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Digest of Cold Atom

Ultracold Gases in Optical Lattices

Ultracold quantum gases in optical lattices provide an
excellent toolbox for...

m ... strongly correlated many-body systems in and
out of equilibrium

® ... quantum simulation of condensed matter ®
paradigms, high energy physics

® ... quantum simulation of interacting synthetic
gauge field theories

M. Greiner, PhD thesis

» clean, scalable lattice system
» control, adjustable (in real time)

» observable (momentum distribution, measurements with single site resolution, ...)
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Digest of Cold Atom

Bose Hubbard model

U
@)
@)

m Hamiltonian for interacting bosonic particles in a trapping potential

m Tight binding approximation: Expand bosonic field operator in basis of wannier
functions W(x) = ¥, biw(x — x;)

~ AL Ay ~ UA ~
HBH = - ZJ,lb;rb] + Z(E,‘ - ,u)n,- + Z En,-(n,' - 1)
(’/) i i

= Bose Hubbard Hamiltonian with effective parameters for hopping J; and
interaction U



Digest of Cold Atom

Density-Dependent Gauge Fields

static flux models — dynamical LGT
- Anyons, _
density dependent
fields, ...

Dynamic feedback ; f’.?.:

of the particles on

| ) e N
the gauge field - \G/v\'u, 2;’\'/
. . LICESD AR 70\
“Moving particles \d}\v/\iv
. 22U
create magnetic ‘(’\3/,? w
Mancini, ... Fallani Science 2015 ﬁeldn

i:;’h:’ k""rsp're'mz:' S;'e;;i 28:2 Baneriee, ... Zoller, PRL 2012,
elsourger, ... Bloch, ’ Kasper, ... Berges New J. Phys 2017
Wiese, Ann. Phys 2013,

oo 1

e o 2

Struck... Sengstock,
Science 2011,

Jotzu... Esslinger, Nature

2014 Martinez, ... Blatt, Nature 2016
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Bosons, Fermions, Anyons



Jordan-Wigner-Transformation

Jordan-Wigner-Transformation in 1D

m Consider strong interaction side of the Bose-Hubbard phase diagram U — oo, at some
fixed filling say 0 < n < 1. Assume hard-core bosons b, i.e. b/-2 =0

Can we describe hard-core bosons b; by fermions c;?

P(j+1)

bjT - a} (eia p ﬁ:) a;r _ b/T (e—ia T a,)

b= (7= ") g g = (=) a(j) ’
J

This keeps density operators invariant n; = b/Tbj = a;-r (eia Zig ﬁ‘) (e_io‘ Zis ?”) a = a;.ra,-



Jordan-Wigner-Transformation

Jordan-Wigner-Transformation in 1D

m Consider strong interaction side of the Bose-Hubbard phase diagram U — oo, at some
fixed filling say 0 < n < 1. Assume hard-core bosons b, i.e. b/-2 =0

Can we describe hard-core bosons b; by fermions c;?

P(j+1)

=af (Z0) o = (e

b= (7= ") g g = (=) a(j) ’
J

This keeps density operators invariant n; = b/Tbj = a;-r (eia Ziei ﬁ‘) (e_io‘ L ﬁ’) a; = a;.ra,-
What does this mean to commutations?
—ia _/ > k

. s . ~ e
1 S 1 n,
ajak =b/' (e Z/q /) (e ZI(k I)bkzakaj{ eia bl j<k
i



Jordan-Wigner-Transformation

Jordan-Wigner-Transformation in 1D

m Consider strong interaction side of the Bose-Hubbard phase diagram U — oo, at some
fixed filling say 0 < n < 1. Assume hard-core bosons b, i.e. b,-2 =0

Can we describe hard-core bosons b; by fermions ¢;?

P(j+1)

=af (Z0) o = (e

b= (7= ") g g = (=) a(j) ’
J

af (e Fah) (e 2a™) 5 = ofg

This keeps density operators invariant n; = b/Tbj =
What does this mean to commutations?
—ia :
_ D AR DI _ e, >k
ga = by (') (e 'k')bk‘akaf{ e, j<k

i

What about the nearest neighbor hopping term?

+ _ oty h —1ia X, iy Py _ gt alah; _ it _ AF
bl = af (297 (e Zam ™) gy = & ('97) a4y = &l a1 = ¢ G



Jordan-Wigner-Transformation

Jordan-Wigner-Transformation in 1D

m Consider strong interaction side of the Bose-Hubbard phase diagram U — oo, at some
fixed filling say 0 < n < 1. Assume hard-core bosons b, i.e. b,-2 =0

Can we describe hard-core bosons b; by fermions ¢;?

P(j+1)

=af (Z0) o = (e

b= (7= ") g g = (=) a(j) ’
J

af (e Fah) (e 2a™) 5 = ofg

This keeps density operators invariant n; = b/Tbj =
What does this mean to commutations?
—ia :
_ D AR DI _ e, >k
ga = by (') (e ’k')bk‘akaf{ e, j<k

i

What about the nearest neighbor hopping term?

b/Tij = a;r (ela Zig n,) (e_w‘ Ly n,) 8jtq1 = a;r (elanj) 81 = a}aj+1 = C/TCJ'H

m We have solved analytically strongly interacting many-body problem!

m We have introduced 1D anyons! (and showed that they have a trivial spectrum...) o



Jordan-Wigner-Transformation

Anyons

Certainly not trivial - e.g. momentum distribution

_ ik(j~") T (@)
n(k) =) e (g/ar) ‘
INd N~——
(blTe*i‘b(/‘)eN’(l') by ¢
2
. . vvs ’ (b)
Idea: Engineer anyon model in quantum gas 6
experiment by local modification of the hopping.
2
Allow for exchange of anyons: ol 2 R = .
quasi-momentum &
m 1Dring

