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We construct exact eigenvectors and eigenvalues of O(2N) symmetric two-dimensional
theories (vertex models and quantum field theories) by means of a generalization of the nested
Bethe ansatz method. The spectrum of the physical states as well as the structure of the
eigenvectors are explicitly derived. Their group theoretical properties are investigated, the free
energy of the vertex model is given and its properties analysed.

1. Introduction

Since the exact solution of the eight-vertex model [1] considerable progress has
been made on integrable multistate vertex models [2,3]. By multistate we mean
models where each link in the two-dimensional lattice can be in g different states
with ¢ > 2.

Although the transfer matrix eigenvalues were derived for a large class of models
by the “unitarity method” and by the analytic Bethe ansatz the construction of
exact eigenvectors has been done only for the Z, symmetric [2,4] and U(N)
symmetric models [5, 6] and recently for the Sp(2N) symmetric model [7].

The purpose of this paper is to present the explicit construction of eigenvectors
and eigenvalues for the O(2N) symmetric vertex model. This is done using a
generalization of the nested Bethe ansatz method [2]. The construction of the exact
eigenvectors besides their own interest is an important step in the program of the
exact resolution of these models. The calculation of form factors and correlation
functions will benefit from the knowledge of the eigenvectors constructed in the
present paper.

We present our construction in the language of two-dimensional vertex models.
So, we give the eigenvectors and eigenvalues of the O(2 N) multistate vertex model
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Fig. 1. The four allowed configurations at one site of a square lattice of the O(2 N') vertex model.

where the statistical weights are depicted in fig. 1 and given by the matrix

2

2
SO =1-5P~ v 2=6%

1.1)
where
P b,cd = ‘Sadsbc ’ Kab, ced™ Sabscd ‘

a

Our results can be easily translated to fermionic quantum field theories with O2N)
symmetry. More precisely, the model defined by [8, 9]

L= i‘lza ‘N’a - (\;alyp‘pc)abl/cd(;pb‘ynlpd) (12)

is directly related to the vertex model of fig. 1. Here ¢, (a=1,...,2N) is a Dirac



H.J. de Vega, M. Karowski / O(2N) symmetric theories 227

field and V= g(1 + P — K). The ecigenstates and eigenvalues of the hamiltonian of
the model (1.2) can be written in terms of the eigenstates of the transfer matrix
corresponding to the vertex model defined by (1.1) or fig. 1.

The construction presented here is purely algebraic and is based on the Yang-
Baxter algebra of monodromy matrices [2,10}. A monodromy matrix T2(8) is
associated with a horizontal line of n sites of the two-dimensional lattice (eq. (2.4)).
T.# acts in two spaces: 4 and 2. 4 is a 2N-dimensional space for the O(2N) model
and £ a tensor product of » 2 N-dimensional spaces. The basic algebraic properties
of the operators and their submatrices 4%, B2, Cf and DY are summarized by the
Yang-Baxter algebra (for details, see sect. 2)

SAB(o - 0,)TA9(0)TBQ(0l) = TBﬂ(o')TAQ(a)SAB(a - 0') ’ (1-3)

A%(8) B,f’(o))

0=\ cae) pa(o)

(1.4)

The operators B, (C,) play the role of creation (annihilation) operators of inter-
acting excitations (pseudoparticles). Hence the bare vacuum or reference state is
defined by

Clp?=0.
Eigenvectors ¥ of the transfer matrix
79(0) =TIA[TA9(0)] (1.5)

follow by filling the reference state with pseudoparticles

¥((0)=I1 ¥ BZ(s)ef (1.6)

r=li,j=1

(i,, j, are the indices of BZ as an operator on the space a). The eigenvalue problem
for 7%(8) is solved in a recurrent way (nested Bethe ansatz method). The require-
ment that ¥9({v}) is an eigenvector of 7%(8#) leads to another eigenvalue problem
for a new family of commuting transfer matrices 7%(6) and % (8) (cf. (2.29) and
(2.32)). Writing an ansatz analogous to (1.6), this eigenvalue problem leads to
another eigenvalue problem for a new transfer matrix 7%2(#) and so on. The process
stops at the (N + 1) step since 7%%(#) is a number. At each step parameters {u{®,
1 <r<n,} are introduced as arguments of the creation operators Bjik. When these
numbers obey a set of algebraic equations derived in sect. 2, ¥? will be an
eigenvector of 79(#). It turns out that the arguments u(¥ "V (1<i<m<ny_;)in
the last step must coincide with the v; of the first step. This would in general imply
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the vanishing of the eigenvector. We overcome this problem by introducing a more
general set of intermediate monodromy matrices

T%(0,{v,w}), k=1,2,....,N—1

that reduce to the usual ones when the new parameters w, coincide with the v,.
Then, it is possible to construct non-vanishing eigenvectors of 7%(#) by using the
creation operators

B“k(u,("),{v,u+ae}) fork=1,2,...,.N—1

and letting ¢ — 0 while the parameters a, are defined by a set of algebraic equations
(eqgs. (2.75)).

The parameters u(® (i=1,...,n,; 1<k<N—1) must fulfill egs. (2.70) and
(2.74). These equations have many sets of solutions describing the different eigen-
states and eigenvalues of 77(8). The maximum eigenvalue provides the free energy
of the vertex model. This is computed in sects. 3 and 4. In sect. 3 the excitation
spectrum is analyzed. Particular attention is paid to the group theoretical properties
of the physical states formed by holes and strings. It is proved that all states
constructed by the generalized Bethe ansatz (1.6) are of maximal weight. A complete
catalog of excitations is found: antisymmetric tensors of rank k with 1<k N -2
and spinors of chirality + 1. A natural understanding of the bound states is derived
in the context of the Bethe ansatz construction of the states.

The free energy of the vertex model as well as its symmetries are investigated in
sect. 4. The free energy does not reduce in general to the free energy of other models
except in the particular cases N =2, 1 and 0, where it can be related to the free
energy of the SU(2) symmetric vertex model.

