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Preface

This book arose from lectures I gave at the Freie Universität Berlin over the past
five decades. They were intended to prepare graduate students for their research
in elementary-particle physics or in many-body theory of condensed matter. They
should serve as a general introduction and a basis for understanding more advanced
work on the subject.

The theory of quantum fields presented in this book is mainly based on the
perturbative approach. Elementary particles are introduced initially without any
interactions. These are added later, and their strength is parametrized by some
coupling constant g. The consequences are studied order by order in g, with the
particles propagating forward from interaction to interaction. Such a treatment is
clearly a gross simplification of what happens in nature, where even the existence
of a free particle involves the full interaction from the very beginning. Nevertheless,
this kind of procedure has been the basis of many successful theories. In all of them,
there exist dominant freely propagating excitations or elementary particles at least in
some experimentally accessible limit. The most prominent example is the theory of
strongly interacting particles. There they are described as being composed of quarks
held together by gluons which interact via a nonabelian gauge theory called quantum
chromodynamics (QCD). In the limit of large energies, the particles behave like free
point-like particles. This behavior was named parton-like by Richard Feynman. The
existence of such a limiting behavior in QCD was called asymptotic freedom. It was
the main reason for the possibility of developing a theory for these particles, which
gave good explanations of many interaction processes between elementary particles.
The initial creation of the particles, however, remained far from being understood.
It involves a regime of strong interactions where perturbation theory fails.

A field-theoretic method to reach into this regime has been developed in quan-
tum field theory of many-body physics. There a separation of the two regimes,
the formation of particle-like excitation and their scattering, is much clearer to ob-
serve experimentally than in particle physics. For this reason, many-body theory
has been a major source of inspiration for the development of theoretical methods
to describe strongly interacting phenomena. An extension of perturbation theory
into the strongly interacting regime has so far been possible mainly by employing
resummation techniques. Initially, theorists have summed certain classes of Feyn-
man diagrams by repeating infinitely many times the same interaction leading to a
geometric series whose sum can be evaluated. This has allowed the understanding
of many pronounced observable phenomena as consequences of a sum of infinitely
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many bubbles and ladders of diagrams. The methods for this were developed by
Hartree, Fock, and Bogoliubov in many-body theory, and by Bethe and Salpeter in
quantum electrodynamics.

The development of renormalization group theory has led to a generalization
of this method. It permits to extend the sum of bubbles and ladders to sums of
diagrams of many different topologies. This makes them applicable in the regime of
strong couplings, where they can be used to study various many-body phenomena
even in the so-called critical regime. There the interactions become so strong that
they are much more important than the free-particle propagation.

In many-body theory, one can parametrize the separation of the two regimes quite
clearly by formulating the theory on a lattice. The propagation is characterized by a
so-called hopping amplitude from lattice point to lattice point. The critical regime is
reached when the masses of some of the participating excitations go to zero. In this
limit, the range of their propagation tends to infinity, and their interaction becomes
increasingly important.

An efficient alternative to the summation of infinitely many perturbation-
theoretic diagrams is based on a variational approach. Its power was discovered
in 1877 by John Rayleigh and formalized by Walter Ritz in 1908. Some time ago,
the theory was revived by Feynman and Kleinert.1 They set up a first-order varia-
tional approximation to path integrals, which led to reasonable approximations for a
variety of quantum mechanical problems. The approximations were later expanded
to all orders, and have finally led to the the powerful field-theoretic variational per-

turbation theory (VPT). In that form, the theory is able to simplify and replace the
popular renormalization group approach of critical phenomena. It has been success-
fully applied to many phase transitions, and is published in a monograph.2

An important aspect of a theory of critical phenomena is the fact that the free-
field propagators play no longer the important role they have in perturbation expan-
sions. The underlying free-particle behavior is based on a Gaussian approximation to
field fluctuations. In the critical regime, this approximation of the distributions has
tails which follow power-like distributions. Such tails are observed in the statistics
of very rare events, which are called “black-swan events”.3 These occur in nature in
many different circumstances, ranging from oceanic monster waves over earthquakes
and wind gusts, to catastrophic crashes of financial markets.4

I want to thank my friend Remo Ruffini for creating an extremely lively and in-
spiring environment for scientific work in particle and astrophysics at many exciting
places of the globe, where I was invited for lectures and discussions of topics of this