G. Tang, S. Eggert, A. Pelster, New J. Phys. 17, 123016 (2015)
m Particles may pass through each other:
“Pseudo” anyons

m 2D system, ladder, ... D




Jordan-Wigner-Transformation

Hard core anyons on a ring

m 1D system with PBC, i.e. add a “long

bond”
. L
ala, = cle'” i Mg,
_ eiOé(N—1)CIC1
e(k)
m Fermions with flux aN/L depending on
total particle number
m For finite system energy changes, time
dynamics k
m in the thermodynamic limit same as OBC
system




1D Pseudo anyons - Correlated Tunneling

m Assume bosons on-site

te'® te—io 4 m anyonic/deformed exchange statistics
~ OﬁJk ~ A aa, — Fixara = 0ju
@) o/ \O
e, >k,
U Joj+1 Fix=1 1, j=k,
e,  j<k,

m Correlated/Density dependent hopping model for bosons

H=—-tY (ble™ b, +Hc.)
J

m similar: two component anyons

A= -t) (d,a,,+Hc.)
j,o

again a,-,c,a'r

ot _
v ot ~ Fikak o080 = 000,07
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Jordan-Wigner-Transformation

Anyons on a ladder i-ut ot et
o000 00
i
| .
adder spins anyons ij\for o0 o
i-1l gl J+ 1Ll
O (0 |
o o o o o o
o X : =1Ll j-Lt gt it d+ Ll J+Lt
O0mx (2’0) —> (T’i) ela ~__ 7
o o
:_)X (2,0) > (1,1) 1 m Choose some order of lattice sites
o o . A==t Y & a4,+Hec+
Colen-(te) | e
_ T a
1 (2,0) = (4, 1) 1 b a,a, +He.
o X 9 9 I
R ) m particles "overcrossing* e '“ and "undercrossing®
@~ | e et
Fl =—- tz bjTTeian/b/‘Jr]’T +H.c. +
i
e f —t bT _ianl+1b_ + H + ...
+ Hermitian conjugate (< processes) ;1€ j+1,4 -C.
)

+ rung exchange 11/70



Jordan-Wigner-Transformation

Jordan-Wigner-Transformation in 2D (Fradkin, 1989)

@] O

There are several ways to generalize the Jordan Wigner
transformation to 2D

DI 9k,rf7k

a=e Io

9.(,, is the angle between k — r and some direction.

m The resulting particles are indeed anyons

i, ~0,,)

aray = ay' ar

m the hopping becomes

A=Y cle®c +He. + -

ror’

with An,’ = Zk#r,r’(ek,r - gk,r’)hk

m equivalent to flux “attached” to particle:

= Ar7r+ex + Ar+ex,r+ex+ey - Ar+ey7r+ex+ey - Ar7r+ey

«
= E (nr + Nrre, = Nrve,+e, — nr+ey)

12/70



Jordan-Wigner-Transformation

Different “gauge”

j—LT J. T j+ LT
) AU G, e AR ¢
A==ty bl by + He + — ( s
j O O O O O
. R R A S N
—ty bl ey, + Hoe +
j Ve N T
©) @) @) @) @)
_tizb/TLbLT +H.c. -1l i-Lt 4l Qi d+LL G+Lt
7 ’ ~_ 7 w~_r

® Symmetric gauge b, — €' 2"b; ;

A==t Y bjtc,e‘i”%("ﬁ”“‘)bﬁw +He -t ) bk + He.
7

j,0=0,1

. i i
= Simple check: Put phases on rungs b; , — €17 iMoo b,

I’-\I =—t Z bjT,Ub]'*ﬁU +H.c. - t, ZeiU% ZK/(H/’T_H[N)b/T’Ob]’A +H.c.

j,0=0,1 J

For t, — 0 we have two disconnected hardcore-chains and the exchange phase has any
influence v’

13/70



Density-dependent phase

Dynamic feedback of the particles on the gauge field: Operator dependent phase. Engineering of
a density-dependent Peierls phase

BB, 4 Ko,

m Modulated interactions

> 2-species Modulated interactions SG, G.Sun, D.Poletti, and L.Santos. PRL 113, 215303 (2014)

» s-p orbitals Clark... Cheng PRL 121, 030402 (2018)
m Assisted tunneling

» Raman assisted hopping T. Keilmann, S. Lanzmich, L. McCulloch, and M. Roncaglia. Nature Comm. 2, 361 (2011)
SG, and L. Santos. PRL 115, 053002 (2015)

> lattice shaking
C. Stréter, S. C. L. Srivastava, and A. Eckardt. PRL 117(20), 205303 (2016)
L. Cardarelli, SG, and L. Santos. PRA, 94(2), 023615 (2016)

m Various further cold atom proposals B. Paredes, P. Fedichev, J. I. Cirac, and P. Zoller, PRL 87, 010402 (2001)
L.-M. Duan, E. Demler, and M. D. Lukin, PRL 91, 090402 (2003)

A. Micheli, G. K. Brennen, and P, Zoller, Nat Phys 2, 341 (2006)

M. Aguado, G. K. Brennen, F. Verstraete, and J. I. Cirac, PRL 101, 260501 (2008)

L. Jiang, ... P. Zoller, Nat Phys 4, 482 (2008)
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Jordan-Wigner-Transformation

Intensive work on Abelian lattice anyons...
m Bethe-Ansatz, integrable systems

A. Osterloh, L. Amico, U. Eckern J. Phys. A (2000)

m asymmetric momentum distributions

P, Calabrese and M. Mintchev, Phys. Rev. B 75, 233104 (2007)