2. Construction of Bethe eigenvectors

We construct in this section the eigenvectors and eigenvalues of the transfer
matrix for the O(2N) symmetric vertex model. This model is defined by the
following solution of the Yang-Baxter equations [11]

2 2 R
SAB(0)=IAB“‘§PAB_§KAB; §=2N-2-4. (2.1)

Here, and in the following, a subscript like A of an operator means that it acts on a
vector space V,. If there are more subscripts it -acts on the corresponding tensor
product space. Here the operator S,, acts in the tensor product of real spaces
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V2N ® V2V where dimV?¥ =dimV}"=2N. The operator P,; exchanges both
spaces and K ,p = P} is the transposed operator of P, with respect to one of the

spaces.
PJajs = §J8§Ja K /ajs = siAiBSjAjB s (22)

iqlp iy Tig? isip

where 1 <i, ig, j4 jp<2N. The matrix S, fulfils the crossing and reality proper-
ties

Sis(0)=Si5(8) = St (6%). (2.3)

The matrix elements of S, (8/4/7) define the statistical weights of the vertex
configurations in an n X n square lattice. So each link can be in 2N different states.
The four allowed vertex configurations are depicted in fig. 1. The monodromy
matrix of the model reads '

TAg(a’{a})=SAn(0_an)"'SA1(0—a1)' (2.4)

On the r.h.s. we have a matrix product in the space V2" and a tensor product with
respect to the spaces V2V (i=n,...,1). So, T.f is an operator acting both in the
“auxiliary” space V2 and in the tensor product “quantum” space.

Q=VNg ... V2N, (2.5)

The «;, (1 < i < n) are given parameters that describe possible inhomogenities of the
lattice. The transfer matrix writes as usual

798, {@}) = tr,[T7(8, {a})]. (2.6)
It is directly connected with the partition function through
Z(9, {a}) =Tro[%(8, {a})"]. (2.7)
Our main task is to solve the eigenvalue problem of the transfer matrix
79(8, {a}) ¥ =\¥?, (2.8)

where ¥¥ is a state in the tensor product space 2. In order to construct the
eigenvectors it is convenient to introduce instead of the real basis |4), the complex
basis

lay =% (2a—1),+i|2a),) € VY,

@y =1 (2a—1),—i|2a),) € VY. (2.9)

We identify the spaces V2V = V" & V" where dimV¥ = dim V" = N,.
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The S-matrix (2.1) reads in this complex basis

S, 0 0 0

0 Qab Uab 0
Sp(8)= , 2.10
AB( ) 0 Uab Qab 0 ( )
0o 0 0 S,
where
2 2 2
Sab=‘nab-§Pab’ Uab=_b~Pab_.9—Kab’
2 " .
Qu=Top— 5Kap, 0=2N-2-0. (2.11)

Here, the operators S,, (Q,,) act in the tensor product of complex spaces V¥ ® VN
or V¥@ V) (V¥@ VY or V¥® V}') and U,, maps V' ® V) onto V¥ ® V} or
V¥ ® V) onto V¥ ® V. In order to apply the matrix Bethe ansatz method of refs.
[2,4,5,7,11] we need some additional properties of the matrices S,,, O,;, and U,,.
From eqgs. (2.11) we derive

2
Q;bl(a)=1lab— mKab’ (212)
1
PuyPuila(0)Q:H(0) = 5 Res[,4(8)074(0")]. (213)

The Yang-Baxter algebra for the monodromy matrix T2 follows from the Yang-
Baxter algebra fulfilled by the S-matrix

SAB(o - 0')SAC(0)SBC(0') = SBC(0,)SAC(0)SAB(0 —-0). (2.14)
One finds from eqgs. (2.4) and (2.11) and the properties of tensor products
Sup(0— 0 )TP(0)T5(6") = T(6")T(6)S,5(6—6"). (2.15)

The monodromy matrix naturally decomposes in the complex basis (2.9) as

Tj(8)= (2.16)

A%(8) B2(0)
c2(6) D))’

SO

r9(8) = tr,[ 4%(0)] + tr,[ DI (0)] . (217)
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The commutation relations for the submatrices 4%, B2 C2 and D2 of T, follow
from the Yang-Baxter algebra. Inserting egs. (2.10) and (2.16) in eq. (2.15) yields:

AZ(0)B(87) = 5,,(6" - 8)B;(67) 45(0)Q0;, (6" - 9)
~BJ(0)43(0")U,, (0"~ 6)Q;, (8- 0),  (218)
D (6)B(8) = Qz,(6—6")B(6")D;(6)S,,(6 - 0")
~ Q. (600U, (8-0')B(6)DJ(6).  (219)

We will not need the other commutation rules, so we do not write them down. By
means of eq. (2.13) the second terms in eqs. (2.18) and (2.19) can be rewritten as

1
o7 R, {(Spa(87—0")BE(0)A2(67)Q; (87 —06")}, (2.18a)

I 09 { 5(0"—07)BE(0)DI(67)S,,(6"—6")}. (2.192)

We have now enough machinery to start the construction of the eigenvectors of
7%(8, { @}). We seek for an eigenvector with an algebraic Bethe ansatz structure

m

¥ = T182,0)ef. (220)

r=

(summation over the indices i, j;=1,2,..., N is assumed). We denote by a sub-
script £ vectors and operators of the space £ (c.f. (2.5)). In eq. (2.20) the
parameters vy, ..., U, are arbitrary for the moment and we require the vectors <p?,-, 7
for each set of the indices iy,...,i,; j,..., j, to verify

Ci(8)ef, ;,=0 (2.21)

for all k,/= N. It can be checked from egs. (2.4), (2.10) and (2.16) that eq
(2.21) holds 1f all “bar” components of q>(, jy Vvanish. That means the vectors (p{, 7
lie in a subspace 2© of @ called “reference space” where
2O=vVNe ... @V}, (2.22)
while
2=(VNe V"), ® - @(VN o V"),.

Now we start to solve the eigenvalue problem eq. (2.8) and, following the general
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strategy of the algebraic Bethe ansatz [2,4,12] we apply the transfer matrix 7%(8) in
terms of the decomposition (2.17) to the state given by eq. (2. 20) We begin by
acting with 4%(6) on ¥? and we push it to the right through the B? ?.(v,) using the
commutations rule (2.18). Then we shall do the same for D¥(8).