1R.P. Feynman and H. Kleinert, Phys. Rev. A 34, 5080 (1986).
2H. Kleinert and V. Schulte-Frohlinde, Critical Properties of Φ4-Theories , World Scientific,

Singapore 2001, pp. 1–489 (http://klnrt.de/b8). See Chapter 20 for the variational approach.
3H. Kleinert, Quantum Field Theory of Black-Swan Events , EPL 100, 10001 (2013)

(www.ejtp.com/articles/ejtpv11i31p1.pdf);Effective Action and Field Equation for BEC from

Weak to Strong Couplings , J. Phys. B 46, 175401 (2013) (http://klnrt.de/403).
4H. Kleinert, Path Integrals in Quantum Mechanics, Statistics, Polymer Physics, and Financial

Markets , World Scientific, Singapore, 2009 (http://klnrt.de/b5). See Chapter 20.
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book. Ruffini, who holds a chair in theoretical physics at the university of Rome
“La Sapienza”, founded an international center which I am part of, where scientists
from all over the world do research, and where students can prepare their Ph.D.
degree (for details see ICRANet.org).

I am also very grateful to my colleague Axel Pelster who, for many years, has
shared with me the burden and joy of bringing students of the Freie Universität
Berlin to their master’s and doctor’s degrees. His careful reading of large parts of
the manuscript has produced useful insights and corrections.

Another person who greatly helped me to spot errors in Chapters 23 and 24
is my former CERN colleague and friend Franco Buccella, professor of theoretical
physics in beautiful Naples. These chapters were also proofread by Harald Fritzsch.
In Chapter 30 several corrections came from Claus Kiefer, Hans Ohanian, Kellogg
Stelle, Pisin Chen, She-Sheng Xue, and Václav Zatloukal.

Finally I want to thank Dr. Annemarie Kleinert for her patience and sacrifice
of a lot of time, in which she set aside her own research projects to help me spot
and correct many errors. Without her repeated reading the manuscript and her
persistent encouragement, the book would certainly never have been finished.

The reader who detects errors, is kindly asked to report them by email to h@klnrt.de.

Hagen Kleinert

Berlin, April 2016



x



Contents

Preface . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii

1 Fundamentals 1
1.1 Classical Mechanics . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Relativistic Mechanics in Curved Spacetime . . . . . . . . . . . . . . 10
1.3 Quantum Mechanics . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.3.1 Bragg Reflections and Interference . . . . . . . . . . . . . . 11
1.3.2 Matter Waves . . . . . . . . . . . . . . . . . . . . . . . . . . 13
1.3.3 Schrödinger Equation . . . . . . . . . . . . . . . . . . . . . 14
1.3.4 Particle Current Conservation . . . . . . . . . . . . . . . . . 17

1.4 Dirac’s Bra-Ket Formalism . . . . . . . . . . . . . . . . . . . . . . . 18
1.4.1 Basis Transformations . . . . . . . . . . . . . . . . . . . . . 19
1.4.2 Bracket Notation . . . . . . . . . . . . . . . . . . . . . . . . 20
1.4.3 Continuum Limit . . . . . . . . . . . . . . . . . . . . . . . . 22
1.4.4 Generalized Functions . . . . . . . . . . . . . . . . . . . . . 24
1.4.5 Schrödinger Equation in Dirac Notation . . . . . . . . . . . 25
1.4.6 Momentum States . . . . . . . . . . . . . . . . . . . . . . . 27
1.4.7 Incompleteness and Poisson’s Summation Formula . . . . . 29

1.5 Observables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
1.5.1 Uncertainty Relation . . . . . . . . . . . . . . . . . . . . . . 32
1.5.2 Density Matrix and Wigner Function . . . . . . . . . . . . . 33
1.5.3 Generalization to Many Particles . . . . . . . . . . . . . . . 34

1.6 Time Evolution Operator. Definition . . . . . . . . . . . . . . . . . . 35
1.7 Time Evolution Operator. Properties . . . . . . . . . . . . . . . . . 38
1.8 Heisenberg Picture of Quantum Mechanics . . . . . . . . . . . . . . 40
1.9 Interaction Picture and Perturbation Expansion . . . . . . . . . . . 43
1.10 Time Evolution Amplitude . . . . . . . . . . . . . . . . . . . . . . . 44
1.11 Fixed-Energy Amplitude . . . . . . . . . . . . . . . . . . . . . . . . 47
1.12 Free-Particle Amplitudes . . . . . . . . . . . . . . . . . . . . . . . . 49
1.13 Quantum Mechanics of General Lagrangian Systems . . . . . . . . . 53
1.14 Particle on the Surface of a Sphere . . . . . . . . . . . . . . . . . . . 58
1.15 Spinning Top . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
1.16 Classical and Quantum Statistics . . . . . . . . . . . . . . . . . . . . 69