O. I. Ptu, V. E. Korepin, and D. V. Averin, J. Phys. A 40, 14963 (2007)

Y. Hao, Y. Zhang, and S. Chen, Phys. Rev. A 78, 023631 (2008)

P, Calabrese and R. Santachiara, J. Stat. Mech. Theory Exp 2009, P03002 (2009)
G. Tang, S. Eggert, and A. Pelster, New J. Phys 17, 123016 (2015)

particle dynamics

A. del Campo, Phys. Rev. A 78, 045602 (2008)

Y. Hao and S. Chen, Phys. Rev. A 86, 043631 (2012)

L. Wang, L. Wang, and Y. Zhang, Phys. Rev. A 90, 063618 (2014)
L. Piroli and P. Calabrese, Phys. Rev. A 96, 023611 (2017)

N. T. Zinner, Phys. Rev. A 92, 063634 (2015)

entanglement properties

R. Santachiara, F. Stauffer, and D. C. Cabra, J. Stat. Mech. Theory Exp 2007, L05003 (2007)
H. Guo, Y. Hao, and S. Chen, Phys. Rev. A 80, 052332 (2009)
G. Marmorini, M. Pepe, and P. Calabrese, J. Stat. Mech. Theory Exp 2016, 073106 (2016)

quantum phase transitions

T. Keilmann, S. Lanzmich, I. McCulloch, and M. Roncaglia, Nature Comm. 2, 361 EP (2011)
J. Arcila-Forero, R. Franco, and J. Silva-Valencia, Phys. Rev. A 94, 013611 (2016)
F. Lange, S. Ejima, H. Fehske, Phys. Rev. Lett. 118, 1204017 ...

... (incomplete)
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Floquet Systems

Floguet Systems - Lattice shaking etc.




Floquet Systems

Realizing effective models in periodically driven systems

m Hamiltonian with time dependent (fast)
periodic driving (e.g. lattice shaking)

H(t) = H(t+ T)

®m ubiquitous tool in many areas of physics
for the engineering and probing of various
systems (NMR, atom-light interactions, VAR VAR VA Y
Raman-dressing...)

V(t) cos? [ka] )

m basic concept of Floquet engineering: Time evolution
A T A . ~
U(T,0) = Texp [—i f dtH(t)] = e T
0

is described stroboscopically by effective time-independent Heﬂ

m works for a window of frequencies: High compare to “low energy scales”, low compared to

higher bands: J, U, ... > w > Apg
A. Eckardt, Rev. Mod. Phys. 89, 011004 (2017)

17/70



Floquet Systems

Floguet analysis m=2

m Time periodic Hamiltonian with period T = 27r/w m=0
A(t)y=H(t+T)
m Analog to Bloch-wave functions Floquet-theorem ensures existence of solution
V(1) = uy(1)e /",
with time-periodic functions u,(t) = u,(t + T) being the eigenstates of H(t) — ihJ,

m real quasi-energies €, defined up to a multiple of a photon-energy mhw

m Floquet basis in a composite Hilbert space and a scalar product
. 1 T
[{nhom) = by, () =1 [ et

m resulting time independent Hamiltonian {({n] }, m'|H(t) — ihd,|{n;}, m}), composed of
several blocks separated by Aw

e.g. Eckardt, Weiss, Holthaus, PRL 2005

18/70



Floquet Systems

Lattice shaking

m shaking mirrors or periodically detuning

lasers of optical lattice
m Periodic forcing translates into driven tilt in .' \
tight binding comoving frame, e.g > > > > > > o>
<>

V(t) =V, sin(wt) Vo cos? [k(z — F(t)))

F(t)

H(t) = _JZ b;rbj, +H.c. + V(1) zjﬁ/ + Hint
J

m Analyis becomes easier if we go to U(t) = eV i with 7(t) = [/ V(¢')dt’ and
© = (V(t))r fixes the gauge

m Hamiltonian in new frame H — UTHU — iUTU

Hun(t) == 32 (VOGN ptp, 4 gy,
(4,i")

19/70



Floquet Systems

Lattice shaking Hun(H) == 3 o (V(D(-)+8)) alay + H.c.
(4"

m Floquet-matrix

({n} m'IH(e) = i {ny}, m) = Gonor [{({0] Y[ Hia {}1) + pom] +

m=2 : +(Zj(n;—n,-)) jmf—m(f%)({”,(}|Htun|{”j}|>

M=1  ecooreerenann
Jo
m=0 — % —
RN rporoximat . -
me_1 o AN pproximation Just keep diagonal terms m" = m
m=—2 —-e- - m Assuming that t, U < w
A AR e e s
m:;‘* < il H = —Joy y_ blby + H.c. + Hi
uva—'.,\= :EM;,-'. e
B ":*lp ° AP with an effective hopping
R . /J
3 i s v
T oab L P 4 0
RS R Jott = =JTo (*)
R LY w
02 oy 7'. LI
A*g( RY¥
R R K T e m Interesting situation for % = 2.404... roots of the
) Besselfunction, coherent destruction of tunneling

Lignier, ... Arimondo, PRL 2007 20/70



Floquet Systems

Complex phases

m effective hopping becomes

negative for 2 >2.404. ..
1/2|

n
[et] / Jusre

Yo
B o902
o Exp.Data s w

@
3 go00u6°7°
S on =
2 ageneast®® Realization of frustrated
i jo ‘© ~ H H q H
M le & o | coospasste magnetism in triangular lattices
> o 1 2 3 4 5 6 7 8 9
d d Forcing amplitude K

® hopping may become complex
(if certain time-reflection
symmetries are broken)