Finally taking trace over V, we will relate in this way the action of 7%(#) on ¥¥
to the action of two new transfer matrices 7% and #% (corresponding to 42 and
D%) on a new state ¥,

Two types of terms arise when AY passes through B? “(v,) (see eq (2.18)). The
first type comes from the first term in eq. (2.18) and A”(B) and BY 4(0,) keep their
original arguments unchanged. They are “wanted” terms, and they w1ll finally give
a vector proportional to ¥,

The terms arising from the second term in eq. (2.18) are called “unwanted” since
they contain B%(#) and so they can never give a vector proportional to ¥%. One
gets from eq. (2.20), after repeated use of eq. (2.18),

A'Q(e)‘l's2 [Sl’ (v,-8).. S ](1 k)HBk[(v Ag(o)
X[Q,;,l,a(vm—-ﬂ)...Ql‘,}a(vl—0)]{,,j}<p{2i,j)+unwanted terms. (2.23)

The indices {i, k} and {j,/} refer here to the auxiliary spaces V' and VY
(I <r’, r” < m), respectively. Taking the trace w.r.t. V,, eq. (2.23) yields:

tr [1‘19(6’)]‘1"Q anl )tra{[Slt’a(Ul_0)"'Sr:t'a(vm—0)]{k,i)

X 43(0)[Qnta(v0=6) ... Qi (01 = O)] 1, ) 9 5y
+ unwanted terms. (2.24)

The superscript t means transposition w.r.t. to V.Y (1 <r’<m). Since here 4%(8)
acts on the vectors ¢ in the reference state space, i.e. obeying the constraint (2.21)
it can be replaced by

A2(0)-> S, (0—a,)...S (0 — o). (2.25)

It is convenient to enlarge the space 2 such that the “auxiliary” indices {i, j}
also become “quantum” ones

Q=(VWe ---evi)e(V¥e ---eVM)e(Vhe --- ®VY). (2.26)
The set of vectors ¢f; ;, € 2 is reinterpreted as one-vector ¥% € 2, where
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are the components of ¥ with respect to the subspace defined by the first and
third group of factors in eq. (2.26). In order to rewrite er,. (2.24) in the space 2, we
define a new monodromy operator 7% (#) acting in 2, and V, and the correspond-
ing transfer matrix by

T8, {a,v,w}) =[S}, (0, 0)... Sta( 0= )] [Sun(6— @,) ... (8 — )]
X (@7t (W, —8)... 074 (w, - 0)], (2.28)
(0, {a,0,w)) =tr,[T2(8,{a,0,w})]. (2.29)

For later convenience we have introduced the parameters wy,..., w,,; finally they
have to be identified with the v,,..., v,,. So we can rewrite eq. (2.24) as

e[ A2(0, (D] ¥7 = T1B,(0) [0, (0,01 ¥%] .,

+unwanted terms, (2.30)

where the notation (2.27) has been used.

The unwanted terms can be worked out in an analogous way. One finds from egs.
(2.18a) and (2.25) for the unwanted term containing A%(v,) analogously to eq.
(2.30)

(m.[42(0)] ¥},
=—B,{2jl(0)1‘[B,{’jr(u,)0 — Res [7%(0", {a,0,0})¥%], ;. (2.31)
r=2 ~Uy 0=y

Analogous expressions follow for the remaining m — 1 unwanted terms. They can
explicitly be derived as in ref. [2]. We interrupt the analysis of the first term in the
decomposition (2.27), the A-term. Using egs. (2.19) and (2.19a) instead of egs. (2.18)
and (2.18a) completely analogous results will be obtained for the second, the
D-term. In egs. (2.30) and (2.31) 4 has to be replaced by D and 7 by another
transfer matrix 7 defined by:

70, {a,0,w)}) =tr,[T2(0, {a,0,w})], (2.32)
T30, {a,0,w})=[Q2}(0-0))... 0 (0 ~1,)][Qun(0 - a,) ... Q(6 — )]
X[ 8, (8 =w,) ... Sp(8—w))]. (2.33)

The Yang-Baxter algebra for the monodromy matrices 7 and 7% can be obtained
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from the Yang-Baxter algebra of the matrices S and @ which follow from egs.
(2.10) and (2.15)

Sup(8— 0)TH(0) T (87) = TH(0) T (0)S,,(8 - 67),  (2.34)
Q,,(0- 0’)Tagl(0)Tbgl(0’) = Tbgl(a')ifl(a)Qab(a -6), (2.35)

where eq. (2.34) also holds for 7%. From these equations we conclude that the
transfer matrices commute.

[7%(0), 7%(8)] = [#%(8),7%(6")] = [+%(8),7%(6")] =0.  (2.36)

Hence 7% and 7% can be diagonalized simultaneously. Eqgs. (2.30) and (2.31) tell us
that the eigenvalue problem

9(6, (@) ¥((a,0)) = X4 (a,0))
has been transformed to two eigenvalue problems
(0, {a,v,0}))Ph=AP%,
(0, {a,v,0})¥H =A ¥4, (2.37)

to be solved simultaneously with the following constraints that eliminate the
unwanted terms

Res(A;+A)=0;  j=1,...,n. (2.38)

0=y,

For all solutions {v} of these equations the unwanted terms cancel and the
corresponding eigenvalue and eigenvector of 7% are

-~

A=A +A, (2.39)
vi= 3 Bis,zj,(vr)[“l’ﬂl](i,j}- (2.40)
r=1

As we will see later the egs. (2.37)-(2.40) will not always give the correct result. The
reason is that for certain solutions of the Bethe ansatz equation the vector ¥%
(given by eq. (2.40)) vanishes if the parameters v, and w, are taken to be equal (as
in eq. (2.37)). We overcome this problem by taking the limit w, — v, in a specified
way (see below). Let us now consider the generalized eigenvalue problem

(0, {a,v,w))Pa=\F%, (2.41)
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From the explicit expressions (2.11) for S,, we see that eq. (2.34) defines an SU(N)
symmetric Yang-Baxter algebra for 7. This implies that the diagonalization of
should be possible by means of the nested Bethe ansatz known for the SU(N) case
[4—6]. But since T also contains K operators, there are new features and therefore
we will explain the procedure in more detail. We split from the N-dimensional space
V¥ a one-dimensional one

VV=VeVvi1, (2.42)

The corresponding decomposition of the monodromy matrix T (8, { a, v, w}) reads

, (2.43)