1.16.1 Canonical Ensemble . . . . . . . . . . . . . . . . . . . . . . 69
1.16.2 Grand-Canonical Ensemble . . . . . . . . . . . . . . . . . . 70

1.17 Density of States and Tracelog . . . . . . . . . . . . . . . . . . . . . 75

xi



xii

Appendix 1A Simple Time Evolution Operator . . . . . . . . . . . . . . . 77
Appendix 1B Convergence of the Fresnel Integral . . . . . . . . . . . . . . 77
Appendix 1C The Asymmetric Top . . . . . . . . . . . . . . . . . . . . . . 78
Notes and References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

2 Field Formulation of Many-Body Quantum Physics 82
2.1 Mechanics and Quantum Mechanics for n Nonrelativistic Particles . 82
2.2 Identical Particles: Bosons and Fermions . . . . . . . . . . . . . . . 85
2.3 Creation and Annihilation Operators for Bosons . . . . . . . . . . . 91
2.4 Schrödinger Equation for Noninteracting Bosons in Terms of Field

Operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
2.5 Second Quantization and Symmetrized Product Representation . . . 97
2.6 Bosons with Two-Body Interactions . . . . . . . . . . . . . . . . . . 101
2.7 Quantum Field Formulation of Many-Body Schrödinger Equations

for Bosons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102
2.8 Canonical Formalism in Quantum Field Theory . . . . . . . . . . . . 104
2.9 More General Creation and Annihilation Operators . . . . . . . . . 109
2.10 Quantum Field Formulation of Many-Fermion Schrödinger Equations 111
2.11 Free Nonrelativistic Particles and Fields . . . . . . . . . . . . . . . . 113
2.12 Second-Quantized Current Conservation Law . . . . . . . . . . . . . 116
2.13 Free-Particle Propagator . . . . . . . . . . . . . . . . . . . . . . . . 117
2.14 Collapse of Wave Function . . . . . . . . . . . . . . . . . . . . . . . 120
2.15 Quantum Statistics of Free Nonrelativistic Fields . . . . . . . . . . . 121

2.15.1 Thermodynamic Quantities . . . . . . . . . . . . . . . . . . 121
2.15.2 Degenerate Fermi Gas Near T = 0 . . . . . . . . . . . . . . 127
2.15.3 Degenerate Bose Gas Near T = 0 . . . . . . . . . . . . . . . 132
2.15.4 High Temperatures . . . . . . . . . . . . . . . . . . . . . . . 137

2.16 Noninteracting Bose Gas in a Trap . . . . . . . . . . . . . . . . . . . 138
2.16.1 Bose Gas in a Finite Box . . . . . . . . . . . . . . . . . . . 138
2.16.2 Harmonic and General Power Trap . . . . . . . . . . . . . . 141
2.16.3 Anharmonic Trap in Rotating Bose-Einstein Gas . . . . . . 142

2.17 Temperature Green Functions of Free Particles . . . . . . . . . . . . 143
2.18 Calculating the Matsubara Sum via Poisson Formula . . . . . . . . . 148
2.19 Nonequilibrium Quantum Statistics . . . . . . . . . . . . . . . . . . 150

2.19.1 Linear Response and Time-Dependent Green Functions for
T 6= 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150

2.19.2 Spectral Representations of Green Functions for T 6= 0 . . . 153
2.20 Other Important Green Functions . . . . . . . . . . . . . . . . . . . 156
2.21 Hermitian Adjoint Operators . . . . . . . . . . . . . . . . . . . . . . 159
2.22 Harmonic Oscillator Green Functions for T 6= 0 . . . . . . . . . . . . 160

2.22.1 Creation Annihilation Operators . . . . . . . . . . . . . . . 160
2.22.2 Real Field Operators . . . . . . . . . . . . . . . . . . . . . . 163