Vi : Yo
Jert = J|F(_0) |el¢(:)
w

Struck, ... Sengstock, PRL 2012,
Struck, ... Sengstock, Nature Physics 2013

Measurement of the quasi-momentum distribution shows shift ~ ¢
n(k) = e (bl
i

21/70



Floquet Systems

Resonances
m—o e m Consider a tilted lattice with an energy
difference of A between sites
M =1 eevrereennns -
Ji m Hopping is strongly suppressed due to
m=0 . .
energy conservation
hw
m=-l == i m Modulation Aw ~ A provides a photon to
B tunnel the atom

Examples:

m Generation of synthetic magnetism in
tilted optical lattices

Aidelsburger,... Bloch, PRL 2013
Miyake, ... Ketterle, PRL 2013

m Modulation spectroscopy of excitations on

a Mott-insulator
Ma... Greiner PRL 2011

Ma,... Greiner, PRL 2011

22/70



Engineering anyon models by
modulated interactions

g

e

5 1000
8
00000 + “ +
5 15 25 35 45
magnetic field B (Gauss)

Meinert, ... N&gerl, PRL 2016

23/70



Modulated interactions

Modulated interactions
m Modulate magnetic field B(t) close to a Feshbach-resonance in order to create modulated

interactions

scattering length as (a,)

decay rate y (Hz)

2000

1000

-1000

~2000

magnetic field B (Gauss)

(b)

NN
AN
{\;)////5 o

200 300 400 500 600 700
oUjh (Hz)

Meinert, ... Nagerl, PRL 2016

H=-J) blby+H.c.
u(t)
0501
The effective Hamiltonian now has a density
dependent hopping, e.g for U(t) = Uy + Uy cos(wt)

U (i
Heyr = —JijTjo(j("/ —n))e' () p,
7

+H.c.

m Decay/Creation of doublons |11) — |20) and
[11) — |02) with amplitude
Uiy _ Uy
Jo( ) = To(-3))
® measurement of decay of single occupancy

after quench from MI regime
24/70



Complex density dependent hoppings

m What about a shaking scheme such which create as complex hopping?!

ﬁleff = _JZ b}rei P(y=nys) bj+1 +H.c.

= Effect of phase can be gauged out, with H = —J 3" b by,; + H.c.
bl — b;rei &

where 5, is still a boson, hence spectrum unchanged

1P > Momentum distribution shows presence of a
phase: blurring due to density fluctuations

» Density gradient leads to shift!

1w
Need to break the space inversion symmetry (while
keeping the system homogeneous)!

=2

25/70



Modulated interactions

Density dependent Peierls phases: AB-model

—-J b 06
_ t i dn )
Hefr = ? E a,,€ Dox+1 !U"’

X k= Fdoa

1 i¢n§x+2 h T
+b2X+1e aox+2 T N.C. = /'/ 0.2
v (a)
0.1 k : - m ( >_“ fanll
0.5 5 ) E
L

LI

(a)

Density depended drift in momentum space of ground

Uia \/\ (C) state...
T/2 /-\

Quite complicated scheme (2 species, Raman coupling, interaction modulation)...

26/70



Modulated interactions

Doubly-shaken Hamiltonians

Both periodically modulated position of the lattice and short-range interactions:

~ At u(t
A(t)=-J> bl + % S hi(h-1)+F(8) Y iRy
(i.f) i i
interaction shaking lattice shaking
Consider driving U(t) = Uy cos(wt) + Uy and F(t) = F; cos(wt).
~ N F; U . A U /A
Hef,=—JZb;r%[i(i—j)+—1(n,-—n/-):|bj+—OZni(n,—1)
(i) w w 25

VAYAVAVERVAVAYAV, :JMHW
M/\/ \/\M/ :_]zo<—+11
VAC KAV \W\/ Joze‘l’l

Direction and density dependent effective tunneling (can be complex)!
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Cheng Chin Group

PHYSICAL REVIEW LETTERS 121, 030402 (2018)

Observation of Density-Dependent Gauge Fields in a Bose-Einstein Condensate Based
on Micromotion Control in a Shaken Two-Di ional Lattice

Logan W. Clark '2* Brandon M. Anderson,' Lei Fel'lg‘l2 Anita Ga_l. K. Levin,' and Cheng Chin'?
.Iames Franck Institute, University of Chicago, Chicago, [llinois 60637, USA
Enrico Fermi Institute, University of Chicago, Chicago, lllinois 60637, USA

|!!) (Received 13 February 2018; revised manuscript received 27 May 2018; published 18 July 2018)

We demonsrate a density-dependent gauge field, induced by atomic interactions, for quantum gases.
The gauge field results from the synchronous coupling between the interactions and micromotion of the
atoms in a modulated two-dimensional optical lattice. As a first step, we show that a coherent shaking of the
lattice in two directions can couple the momentum and interactions of atoms and break the fourfold
symmetry of the lattice. We then create a full interaction-induced gauge field by modulating the interaction
strength in synchrony with the lattice shaking. When a condensate is loaded into this shaken lattice, the
gauge field acts to preferentially prepare the system in different quasimomentum ground states depending
on the modulation phase. We envision that these interaction-induced fields, created by fine control of
micromotion, will provide a stepping stone to model new quantum phenomena within and beyond
condensed matter physics.