A% B
a

CQI Dﬂl
a1

where A%, B%, C*%, D% are with respect to the “auxiliary” space 1x1,1X
(N-1,(N—-1)X1,(N—1) X (N —1) matrices, respectively. Their commutation
rules follow from the Yang-Baxter algebra (2.34)

6 — 8-
AN (0)Bh(6") = T

BX(87)A%(6) + Bh(8)4a™h(07), (2.44)

6 -6

D;fl(a)B,i{I(o') = B,?;(ﬂ’)Djfl(B)Salbl(o -0)+ B”l(0)D,{’ll(0’), (2.45)

0;_0 a

where S, , is the restriction of S, (given by eq. (2.11)) to the space V,) "' ® VY71
of dimension (N — 1)2 The algebraic Bethe ansatz for the eigenvectors of % writes

n
yh=T] B,.‘fl(uﬁl))zp{’}} (0<iy,...,i, <N-1), (2.46)

r=1

where the (level 1) reference states fulfil
Choly =0. (2.47)

From the definition of T, (egs. (2.28) and (2.11)) it follows that the subspace of
2, defined by this condition is

QO=(V)le---@Vi ) e(V,® - aV) e (V¥ 1o .- eVl ). (248)
We again follow the general strategy of the algebraic Bethe ansatz. We apply 4™

and Tr, [D2] to ¢* and push them through all the B% using the commutation
rules ((2.44) and (2.45)). From the first terms of egs. (2.44) and (2.45) we get the
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“wanted” contributions

n ul(l)_g_z n
A%(0)yu=1T1] T I1 B,{’l(ufl’)Aﬂlw)q)%} + unwanted terms,

i=1 r=1
(2.49)
mn
Tr,, [Da’fl(ﬂ)] Y= [T BH(u®)[7%(6)y*];, + unwanted terms. (2.50)
r=1

In the second equation we have introduced the new transfer matrix 7% as the a,
trace of the new monodromy matrix

72:(0, {v,w,u®)) = (St (v, - 8)... 8}, (v,,— 0))
X (Qpho (W —0)... 07k, (wy — 6))

X(Sal"l(a_ uﬁlll)) Sall(a— u{l))) (251)
acting in the (N — 1)-dimensional “auxiliary” space V,/~" and the tensor product
space

2,=0Pe (V¥ e ... @V) 1)

=(Vfle--eVi e (Vile eVl e (Vile . eV l).

(2.52)

This means that the auxiliary indices i, introduced by the B-operators in eq. (2.50)
have been reinterpreted as additional quantum indices for the n.xt Bethe ansatz
step. The set of reference vectors ¢}, € 2{” has been reinterpreted as one-vector
yhen,

[\PQ’]{i} =l (2.53)

By [-];, we denote the components of a vector in {2, with respect to the third group
of spaces in eq. (2.52). Note that the reference states @ are eigenstates of the
operator A, If the unwanted terms of egs. (2.45) and (2.50) cancel we therefore
obtain for the eigenvalue of 7%

"G —2 M f—u® 42
}\1(0,{a,v,w,u(1)}) =11 -

=1 O0—a, j=1 6-uld

1

+A,, (2.54)
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where A, is defined by the eigenvalue problem of the next step
9y =\ Y%, (2.55)
The unwanted terms of eqgs. (2.49) and (2.50) can be written analogously to eq.

(2.31) in terms of residues of the wanted ones. Those which contain the operator
Bh(0) are

[A%(0) 9] Soaneea = —B2(8) T B, (u®)
r=2

1 moy® g — .
X 6 — ugl) 956,48{1) ,=1_II _u,(D——_ﬂ'—A 1(0 )(P(,) ,
n
¢V
[TralD'ﬁl(o)‘Pﬂl unwanted = -B’?‘(a) Iszir(ugl))
X 1 Res [792 9 )4/92] (2.56)
60— u{l) ul®d {¢}- .

Analogous expressions follow for the remaining n, — 1 unwanted terms. Therefore
the eigenvalue conditions for the parameters u{™ read

Res A, (0, {a,0,w,u®}) = j=1,....n;. (2.57)
6= u(l

(These analyticity requirements are of course necessary since in eq. (2.41) the
operator 7% does not depend on the 4’ and the state Y% is independent of 6.)

In order to continue the nested Bethe ansatz procedure we note that the
eigenvalue problems step 1 (c.f. egs. (2.41), (2.28), (2.29)) and step 2 (c.f. egs. (2.55),
(2.51)) are completely analogous, (VV,2,, A, {a}, n,{u®}, n,) correspond to
(VN1 2, Ay, {u®), ny, {(u@), n,) where the new parameters u(?,..., ul) are
introduced analogously to the 4" in eq. (2.46). Therefore the solution of step 2 is
obtained from that of step 1 eq. (2.54) and the conditions (2.57), replacing in
addition A, by A;. (The different order of two groups of factors in eq. (2.28)
compared to eq. (2.51) will not affect this statement.) Hence the recursion relation
(2.54) solves the diagonalization problem of 7% completely. The dimension of the
V-space decreases in each step by one which means that 7% reduces to a number

"l —y(MD ) m gy, +2 G—w,
=y =T] 9—u™D 1_[ 9

i=1 i= —U;

(2.58)

—w;~2
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The final result for the eigenvalue of 7%(8, {a, v, w}) reads

N-1
}\1(0, {a,0,w,u®,.., u(N_l)}) = Y F/(9), (2.59)
k=0

where

Mo -y —2 M §— D 4 )
Fk(0)= l_.[ 0—u(") e_u(/H_I) ’
i i

I=

k<N-1,

Fy_1(0)=Ay, {u®} ={a}, Ro=n. (2.60)

The parameters u{*) are the roots of the “Bethe ansatz equations” which follow
from the cancellation conditions of the unwanted terms

Res A, =0; j=1...,n,k=1,...,N-1

0=uj(k)
or
F i () — gy (k) 4 2 RTINSy |
k-1 - J i g i -1 (2 61)
Fy Jpmupr it w0 —u® =2 15y ici u® —ul0—k+1+1

For k= N — 1, the factor corresponding to / = k -+ 1 has to be replaced by

k k
moul -y, u—w, -2

I

it uP—w, ufP—y,+2°

(2.61a)

