whilst not evident in a snapshot, begin to invade the surrounding 
patches of coherent wave fronts (Figures 5C,F). In consequence, 
the instability in the PIF, introduced by a de-phasing of the first 
and second Fourier modes, is inconsequential in areas of low spatial 
frustration. However, at points of spatial incoherence, this dynamic 
instability leads to a spatial instability expressed as areas of high 
phase disorder. This effect appears to be invariant to particular 
choices of the spatial kernel. In Figure 6, we illustrate an example 
using a spatial kernel whose outer extent is phase advancing, and 
which is associated with large traveling fronts organized around 
pinwheels. With a de-phasing of the two modes of the PIF, the cent-
ers of the pinwheels are destabilized by the same tension between 
phase frustration and the dynamic instability within the PIF.

5 POPULATION-LEVEL DESCRIPTORS OF CORTICAL RHYTHMS
In Section 2, we introduced the notion of the order parameter r 
for the Kuramoto model and showed how the governing equation 
could be rewritten using this quantity. In many instances, however, 
one is not only interested in the mean field, i.e., the mean phase  
and its divergence r, but also in the nature of the whole probability 
distribution of states (for review, see Deco et al., 2008), or at the 
least its first few moments (mean, variance, skewness, kurtosis). 
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FIGURE 6 | As with Figure 5 with the exception of a larger spatial kernel whose outer extent is upgoing (phase advancing) hence engendering large 
coherent fronts and spiral waves.
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k
 (e.g., Tass, 1999). Through the presence of the sad-

dle point, however, one or more of these cluster states is only 
marginally stable meaning that their oscillators spontaneously 
de-phase. These free oscillators then synchronize with other 
clusters, destabilizing at least one of these so that this winner-
less competition continues ad infinitum. Whilst this occurs in 
the absence of noise, the injection of a stochastic influence 
into the states stabilizes the frequency of the slow heteroclinic 
cycling which then scales with log of the variance noise (Hansel 
et al., 1993a).

We note that in these systems, two distinct time scales arise 
naturally: the fast dynamics of the oscillators and the relatively 
slow rotation through the heteroclinic cycle. Systems with distinct 
time scales have been well studied as they often arise through 
mere construction, e.g., multiplication of one or more dynamical 
variables by an explicit time scale factor which functions to slow 
down the dynamics in the associated subspace (e.g., Fujimoto and 
Kaneko, 2003; Breakspear and Stam, 2005; Kiebel et al., 2008). 
By contrast, a heteroclinic cycle does not require a separation of 
time scales to be defined in functional form because they are an 
emergent property of the dynamics. The intricate sequence of 
cycle states and the controlled expression of instability allows a 
variety of putative computational functions to be enacted by such 
networks, even with relatively small number of oscillators. For 
example, Ashwin et al. (2007) showed that procession through 
a precisely defined cycle could function to encode a complex, 
sensory input as a spatiotemporal sequence in a manner that 

was robust to strong noise (Wordsworth and Ashwin, 2008) and 
could be learnt by other systems of coupled oscillators (Orosz 
et al., 2009).

4.2 DYNAMICAL INSTABILITIES AND SPATIAL FRUSTRATION ON 
CORTICAL-LIKE SHEETS
By combining the spatial coupling discussed in Section 3 with the 
second-order phase interaction function, it is possible to employ 
the framework of weakly coupled oscillators to understand spon-
taneous dynamics on cortical-like sheets, an area of strong current 
interest (Fox and Raichle, 2007; Honey et al., 2007; Deco et al., 
2009). In particular, it is possible to explore the relationship between 
the dynamic instability engendered by the interaction of the two 
modes of the PIF and the spatial expression of frustration intro-
duced by the phase offset. In Figure 5, we present three simulations 
employing the PIF defined by equation (13) and increasing the 
de-phasing of the PIF modes by increasing . Following Hansel 
and Mato (1993), we fix the relative modulation of the PIF by the 
second mode to R = 0.25. Phenomena such as clustering and cycling 
are robust to changes in this value. In the top row (Figures 5A–C), 
we plot a snapshot of the relative phases and in the bottom row 
(Figures 5D–F), the local expression of the coupling influence given 
by equation (12). In the absence of significant de-phasing (   0) 
the system evolves rapidly toward spatiotemporal patterns domi-
nated by coherent fronts of traveling waves with small pinwheel-
like patterns where these intersect (Figure 5A). Local expression 
of high phase frustration is apparent at these points (Figure 5D). 
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FIGURE 5 | Spatiotemporal dynamics in systems of oscillators coupled through a local spatial kernel and a second order PIF, equation (13). Columns left to 
right depict results for increasing phase offset  between the two modes. Top row (A–C) shows representative oscillator states using the same color scheme as 
Figure 3. Bottom row (D–F) shows the coupling tension F as defined by equation (12) where blue denotes F = 0.
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Nonlinear Fokker-Planck Equations!
•  can be related to non-extensive entropies via MaxEnt principles 
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ECoG during decision making and 
movement imagination… 

Torres-Valderama, Ramsey, unpublished 
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