DOI: 10.1103/PhysRevLett.121.030402

Symhes:z:ng gauge fields for cold atoms opens thedoor ~ atom systems [30], enabling exciting developments includ-
to i novel i w1ﬂ1 ing topological b:mds [31-33]. In our recent work, lattice

28/70



Modulated interactions

Lattice shaking with s-p orbitals

m Near resonant modulation
W=€—€+0

m Two-Band model ‘

b es(q) 0

0 €p (q) Parker, ... Chin, Nat. Phys. 2013
— g O, + —0O @ ® " Kinerie Energy Fyg, [Fp]
z X 0 025 05
2 2 1 o

m eigenenergies for coupling

Lattice Potential V

&

Jﬁ?'gsja %
A2 /(e — €s—w)2fa+ e, 87

© 6,=0" 6,=90" 6, =180

Wavenumber g, [q]
o

A
i i 2 -1 0 1
m degenerate for critical shaking 3 / Q \ Wavemmer . (]
amplitude A o & o
Lab frame wave-function Clark, ... Chin, PRL 2018

- \Ugs)(x) " Ozei(w’+¢X)\|lgp)(X)
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Density dependent gauge fields with s-p-bands

m 1D tight binding picture, Wannier functions
wi(x,t) = VO (x = df) + el @) (P (x — o)
m effective time independent Hamiltonian
1
Hey = =J ) blby + H.c. + 5 Y~ Uimnb] b} bmb,
with
1 T * *
Ujnn = ? ; g(t) dXWj (x7 t) w, (x, t) w,,,(x, t) W,,(x7 t)
For a shallow lattice we may have to include
e 7w
U1 ~ T fo dte’ %) (1)

« [ a@ru@ y @yl

Hence, Ujjj+1 = =Ujjj—1 and Ujy g ~ e (9+790)
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Density dependent gauge fields with s-p-bands

(a) Time t/7

. m So with Uy = Uj;j+1 one finds an effective
hopping

o

w

Microscopic
Density (n)
~

Heyr = —J ) bl ;b + Hoc.

Interaction
Strength g
&

with

0 90 180 270 360 :] o =1-U, n— U Py
Floquet Phase ¢ [deg] 15 il -1y

~ @ 10a(P )

if the anyonic phase ¢, is small

)

TOMIRIDIUT POFRMPOTY

m In 2D similar argument

& ~ peg - q with unit vector in direction of
©=0,-0,

m Average momentum depends on 9g

-1
0 90 180 270 360 90 180 270 36
Interaction Phase 0, [deg] Interaction Phase 6 [deg]
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Assisted Hopping Schemes

Assisted Hopping Schemes

a
Anons.
J J
v ¥
() o e
Conditional-hopping bosons
J &7
v ¥
o o e
b

Keilmann, ... Roncaglia, Nat. Com. 2011
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Assisted Hopping Schemes

Resonances B, el®h, + Hec.
a Idea of T. Keilmann et al.: Restore in a tilted lattice
Arvors hopping by a set Raman-lasers L; imprint correct phases
’ L) ‘ o
process AFE ME
i | (1,0) > (0,1) -A 1
Conditional-hopping bosons
) L i | (1,1)=>(0,2) | —A+U | V2
e o i | (2,0) > (1,1) | ~A-U | V/2e@
v | (2,1) > (1,2) -A 2¢'”
b cee

Keilmann,... Roncaglia, Nat. Com. 2011 W2 —Ws = AE"
wy — ws = A,

For higher fillings further processes could be included.

m frequencies w; of the 4 Raman lasers Ly, Ly, L3, Ly
far detuned (0 ~ GHz) to avoid losses

m Resonance condition determines coupling:

Wy —wy = AE;,

wy —wy = AE,

33/70



Raman assisted hopping
Problem: (1,0) — (0,1) and (2,1) — (1,2) are degenerate

Solution:
m Restrict to low density limit, where (2,1) — (1,2) is less relevant...
m Choose species with different coupling to simulate bosonic model

(2) (b)
’\,)(\\‘ L,, Lllﬁ\\:‘( .

\/\ Lz L4ﬁ

7 i)
Y » L Ls

| w

v

\/ (m)

% 0% @’Gﬂ

m 2internal states |A) and |B)
m e.g. for Rb choose |A) = |[F = 1,ms = —1) and |B) = |F = 2, mg = —2)
m Only want to couple (0), (A) and (AB)
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Assisted Hopping Schemes

Raman assisted hopping

SG, and L. Santos. PRL 115, 053002 (2015)

s am L L o am
% S (i) \@/ \G
L

o Lol 0 o
S0 0P

e.g. for ¥ Rb choose |A) = |F =1, mg = —1) and |B) = |F = 2, mp = —2)

L1.4 to have linear polarization and L 3 circular o— polarization

|B) is just affected by lasers Ly 4 due to selection rules

again both L 3 and Ly 4 couple to |A) the coupling with L; 4 can be made much
smaller than that of L, 3 due to different coupling strengths

Keep spurious processes off-resonant (Uag, Uaa should be sufficiently different)

m Realization possible for various bosonic and fermionic species

Similar model possible by lattice shaking!
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Outline - Day II:
I. (Floquet) Engineering with cold atomic quantum gases
m Digest of cold atom physics
m Fermions, Bosons, Anyons - Jordan-Wigner-Transformation in 1D and 2D
m Floquet-Engineering
m Modulated Interactions and Experiments in Chicago
m Raman Assisted Hopping
Today:
® Anyon hubbard model by lattice shaking

Il. Properties

m Digest of 1D physics
m Anyon “Interferometer” on a ring
m Simple ladder model of braiding anyons

m 1D (Pseudo) Anyon Hubbard model

36/70



1D (pseudo) anyons - Correlated Tunneling

m Assume bosons on-site

tel® to—ia ¢ m anyonic/deformed exchange statistics

T _ T, _
gay, — Fj k&g = 0jk

t
~ —~

el >k,
f},k = 1_) j=k
e, <k,

m Correlated/Density dependent hopping model for bosons

F=-tY (ble7 b, +Hc.)
J

Experimental ideas:

® Modulated interactions SG, G.Sun, D.Poletti, and L.Santos. PRL 113, 215303 (2014)
Clark... Cheng PRL 121, 030402 (2018)

m Assisted tunnelin
g T. Keilmann, S. Lanzmich, L. McCulloch, and M. Roncaglia. Nature Comm. 2, 361 (2011)

SG, and L. Santos. PRL 115, 053002 (2015)
C. Stréter, S. C. L. Srivastava, and A. Eckardt. PRL 117(20), 205303 (2016)
L. Cardarelli, SG, and L. Santos. PRA, 94(2), 023615 (2016)
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Short recap

Lattice depth modulation

Periodic modulation of tunneling element
(neglect effect on interactions)

A = (J+ 6‘/(0) I,'\Itun + I,'\Ifnt

V(.t) (‘()SQ-(IC.IT] .