We now come to the diagonalization problem of the transfer matrix 7%. We do not
need to perform long calculations since the eigenvalues 7\1 of #% follow from those
of 7% using the crossing and reality properties of the matrix S, €q. (2.3). For the
monodromy matrix defined by eq. (2.4) we obtain from eq. (2.3)

TAQ(o’ {0‘}) = TAm(é’ { _"‘}) =T.7(0%, {a* }) > (2.62)

where § = 2N — 2 — 0 and t means transposition with respect to the space §2. These
relations imply for the eigenvalues of the transfer matrix 9

A8, {a,0,u®))=€(6% {—a*, v,u®}). (2.63)
Moreover we find from the explicit expressions (2.11) and (2.12)
0,,(0)= Satb(é) >
0.,(0)=S;,(6+2). (2.64)
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So the monodromy matrix T% can be expressed in terms of T%

790, {a,0,w))=T%(8,{~a,%,5)}), (2.65)

where #,=2N—v; and W,=2N —4—w, Therefore the eigenvalues A, of 7%

obtained by those of 7% are

7\1(0, {a,v,w, ﬁ(k)}) = )x’{(@*, {—a*, 5%, w*, ﬁ(k)})

A

MG, {~a,w,5,5%0}) (2.66)

for sets of parameters #{%) fulfilling Bethe ansatz equations. The last equality in eq.
(2.66) follows from the explicit expression for A; given by egs. (2.58)~(2.60). The
eigenvalue of the transfer matrix 7%

A8, {a,v, u(k)}) = }\1(0, {a,0,0,u®})+A,(8,{a,v,0,3P)}) (2.67)
fulfils the crossing relation (2.63) provided that the following relations hold
v¥=0,=2N-2—-v,, dP=u®; i=1,...,n,,k=1,...,N-1. (2.68)

On the r.hs. of eq. (2.67) the limit w, — v, has been assumed. As we will discuss
now this has to be done in a very specific way.

If we proceeded naively we would set w,=uv; and try to calculate the roots v,
from the Bethe ansatz equations (2.38). But eq. (2.58) shows that the poles at § = w,
are cancelled by zeros at §=v, and we would not get any equations for the
parameters v;. On the other hand, there are poles at =v,+2 (§=v,—2) in A
(A,) which are not related to any unwanted terms. These singularities must of course
be absent in the eigenvalue A=A, +7\1 since in eq. (2.8) the operator 7%(8, {a})
does not depend on the v; and the state y?({a,v}) is independent of §. The
solution of this puzzle is that the state ¢ constructed in this naive way would be (in
general) identical to zero. We overcome these problems by writing the state ¢ as a
limit

¥({a,v, u®}) = lim ﬁBQ(v,)

£—20 =1

ny

X kljl [I_[Bg"(u,(k),{v,v+as})]q>g"’-1. (2.69)

i=1

We have introduced the parameters a,,...,a, which have to be determined
together with the roots v;, u{¥) from the analyticity condition of A as a function of

8. Details are given in appendix A. The result can be formulated as follows.
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The poles at § = v, + 2 are cancelled by zeros at § = u{¥ Y £ 2. This means each
v, coincides with a «{¥~ V. Introducing a new notation we write (after reordering the
)
uNV"V=p =jg+N-1, i=1,...,n,=m,
uN-D=jgV+N-1, i=1,...,n_=ny_,~—m. (2.70)
Then after the substitutions
a,=igl?, i=1,...,ny=n,
uP=ig®+k, i=1,..,n,k=1,...,N=2, 2.7n)

the eigenvalue of the transfer matrix 7%(0, {ig®}) reads

2N-1

A0, {g®}) = kEO G.(9), (2.72)

where the functions G, follow from the F, defined by egs. (2.60) and (2.58) and eqgs.
(2.70)—(2.71)

n 0 tq,(k)——k—Z Ry 0_iqi(k+1)_k+1
Gk(0)=l—.[ g— (k) _ k iI;Ile*iq,-(k+1)‘k—‘1, k=0,...,N—3,

i= ig;
G. (B "ﬁl 0—ig¥ P-N ™ 0-ig - N+3 ™ §~ig"'—N+3
w-2(0) = =1 0—igVP-N+2,10—ig ) —N+1;70—ig"-N+1’
o i'_lﬂ igt 7’ ~N—-1" 0—ig{-N+3
Gy-a(6) = 10—ig ) -N+1;-10—igP-N+1"

G (0) =Gy 1 (2N-2-8). (2.73)

The last equation follows from egs. (2.66)—(2.67). The Bethe ansatz equations which
determine the parameters ¢, j=1,...,n;, k=1,..., N=2,—, + are

i ,(q<k)_q<k))+2 n ,(q<k>_q<l>)
=11 q(k)-q(k)) 2 jeL, i=1 l(q}k)—- ,-(’))+1

= -1, (2.78)

where Lk={k—l,k+1},{N-3,—-,+},{N—2} for 1<k<N-=3, k=N-2,
k= F, respectively. The parameters a, needed for the limit in eq. (2.69) are given
by
n_ l(qj+).—q )+ n, l(q(+)_q(+)) 2 (2 75)
i=1 tﬁ*’—q ) -2 i-1i(q (+)—q(+)) 27 )
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They vanish for the ground state and all antisymmetric tensor excitations of rank
< N —2. They do not vanish only for excitations which are non-symmetric with
respect to + and — chirality spinors.

The eigenvalues of the O(2N) transfer matrix given by egs. (2.72)—(2.73) and the
Bethe ansatz equations (2.74) coincide with the corresponding expressions obtained
by the “analytic Bethe ansatz” in ref. {7]. Our derivation provides a rigorous proof
of these equations.

3. Solution of the eigenvalue equations

In this section we present solutions of the O(2N) Bethe ansatz equations. We
discuss the ground state of the O(2N) transfer matrix, the one-particle excitations
and their quantum numbers. The well known [2,4,5,10] procedure to solve Bethe
ansatz equations was applied in refs. [8,9] to the O(2N) case. Here, we report some
results and then analyse the spectrum.

