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Majorana “fermions” as non-Abelian anyons 

Ettore Majorana, 

1906-1938? 
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Introducing Majorana “fermions” 

two hermitian(!) Majorana operators (Majorana fermions) 

Two Majoranas One fermionic mode 
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â



states of two Majoranas 

(different fusion channels) 

fermionic mode 

(0 or 1 fermion) 
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Fermionic states and Majorana fusion 
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Hamiltonian and Hilbert space (states) 

Majorana fermions 
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either fermionic vacuum state (fuse to vacuum) 
 

or single-fermion state (fuse to fermion) 

Two Majorana fermions can correspond to 
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(even parity) 
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are BOTH described by two Majorana fermions (anyons) 

Two-Majorana states: Fusion of Majoranas 

(reminder) 

fermionic vacuum                 or  

State with NO fermion      and state with ONE fermion 

)1(0 
)(1 

how do they behave as a combined object seen from distances  
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The result is either 

  1 - Majorana fusion rules 



we define         hermitian Majorana operators         (                       ) 

More degrees of freedom 

m Nm 2,,1

mnmnnm  2 - Clifford algebra 
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Hamiltonian: 
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2. By fusion channels               for        pairs                       of Majoranas  

State description 
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State description (reminder) 
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The formal mapping  one fermion  → two Majorana fermions 

becomes of interest if we can make spatially separated  

Majorana fermions (non-local fermion) 

 

When it becomes nontrivial? 

Spatially separated Majorana fermions can be braided 

to test and make use of their non-abelian statistics 



Majorana fermions in Kitaev wire 



The pairing amplitude        breaks the          gauge symmetry 

Majorana edge states in Kitaev wire 

Symmetries: 

down to the        symmetry 
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A.Y. Kitaev, Phys. Usp. (2001) 

Kitaev wire: spinless fermions with “p-wave” pairing on a1D chain of size L 
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hopping pairing chemical potential 

Parity is a conserved quantum number, not the number of particles   
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can be measured in cold-atom systems! 



Solving Kitaev wire  JJ 2,0  
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Bogoliubov transformation 
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mode # 

“zero”-energy  

edge mode 
gap 

gapped bulk 

modes 

mE



Robustness 

“Zero-energy” eigenvalue is robust against static disorder 

mode # 

“zero”-energy  

edge mode 

gap 

bulk mE

+ disorder potential 

This robustness against imperfection is a consequence of the  

topological order in the bulk – topological protection 
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Topological order in the bulk 
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matrix kH

Excitation spectrum 
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with 

(has to be gapped !) 

Hamiltonian in (quasi)momentum space (     -real) 



Topological order in the bulk 

Ground state (BCS) 
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Winding number 
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counts the number of times  

       winds around the origin 
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Topological order in the bulk 

characterizes topological order (in this case!) 

For Kitaev wire with  J2

1 indicates nontrivial topological order  
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Closer look at the “zero-energy” mode  

Majorana edge  

modes 

In Majorana basis 
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- Majorana operators 
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- non-local fermion living on both edges 
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The energy of the “zero-energy” mode  

is exponentially small with  

the size of the wire 
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The Hamiltonian of the non-local fermion 

M̂The energy of the non-local fermion 

M̂

)exp(~ LEM  - coupling between Majorana modes 

Quasi degenerate ground state: 0 (                      ) 00ˆ m and 

0ˆ  MM 

have exponentially close energies 

with different fermionic parity 



In the “ideal” case 

0ME

Majoranas 
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Zero-energy mode 

Gapped modes 

Degenerate ground state: states 0 (                      ) 00ˆ m and 0ˆ  MM 

have the same energy but different parity 

are completely decoupled 
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Long-range fermionic correlations 
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fermionic correlations between sites 1 and N 
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but different fermionic number parity 1 FP

Explicit ground state wave functions 
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These states have identical local properties 



“Making” Kitaev wire with cold atoms 

System: fermionic atoms in an optical lattice 

Reservoir: molecular BEC (or BCS) cloud 
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continuous version 
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continuous version 



Reservoir 

optical lattice: 

laser laser 

BCS Cooper pair / molecule 

laser 

field coherent two-particle transfer 

(analog to proximity effect) 

 provides pairing amplitude      
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open Hamiltonian system. 