Sinusoidal modulation §J(t) = 0Jsin(wt + ¢)

«whﬂmo4@MMm%ﬁmﬂ@mmm#mmm+mﬂ+
by i () ()

MMWM B i ) ol )

b\

000 1400 1800
Modulation frequency (H .
laton frequency (H2) Ma,... Greiner, PRL 2011
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Short recap

Higher order corrections

m One may systematically include higher order corrections (Magnus expansion,
perturbatively coupling higher Floquet-sectors...)

:lT/OTdtH(t) + ;fOTdtzfotzdﬁ[H(fz)vH(“)]+O(é)

m convergence?

ikwt

® expanding as a Fourier series: H(t) = Fy + ¥ V(e

Hetr = Fo + lz (

W Tk

m illustrate the influence of these corrections
for the case of lattice depths modulation

AU
Her” = S'n o} Z b bi-4 '
full, 0 /7 =0
full,¢/m=-1/2
_nib,' bir1 + H.c. effective 1% order, /T =-1/2 =======
0 20 40 60
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Floguet Anyons

Anyons by lattice modulation



Floguet Anyons

Three-color modulation on tilted lattice
> L. Cardarelli, SG, and L. Santos. PRA, 94(2), 023615 (2016)

> C.Stréter, S. C. L. Srivastava, and A. Eckardt, PRL 117, 205303 (2016)

/:I(t)=— (Jo + 6J(t)) Z[C}T+17GC‘]'70- +H.C.]+ Uﬁlint + A'i:ltilta

o

| process | AE | ME 6J(t) = > ddscos(wst + Ps)
i | (1,00 =>(0,1) | A | dye® :
i | (1,1) > (0,2) | A+U | dge™'% and w, = AE,
iii (2, O) — (1 , 1) A-U 6J’.ﬁe—i¢m
iv | (2,1) = (1,2) A 5Jie—i¢,- Idea: Use bichromatic lattice to resolve iv and i!
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Floguet Anyons

Three-color modulation on tilted lattice

0J(t) = 6Js [cos(wyt) + Beos(wat + @) + Scos(wst + @) ]

m keeping only resonant terms

0y .
0o 2" T o Iy £y2nd
otf = Cj+1,aF[|nj+1,U nz j|16,0 +UHm + HYY
jo
C/TM,aeld)‘n&’“'_n&”““/,cr

where F[0] = 1,and F[1] = 3€/®

m two component anyons (neglecting process (iv))

N Oy N
P = === Y (s g HC)+ Uty
j,o
deformed exchange statistics f,-,(,f;ig, + f-,kf:,o, fio =0j k00,07
e 2 >k,
E,k = 1, j=kK,

e??,  j<k,
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Floguet Anyons

Effective interactions

m detune slightly from resonance to create effective on-site interaction-energy U << U for
doublon creation

UJ,':A, UJ,‘,‘ZA'FU—U, w;;,-:—A+U—U

m virtual hoppings create effective nearest neighbor interactions (same derivation via
Magnus expansion etc.)

/:/NN = Z
(4}
Jg P1 P1
Z((1 -n)P - P (1 -n))
2052
A2 _ U2

2h_pope 2k pep
A+u ! A-u "

+

+

11 514 1) o1t + o— — ot
(PP +P*P -85 -5 'S")
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Floguet Anyons

Effective model time dependence

Evolution after sudden quench

(ks T = o)

0=0,0/ 8J=0 == M _.
0=0,0/ 8J=3 "
O=m/2,U0/ 8J=0 """
oSOttt
10 20 30 40 50 60
tJy

Quasi-adiabatic preparation for

different tilting A

Time-evolution of the average double occupancy of full Hamiltonian and effective model

neglecting O (§J)-terms
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on a Ring

Anyons on a Ring
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Anyons on a Ring

Three-color modulation on a spin dependent tilted lattice

spins AE ME spin T

0> (0) | -A 1

O0—X

(270) - (Tv l) -A-U eid)

2 )= (02) | —A+U | €

o A(t) = —d(8) S[chr0Go+H.c]
colen-ta | —a | ho

+UHing + AHe,

T (2,00 > (I,1) | A-U | e

o x J(t) = Jp + 6J; [cos(wst)
(D> (02) | Avu | e + cos(wpt = 9)

+ cos(wst + @)]

+ Hermitian conjugate (< processes)
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Anyons on a Ring

Hardcore anyons on a ring

Additional microwave fields €2 couple the boundaries of the system

io@|ny1,5-1, 5 T T
H=—-— Z C,T,ae s,z fv"lcf+1,g +H.c.-Q (00710070 +¢lCot H.c.)

m This can be rewritten as hardcore-anyon model on
aring!