Taking the logarithm of eqs. (2.74)

20+ Lo((40-a)/2) - T T o(af-q?) =0,

i=1 leL, i=1
k=1,...,N-2,—,+ (3.1)

(where ¢(q)=2arctg(q) + ) the roots g® are given by sets of numbers J*
(integers or half odd integers). The density of real roots (for n = o0) defined by

(k)
S 0+ Zaa-h) (2)

(where h are “holes”) fulfil the system of integral equations

p(a)+ [da'K(a—q)p(g") = 05(q) +04(q) +0.(q), (3.3)

which is derived from eq. (3.1) by taking the derivative d/dq and substituting
7%, — {dgqp®(q). The inhomogenities are due to the interaction with the external
a;=lig;

0(q) = =8, 3 #(a— ), (3.4)

27 7[5

the holes o, and complex roots o, (see below). The system (3.3) can be solved in
Fourier space

p(x) = [dge(q), (3.5)
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where the integral kernel is given by

K, (x)=8,e 2~ Y 8. (3.6)
leL,
The solution
p(x) = R(x)[6(x) +6,(x) +6.(x)] (3.7

is expressed in terms of the (symmetric) resolvent

ch(N—1-k)xshl,
ch(N —1)xshx

Ry (x)=eM

sh kx

B el
e(x) = e e

sh(N —2)x
ch(N—1)xsh2x’

R_ (x)=}eM

sh Nx
ch(N—-1)xsh2x

R, (x)=1eH

(3.8)

The (antiferromagnetic) ground state is obtained for absence of holes and
complex roots o, =0g,=0

ﬁ([)(x) = R/l(x)e-lxl Z e'dx, (3-9)
i=1

An excitation corresponding to a k-level hole is obtained from eq. (3.7) with
A k-level two-string ¢¥) = ¢ 4+ i with real center ¢ is given by
60(x) = —Rj e Meier, (3.11)

This is a simple case of complex roots. (Similar expressions hold for longer strings,
quartets etc. They will not be used in this paper.) The solution of Bethe ansatz
equations are additive with respect to holes and complex roots in the sense that
Oh.h» =0, + 0y, and o, = 0.+ o, The locations of holes are free parameters, but
the centers of strings fulfil “higher level” [14] Bethe ansatz equations expressing
interactions with each other and the holes. These equations are derived from eq.
(2.74) eliminating the ground stdte contributions. For holes h{®,..., ("> and
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two-string centers c{©,..., c{¥) they read

N e L A
1 (e —e) =2 et i1 1= @) + 1 oo (P —hP) 41

(3.12)

The same type of equation holds for other complex roots as “quartets” and “wide
pairs” [14].

There are two further constraints for Bethe states:

(1) The states have maximal weights [15).

(ii) The numbers of roots n, are integers.
The latter will be considered at the end of this section. Appendix B contains an
analysis of group theoretic properties of Bethe states. The results are the following.
The “weights” of the states defined by eqs. (2.69)—(2.75) are given by

(Wi, waseo s wy_swy)=(n—ny,n—ny,..oony_y—n_—n,,n_—n,). (3.13)
They have to fulfil the “maximality” condition
Wiz Wy o 2wy > Wyl (3.14)

In order to find allowed states, i.e. those which fulfil the constraints (i) and (ii) we
determine the weights of the ground state, holes and two-strings.
The numbers of roots n, (/=1,..., N—-2, —, +) are calculated by the formula

ni=[dgp®(q) =5(0). (3.15)
From egs. (3.8)-(3.9) we obtain for the ground state
n®=n; I=1,...,N-2; nQ=1n. (3.16)

These numbers change for excitations by An, = n,— n{®. Fora k-hole (1 <k < N —2)
we find

An,= —min(/, k), ISN-2,
An = —1k; (3.17)
for o-holes (o = 1)
An,= -11, ISN-2,

An,=—L1(N-1+o01) T=4; (3.18)
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and for a k two-string
An,= §,. (3.19)

By means of eq. (3.16) we obtain the weights for the ground state

(0,...,0), (3.20)
a k-hole

(4,51, k=+, (3.21)
and a k two-string
,...,w,=-1,1,0,...0), k=1,...,N=-2,—,
(0,...,0,—1,~-1), k=+. (3.22)

It follows that the ground state is an O(2N) scalar and a k-hole an antisymmetric
tensor of rank k for k< N —2 and a spinor of O(2N) chirality +1 for k= +.

As opposed to these states the two strings have not maximal weights in the sense
of eq. (3.14). So they can exist only in combination with holes. By the principle of
maximal weights we get then one particle spectrum as follows. Let A% and ¢*
denote k-holes and k two-strings, respectively. Then

(k,r)=h®cr*D2c+D)  ((k=r)c®) ... ((k=r)cN-2)
X3(k=r)c D3k —r)c™®,
r=k—-2,k—4,... 20, k=1,2,...,N-2, (3.23)
characterize a k-hole decorated with two-strings. It is a one-particle antisymmetric

tensor state of rank r. The string centers have to fulfil eq. (3.12). As a simple
example we find for the state (2,0)

D=p® s [((N-1-D)({I=1); [1=2,..,N=2, O=cO=cH=pD,

The tensor states (k,r) give exactly that spectrum obtained by semi-classical
methods [16] for the O(2N) Gross-Neveu (GN) model. In addition we have the +
spinor states which correspond to the GN kinks [7,18].

Finally we remark that the bound state picture discussed in [18] for the GN
model can also be understood in terms of the Bethe ansatz equations. As an
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example we consider the antisymmetric two-vector particle scattering state h{VAPc®
where the string center is given by ¢ = 3(h, + h,). For the complex values of the
hole positions h, , =h + i this state can be identified with the one-particle state 2.
This follows directly from the Bethe ansatz equations (2.74) if we write the holes
h{"} in eql (2.74) as the inverse factors (i(g{” — h{!}) ~2)/(i(¢{” — h{}) +2) and
(i(gf — ) + 1)/(i(g® — h{")) — 1) and take the limit A{!) — & + (1 - ¢)i. Then
the holes A{!} cancel the string ¢ and in p®(q) appears a hole at g = h.