Appendix 2A Permutation Group and Representations . . . . . . . . . . . 165
Appendix 2B Treatment of Singularities in Zeta-Function . . . . . . . . . . 169



xiii

2B.1 Finite Box . . . . . . . . . . . . . . . . . . . . . . . . . . . 170

2B.2 Harmonic Trap . . . . . . . . . . . . . . . . . . . . . . . . . 172

Notes and References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 174

3 Interacting Nonrelativistic Particles 177

3.1 Weakly Interacting Bose Gas . . . . . . . . . . . . . . . . . . . . . . 178

3.2 Weakly Interacting Fermi Gas . . . . . . . . . . . . . . . . . . . . . 188

3.2.1 Electrons in a Metal . . . . . . . . . . . . . . . . . . . . . . 188
3.3 Superconducting Electrons . . . . . . . . . . . . . . . . . . . . . . . 196

3.3.1 Zero Temperature . . . . . . . . . . . . . . . . . . . . . . . 201

3.4 Renormalized Theory at Strong Interactions . . . . . . . . . . . . . 205

3.4.1 Finite Temperature . . . . . . . . . . . . . . . . . . . . . . . 207

3.5 Crossover to Strong Couplings . . . . . . . . . . . . . . . . . . . . . 211

3.5.1 Bogoliubov Theory for Bose Gas at Finite Temperature . . 212

3.6 Bose Gas at Strong Interactions . . . . . . . . . . . . . . . . . . . . 214

3.7 Corrections Due to Omitted Interaction Hamiltonian . . . . . . . . . 231

Appendix 3A Two-Loop Momentum Integrals . . . . . . . . . . . . . . . . 234
Notes and References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 237

4 Free Relativistic Particles and Fields 240

4.1 Relativistic Particles . . . . . . . . . . . . . . . . . . . . . . . . . . 240

4.2 Differential Operators for Lorentz Transformations . . . . . . . . . . 247
4.3 Space Inversion and Time Reversal . . . . . . . . . . . . . . . . . . 257

4.4 Free Relativistic Scalar Fields . . . . . . . . . . . . . . . . . . . . . 258

4.5 Other Symmetries of Scalar Action . . . . . . . . . . . . . . . . . . . 265

4.5.1 Translations of Scalar Field . . . . . . . . . . . . . . . . . . 266

4.5.2 Space Inversion of Scalar Field . . . . . . . . . . . . . . . . 267

4.5.3 Time Reversal of Scalar Field . . . . . . . . . . . . . . . . . 268

4.5.4 Charge Conjugation of Scalar Field . . . . . . . . . . . . . . 272

4.6 Electromagnetic Field . . . . . . . . . . . . . . . . . . . . . . . . . . 272
4.6.1 Action and Field Equations . . . . . . . . . . . . . . . . . . 273

4.6.2 Gauge Invariance . . . . . . . . . . . . . . . . . . . . . . . . 275

4.6.3 Lorentz Transformation Properties of Electromagnetic Fields 278

4.7 Other Symmetries of Electromagnetic Action . . . . . . . . . . . . . 280

4.7.1 Translations of the Vector Field . . . . . . . . . . . . . . . . 281

4.7.2 Space Inversion, Time Reversal, and Charge Conjugation of
the Vector Field . . . . . . . . . . . . . . . . . . . . . . . . 281

4.8 Plane-Wave Solutions of Maxwell’s Equations . . . . . . . . . . . . 282

4.9 Gravitational Field . . . . . . . . . . . . . . . . . . . . . . . . . . . 287

4.9.1 Action and Field Equations . . . . . . . . . . . . . . . . . . 288

4.9.2 Lorentz Transformation Properties of Gravitational Field . . 291

4.9.3 Other Symmetries of Gravitational Action . . . . . . . . . . 292

4.9.4 Translations of Gravitational Field . . . . . . . . . . . . . . 292



xiv

4.9.5 Space Inversion, Time Reversal, and Charge Conjugation of
Gravitational Field . . . . . . . . . . . . . . . . . . . . . . . 292

4.9.6 Gravitational Plane Waves . . . . . . . . . . . . . . . . . . 293

4.10 Free Relativistic Fermi Fields . . . . . . . . . . . . . . . . . . . . . . 299

4.11 Spin-1/2 Fields . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 300

4.12 Other Symmetries of Dirac Action . . . . . . . . . . . . . . . . . . . 310
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