H= Y alo+ajag+He.
i=0--2L
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Anyons on a Ring

"Interferometer”

t/JL

Fixed particle number

m Expansion of an initially prepared cloud of

An

particles

Density imbalance after evolution as
witness of anyonic exchange relations

4
2r .
] \ . . . N W7
0 fr | 7
W L Nayg=1/2
2 F ~ Navg=1/2 ===~ -
0 0.1 02 03 0.4 05

o/m

Density average
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Braiding Anyons on a Ladder



Anyons on a Ladder

Jordan-Wigner-Transformation on a ladder

m Choose some order of lattice sites

i-Lt gt Lt
o O O OO0 N 4
7 H =t Z a ;11,0 + Hec. +
tL j,0=0,1
VN +
o O O O O +t, Y a8, +He.
N A R ;

m particle exchange overcrossing: e ' -

Undercrossing e
T
© o0 o0 o o o

=L j-Lt gt P o PR R

. 4 7

Fl =t Z bjto.elo-a(nj’o+nj+1’g)bj+1’g +H.c. + t, ij‘r’objﬂ +H.c.
J,0=0,1 )

Smooth connection between two well known limits!
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Anyons on a Ladder

Fermions on a Ladder (o« — 7)

H= —tz C,T,ng+1,o +H.c. -t Z ch,Ocm + H.c.

j,o J
m Rotate basis to diagonalize t, part

. 1 1

G1= 7 (Gr+G1), Gu= 7 (CRERY)

Bl

fully polarized

partially pairedipolarized
PP

Vaccuum \\

\

\_
—2-2u o 0
n

Essler, Frahm, Gohmann, Klimper, Korepin. Cambridge 2005

Energies [{]
|

o)
=~

(ns)

Energies [{]
|

(b) k 7 (nj)

Crépin, Laflorencie, Roux, Simon, PRB 2011

H— _tz 5;705,4170 + H.c. — t Z (F]hT - ﬁl,l)
o j Y——~——
s

T 2c0s(K)E Lo
m Two (decoupled) chains with magnetic field ¢,

m liquid phases with different number of
Fermi-points ¢ = 1 and ¢ = 2, Band-insulator

state .



Anyons on a Ladder

Bosonizing the anyons - weak coupling

m Start with one leg for the moment (same treatment for pseudo-anyons, on-site boson)

H=—ty ble*b,, +Hc. +

]

EDLICED

J

m weak coupling U, & << 1 (where y4 2 3 ~ pa)

~ % [ dx[l(@x¢)2+K(8X0)2

+71(040) +72(0xd) + v3(0x0) (Ox0) + -+

—

m absorb 7y, 7, in redefinition 6 and ¢

2
2 Y

T a2 U
o+ oo

m Y3 can be eliminated when calculating
correlations e.g. (b/b;) ~ |i — j|'/? and
2 K
(ninf) ~pP = 27T2|I'—j|2
m extract K numerically and compare to wk
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Anyons on a Ladder

(Handwaving) Bosonization of the ladder

m two copies for the ladder

=—t Y bl e 7oty v Hee =t ) blobyy + Hee + U gy,

j,0=0,1 ) i

m Introduce anti-symmetric and symmetric combinations (spin and charge)

bajs = (01 £ ¢)[V/2and O = (01 £ 6,)/\/2

H— H+HS - —fdxcos \/_QA(X)] fdxcos[\/gqu(x)]

()2

m (density dependent) magnetic field acts like a chemical potential for 64
HS — 2[dx[(8X¢A)2+KA(3 0, — a®p) ]
us

® rung-coupling

dx cos [\/EGA(X)]
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Anyons on a Ladder

Bosons on a Ladder

m Sine-Gordon Hamiltonian (cv = 0) for

FERMIONS H-C BOSONS .
© T DR A-fields
Band \\ Rung — Mott,’
Insulator \ Insulator 7/ o 4t J.
\ 1
Ly H, — dx cos [\/_HA(X)]

m Sine-Gordon-term opens a gap (for

PR
e\ g geest Ka > 1) - hence, there is no ¢ = 2 phase
for the Bose-ladder

Metal

0<p<l

LL®
R m For incommensurate fillings

S(charge)-field remains free

~

0 2 6
n/t u/t

Crépin, Laflorencie, Roux, Simon, PRB 2011 - neglecting termS relevant at

N 0 o commensurate densities, etc.
H—H, + Hs +
m Mott-insulator gap opens for

2 dx cos Lgi)A(x) cos [\/_QA(X)] any t, > 0 at half filling
™

easy for bosons, difficult for fermions!?
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Anyons on a Ladder - incommensurate filling

m density dependent magnetic field induces commensurate-incommensurate transition for
04: For critical « - p gap will open an system enters 2 component LL phase

2
v ™
H— 2 f ax | = (0ypa)? + Ka(0x04 — 0?p)?
2m Ka
® same mechanism as for chemical potential or Meissner-Vortex-phase transitions

m Competition between sine-Gordon terms

dx cos [\/EGA (x)]

(2 )Z/dxcos[\/_gb,\(x)]

m Double sine-Gordon allows for Ising-type
0 transition between SF and PSF phase

central charge ¢
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1D anyons

1D Anyons

i+l j+1
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Pseudo-anyon Hubbard model

; U
H= —th]Tela”’ij +He. + > Z (= 1)

J J

m weak coupling K2 = —=—
T
® anyonic statistics a has similar effect as

repulsive interaction

m K — 1 (free hardcore(!) fermions) for
a=m"7

What happens for "Pseudo-fermions“?