Let us consider the selection rules which follow from the condition that the
numbers of roots n; (cf. eq. (3.15)) have to be integers. From eq. (3.16) we conclude
that for the ground state the number of sites n has to be even. For a k-hole, eq.
(3.17) yields the constraint (n— k) even. From eq. (3.18), it follows that spinor
excitations can appear only by pairs. In general one can have an arbitrary number
of even k-holes and even spinor pairs but n + # odd k-holes + # odd spinor pairs
has to be even. An even spinor pair means for even N a (+, +) or (—, —) spinor
pair and for odd N a(+, —) spinor pair and vice versa for an odd spinor pair.

It must be stressed that the classification of states and their quantum numbers
given here hold for three theories associated with the R-matrix (2.1): the vertex
model (fig. 1), the QFT (eq. (1.2)) and the magnetic chain discussed in ref. [9].

4. Vertex model and free energy

We investigate in this section the thermodynamical properties of the O(2N)
symmetric vertex model. The three allowed vertex configurations are depicted in
fig. 1 as well as their respective weights. These weights are not positive definite so
one cannot give a direct statistical interpretation to them. However, it is possible to
relate them to a set of positive definite weights using the symmetries of the model.
Let us write as usual the partition functions as

Z(W1’W2’W3’W4)= Z I—.[wi’ (4.1)

config sites

where the product is over all sites of an n X n square lattice with even n. Under
these conditions

Z(W1,W2’W3’W4)=Z("W1,_Wz,“w3,‘w4), (4~2)

since the total number of sites is even.

It must be noticed that the lines of each “color” 4 (1 < A4 < 2N) are continuous
on the lattice for all allowed configurations of vertices w,, w,, w3, w,. Assuming
periodic boundary conditions, as in sect. 2, implies that the number of intersections
of lines of different color is even. So, the number of vertices w, is even for any
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allowed configuration. We then have
Z(wy,wa, Wy, wy) =Z(—wy, wy, Wy, wy), (4.3)
and combining egs. (4.2) and (4.3)
Z(wy, Wy w3, wy) = Z(wy, ~wy, —wy, —w,).

So we can take as vertex weights for the model

wi=w; =1, W3=“W3=‘2’N—_20T2,
_ —9)_§2
keeping the same partition function.
Z(Wy, Wy, Wy, Wa)=2Z(w,wy, wy, wy).
The weights W, are positive definite in the domain
0<8<2(N-1) for N5 (4.5)
and
0<f<N-1-(N-1)(N-5) or N~1+/(N-1)(N-5) <<2(N-1)
for N > 5.
This will be our physical domain. The free energy is defined as usual as
f(8,N)= —nlinzo %logZ(ﬂ,N). (4.6)

Now, the use of egs. (2.4), (2.6) and (2.72) yields for the homogeneous model
(o;=0)

Z(0, N) =Try[(7%(6,0))"] (4.7)

and
1 2N-1
f(8,N)=— lim —log{ )y Gk(0)], (4.8)
n—oo R k=0

where the G,(8) correspond to the maximum eigenvalue Ay(8, {g¥}) or 79(6,0).
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So, we find in the limit n» — co that one must pick in (4.8) the maximum G.(8)
among the set Gy(8),...,G,,_,(0) associated to the maximum eigenvalue A,. A,
corresponds to the antiferromagnetic ground state. It can be computed (for n = o0)
with the help of the density of roots (3.9).

For 0 <6 <1, explicit calculations show that the term G, (#) dominates in
€q. (4.8). One finally finds from egs. (2.73)

0-2
4

7(8,N) = —log +if_°° drpD(A)d(A +i6). (4.9)

This integral can be easily evaluated with the help of the Fourier representation
(3.9) and

d
¢(z)=qr+2/°°—psin(pz)e‘1’, jImz| <1, (4.10)
(VR 4
one finds for 0 <8 <1
f(8,N)=loga,(6,N), (4.11)

Me+0)I(1-¢)(¢+3)I(a+1-09)

o2(8, N) = I'o+1-¢)I(e)T(-9)(c+i+9)’ (4.12)
where
0 1
PTawcy T av-n (419

It must be noticed that 0,(8, N) exactly coincide with the S-matrix in the transmis-
sion channel for the O(2N) invariant non-linear sigma model if one identifies ¢
with the rapidity divided by 2#i. So, if we normalize our weights by ¢,(8, N) =w,
the partition function per site becomes unity. This proves that the unitarity method
holds for the present vertex model.

In the physical region (4.5) we have from eq. (4.13) for N> 1

O<p<l, O<o<ow. (4.14)

So, the free energy (4.12) has no singularities in the physical domain. This is related
to the fact that the eigenstates of the transfer matrix do not depend on 6. No phase
transitions are expected when @ varies. Phase transitions appear in integrable
statistical models when parameters other than the spectral one change. Since the
present model is gapless it is probably the critical regime of a more general one. The
O(2N) asymmetric model of the last reference in [3] could be a candidate.

The vertex weights (4.4) possess the following symmetry linked to crossing

w(0)=w,(0), i=14,
w,(8) =w,(8), (4.15)
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where § =2N —2—8 (see eq. (2.1)). The exchange W, < W, amounts to a 90°
rotation of the lattice. This rotation leaves the free energy unchanged since egs.
(4.11)—(4.12) yield

f(6,N)=/(8,N). (4.16)

It must be noticed that the physical domain (4.5) is crossing invariant.
We would like to conclude this section by considering two special cases: N =2,
N=1and N =0. Let us first recall the isotropic SU(2) symmetric model defined by

1
Sab((p) =nab_ %Pab' (417)

The free energy of this model reads

fSU(2)((p) = IOg F?(;;PI?.(F;T ;)E) . (418)

This is the isotropic limit of the six-vertex model. Now, setting N =2 in egs.
(4.11)—(4.12) yields

Qe+1)°

f(0,2) =logm

+ 2fSU(2)(‘P)- (4.19)

So, the free energy of the O(4) symmetric model relates to twice the free energy of
the SU(2) symmetric one as it can be expected from O(4)= SU(2) X SU(2).
Although the limits N =1 and N = 0 are singular in the sense that the construction
of sects. 2 and 3 only holds for N > 2 it is interesting to analyse them. It follows
from eqgs. (4.11)-(4.12) that

-1

£(8,N) "= 10g2(N = 1) + log(@ + 1) + fsuy (9) + O(N = 1),  (4.20)