Basic idea 

S. Nascimbène, J. Phys. B 46, 134005 (2013) 

L. Jiang, et al, Phys. Rev. Lett. 106, 22042 (2011) 



Braiding protocol 



Braiding of Majorana fermions 
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J. Alicea et al, Nat. Phys. 7 412 (2011) 
T-junction: 

How to realize? 

Moving Majoranas around by changing the local potential 

Can also be done in atomic wires setup. 

Could cold atoms provide something else? 
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Braiding of Majorana fermions in atomic wires setup 
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Braiding of Majorana fermions in atomic wires 

Two (nearest) Kitaev wires: 
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 Four Majorana fermions                             , we braid              and  4321 ,,,  11 c 13 d

)(
2

1
212, jjju icca  

)(
2

1
212, jjjl idda  



Braiding protocol: 

Advantages:  - small number of steps 

- only four sites and links between them are involved (local)  

Requirement:  - local cite/link addressing 

1c

1d

J. Simon, et. al, Nature (London) 473:307-312, 2011  

C. Weitenberg, et. al, Nature (London) 471:319-324, 2011  

T. Fukuhara, et. al, Nat. Phys. 9:235, 2011 

C.V. Kraus, P. Zoller, and M.A. Baranov, PRL 111, 203001 (2013) 



Needed local operations: 
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Single-link:   switching on/off adiabatically 

between nearest sites    and j l

Together give “Kitaev coupling”  

Single-site:    switching on/off adiabatically 
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Braiding protocol: Step I  

Turn off the couplings between  

sites 1-2 and 3-4; 

turn on hopping between sites 1-3 

t changes adiabatically from     to 0 2/
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Braiding protocol: Step II 
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Turn on the couplings between sites 3-4; 

turn on pairing between sites 1-3 

3c
1c 3c

3d

33

22

311

)(

)sin1(sin4/)]sin1(sin2[)(

c

dc

t

ttttt









t changes adiabatically from     to 0 2/
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Braiding protocol: Step III 
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Ramp up local potential on site 1; 

turn off couplings between sites1-3 
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Braiding protocol: Step IV 
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Ramp down local potential on site1; 

turn on couplings between sites 1-2 
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t changes adiabatically from     to 0 2/
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Physics behind 

Result of the braiding protocol: 
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one fermion is taken from the system  

(either from the lower or from the upper wire) 

and inserted into the lower wire 
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Physical consequences: 
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In the basis                        of eigenfunctions of                 and             
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we have 

parity of the upper wire 

parity of the lower wire 

and 
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Physical consequences: 
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even-even 

parity 
superposition of even-even 

and odd-odd 
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odd-odd 
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Demonstration of non-Abelian character 
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Three wires 

Starting from   

different 

- eigenstate of                                                       
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Another possibility: 

Starting from   
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Using Majorana fermions for QC 



Implementation of the Deutsch-Jozsa algorithm for two qubits 

Although braiding does not provide a tool to build a universal set of gates, 

it still can be used for QC. 

Example: Deutsch-Jozsa algorithm 



Question:  is a given but unknown        constant or balanced?  

     1,01,01,0: gFunction (oracle) 

can be either constant or balanced 
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0 0 0 0 
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1 1 

1 1 
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constant 

balanced 

00 01 10 11

0g

1g

2g

3g

g

Deutsch-Jozsa algorithm (2 qubits) 
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constant: probability to measure           is  1 

balanced: probability to measure           is  0 

oracle 

Deutsch-Jozsa algorithm for two qubits: only one measurements! 

Naïve way:  three measurements (in the worst case)  

When oracle is realized as a unitary xxU xg
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Realization of the algorithm via braiding 

controls parity 

Setup: 3 Kitaev wires 

L. Georgiev, Phys. Rev. B 74 (2006) 
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C.V. Kraus, P. Zoller, and M.A. Baranov, PRL 111, 203001 (2013) 



Hadamard gate Unitary for an oracle 
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can be done  

in parallel 
can be done  

in parallel 

Realization of the algorithm via braiding (optimum sequence) 

Realization of the algorithm in five steps! 



0000)( 0  gU JD

1000)( 1 igU JD 

1100)( 0  gU JD

0100)( 1 igU JD 

Results: 

Read out:      measuring parities (particle numbers) in the wires 



Conclusion 

Majorana fermions provide an example of non-Abelian anyons  

- fundamental physical interest 

- applications for quantum computation 

Cold atomic/molecular systems provides a possibility 

to implement and to manipulate Majorana fermions  



Thank you for your attention! 