57/70



Naive mean field approach to 1D AHM

Want to understand bosonic Pseudo-anyon Hubbard model

; u
H= _th;elombj+1 +*znj(n/—1)
J —— 2 )
EC]Tbj-H

m Mean field approach may give some intuition into observable phenomena (in 1D probably
terribly wrong)
m Idea from Keilmann et al. b}eie"fbj+1 = c;rbm is decoupled as two fields W, ;, W, ;
C,'Tbj+1 N \U;ij+1 + C,'T\V1,j+1 - W;7,-\|’1,j+1 )
m solution has to be found self consistently
Vii=(b), Va,;=(g)= <b;rei9n’>
m Solutions may be coupled and depend on each other
m The solution minimizes the energy functional £(W;, V;)
m Here: focus on homogeneous solution Wy ; = Wy and W, ; = W,

m Better solution, should include incommensurabilities (Tang, Eggert, Pelster, New J. Phys
17, 123016 (2015))
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Mean Field Pseudo-Fermions: self-consistant solutions
H=—zt(Wob" + Wb+ W " + Wic—-Wiv, - W v,) + %n(n— 1) — pn

m For b'(=1)"b (6 — ) one finds a self-consistent solution with W, = W, = W

m The MF-Hamiltonian becomes block diagonal, decoupling into blocks of {n, n+ 1}, e.g.

{0,1}, {2, 8}, etc.

06 — ‘ m
m Hamiltonian in sector of 0 and 1 particles |_ineanfield - i
=40, Npay=8 —-—- .
L=80, Nypay=6 |
4 | freefermions ——— - | 4
Hor =t 1YE v " |
P\ R pe) *
02 | B
m solution Wy 1 — /1 — (u/zt)?/2 .

-0.8

Effective Pauli principle
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1D anyons

Mean Field: second type of solutions

m second class of solutions W, = W,
X5 = P
X2 = max||W, [ - W]
Partially paired (PP) phase “hardcore (fermionic)” liquid + superfluid quasi condensate of

pairs (b?) ~ x2

0.02

=z

4] / (1, 2) "2
4] / (1,2 "2
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Mean Field: phase diagram

m For SF phase

(zt)3(1 +n)® = (u—nU)?
2(zt)2(1 + n)

X5 (n,n+1) =

and X2 =0 ~ (b?)

m larger unit cell allows to define phase
between different sites: SF, and SF;
phases

25

order parameter

zt/U
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1D anyons

Anyon Hubbard Model in 1D - DMRG results

2

>

Realization of 3-body hardcore constraint by
construction (b7)% =0

momentum distribution: shifts due to fluctuations

two component PP phase realized for 0 ~ 7

multi-peak momentum distribution

SG, Santos, PRL 2015
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1D anyons

Partially paired phase for one-component pseudo-fermions

Zhang, SG, Fan, Scott, Zhang, PRA 2017
m (Pair) momentum distribution

np(k)

L/U+t/U

63/70



Dilute limit

simple analytical description in dilute limit from solution of the 2-particle problem

A general two-particle state may be described by

W) =S e (61)10) + 3 cv, b0t J0)
X

X,y>x

due to the conservation of total momentum Q = k; + k; in the scattering process one may
write Gy x4 = C,e0+3)

insert into Schrédinger equation H |W) = Q |W)

simple system of coupled equations

(62— U)Cy = —V/2t (e_ig +ei(2+0)) ¢,

€C = \/_t(e :+e 1(2+0)) Co + 21003(%) Co

r>2, {€2C = —2tcos( )(C, 1+ Cre1)

r=0,1,

Calculate scattering and bound states

Two particle solution may offer analytical insight into frustrated systems
Kolezhuk, Heidrich-Meisner, SG, Vekua, PRA 2011
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Scattering solution
B scattering states of two particles energy with total
K~k

and relative momentum Q = ky + ko, g = 2

=)+ lh) = et os(2)

219 619" solves Eqs. for r > 2

£(Q)

mansatzC,=e ¥ +e

m C, and § determined by r = 0 and 1

Q/n
= from the scattering phase shift J, we can extract the scattering length,

t(1 + cos )
a=
—2(2t+ U) + 4tcos

m effective interaction strength g = —2/(am)

B limg_o27r,u—0 8= 00
B limg_,r y—o @ = 0, the system approaches the Tonks limit K — 1 of a hardcore fermions

Effective Pauli principle for 0 —
65/70



Bound states

m Ansatz C, = o with || < 1 (exponentially
localized to center of mass)

m for € = 0 repulsively bound-pairs only for high
energies

m for 6 = 7 two different bound-state solutions
closeto Q ~m

5 2Ucos(k) + (cos(k) —1) VU2 +8t2(1 - 3cos(k))
. 3cos(k) — 1

m Forany U > 0 one low energy solution €Z < 0

m For U < 2t it exhibits a local minimum at Q =

In spite of this effective hardcore character of the two particle scattering state,
nonetheless low-lying bound states of two particles may exist!

66/70



PP phase model

m Naive description of the PP-phase via

Her = =2ty cos(k)alax + . €2 (k)blbx
K K

minimized under the constraint p, +2p, = p

m at low densities the ground state only contains
species a; for higher fillings both species are
present

m finite size structure of 2 and 1 particle jumps
due to constraint

015 (©) — m approximately measure the densities p, and pg
i S | Nao=3(bfbir), Na =3 ((61)2(bis1)?)
i i

PSF PP SF
Qz L L

U/t
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Conclusions

Summary

m Anyons about to be explored with cold

spin T atoms!
m Various techniques: Modulated
interactions, lattice shaking,
spin | Raman-assisted hopping, ...

characteristic features of 1D anyon lattice
model

m shift of quasi-momentum
m effective repulsion

m PP-phase
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Conclusions |1

Much, much more not mentioned...
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quantum phase transitions
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Thank you very much!

Thanks to collaborators!!
Thierry Giamarchi (U Geneva), Temo Vekua (Indiana U), Luis Santos (ITP Hannover),

Lorenzo Cardarelli (ITP Hannover), Dario Poletti (SUTD Singapore), Wanzhou Zhang (U
Shanxi), Yunbo Zhang (U Shanxi)
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