N 1-2
£(8,N)"Z 10g——"

+2fsupy (@) + O(N). (4.21)

In the N — 1 limit we get a singular term since the weights (4.4) blow up when
N -1 at fixed ¢. The rest is the free energy of the SU(2) symmetric model. The
result for N =0 resembles that for N = 2. This can be traced back to the following

symmetry property.

tgr(@+o)

“iga(o=o) (")

o,(9,—0)
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So, N=2relatesto N=0
02(% _%) =°2(‘P’%)-

The free energy in the infinite volume limit follows from the eigenvalue of 7(6)
with largest module (see eqs. (4.6)-(4.7)). In the SU(N) and Z, symmetric models
[2,4] N eigenvalues of 7(#)!/" have the same modules for infinite volume (n = o)
whereas their arguments differ in multiples of 2#/N. One gets these states from
each other by shifting all integers Jj(") in the Bethe ansatz equation by one [4]. Let
us investigate this question for the O(2N) symmetric model (2.1). It follows that a
shift on J*) does not affect the eigenvalue of (8) for 1 <k <N ~ 2. Only when
the J¢* or the J(7) are shifted by one does the eigenvalue A(8) change sign.

Appendix A

EIGENSTATES OF THE O(2N) TRANSFER MATRIX

In this appendix we analyse the eigenvalue equation for 7% (eq. (2.8)) where the
state ¢ is defined as an e-limit given by eq. (2.69). Eq. (2.30) and the correspond-
ing one for D? and 7% yield

79(8)y” = lim ﬁIlB”(v,-){(v”l(ﬂ,{v,v}) +70(8, {v, 0PI ({v, v+ ae})}

+unwanted terms. (A1)

Using the explicit expressions for T% (eq. (2.28)) and 7% (eq. (2.33)) we can
replace the terms in the curled bracket by

{7%9(0,{v,v+ae})$2({v, v+ ae})
+7%(0, {v+be,v}) VA ({v+be,v}) +O(e)} (A2)
if the parameters b, fulfil1 —b,=1/(1 —a,), i=1,..., m. We introduce
)\8(0, {v, u(k)}) = >\1(0,{v, v+ ae, u(k)}) +7\1(0, {v+be,v, u(k)}) , (A3)

which approaches the eigenvalue A of 7 for £ — 0. From the explicit expressions
for A; and A, given by eqgs. (2.58)-(2.60), (2.63) it can be seen that in the limit
¢ — 0 the poles of A=A, +A, at §=v,+2, (i=1,..., m) can only disappear if they
are cancelled by zeroes at =u{"D+2 (-2) in A, (\)). Therefore each v,
i=1,...,m must coincide with a u¥~Y (for £=0). Introducing a new notation
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(after reordering the u(¥~V) we write for & > 0
uN D=yM=p +e, i=1,....,n,=m,
uN D=y i=l,...,n_=ny_,—m. (A.4)

The pole cancellations in A, at §=uv; and §=u(", j=1,...,m imply (up to
corrections of order ¢)

11 11

-1
=1 o—uMD \Ljv-v,-2

N vj—u,(”‘l)—2( m vj—vi+2)2_ b
J

ny_ N-2 ny_ N-1
N2 g — VD=2 T g~y (VD42 m =2

I1 I1 Il =—(1-a,). (A5)

N-2 N-1
i=1 vj—uf ) i=1 vj—u,( )—2,~=1 vj—vi+2

These equations determine the parameters a; (using b;=1—1/(1 —a;)) and give
the Bethe ansatz equation for the uj(”

A u a2 e w2

a.=1-
I ,Ul ufP—u =2 ;i quP—uH+2’

j=1...,n,,

n, uj(+) —u(H 42 2 u}(+) —uN-D_ 2

-1 i=1,...,n,.. (A.6
L R

The parameters a; which determine the e-limit in the definition of the state 9 (cf.
(2.69)) vanish for the ground state and all antisymmetric tensor (rank < N —2)
excitations. They are non-vanishing only for excitations which are not symmetric
w.r.t. + and — chirality spinors. The Bethe ansatz equations for the parameters
u{™) and u%), k=1,..., N—2 are directly obtained from the cancellation condi-
tion of the corresponding poles in A;.

Appendix B
GROUP THEORETIC PROPERTIES OF BETHE STATES

In this appendix we analyse some group theoretic properties of Bethe states. By
asymptotic expansion (§ — oo) of the matrix S,, and the monodromy matrix 7
(c.f. egs. (2.1) and (2.4)) we define the matrices M, and M

2
SAB(o) =15 EMAB+ 0(0“2) ’

2
Ti(8)=14- 5Mj’+0(0-2). (B.1)
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The Yang-Baxter algebra (2.15) yields for 8’ R o0
[7.26), M5+ M,5] =0, (B2)
and if additionally 8 — oo
[M2, M§+ M| =0 (B.3)

(where M and M, act as unit operators in the spaces B and £, respectively). This
commutator represents the structure relations of a O(2N) Lie algebra. This becomes
obvious if we note that

Mp=(P—K) 5. (B.4)
Then (omitting the subscript §2) eq. (B.3) assumes the more familiar form
[Mik’ JWJI] =—M8,;+ M;;8,+8,M; —8M,.

Therefore exp[3itr,(a,M,)], (a;, = —a,;) represents an O(2N) rotation and eq.
(B.2) expresses the O(2N) invariance of TJ.

In the complex basis defined by eq. (2.9) (V2¥=V’® V") the matrix M,
(= M, or M) has the form analogous to egs. (2.10) or (2.16)

M, = Wo M7 B
A~ M‘S+) —Wat * ( '5)

The diagonal elements of W, the W,, generate the Cartan subalgebra. Their
eigenvalues are the “weights”

Wad=wi . (B.6)

For the fundamental vector representation M, , egs. (2.10), (2.11) yield

o _[Pa O
aB 0 _Kab ’

which means that the complex basis vectors |b) and ]B) (defined by eq. (2.9)) have
the weights + 1, or more precisely

WkkB|b> =8kb|b>’
WkkB|B> = _Skbli’>' (B-S)

(B.7)

For a basis vector |(l_))1,...,(5),,) of 2 we have

wem X ()80, (89)
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Now we calculate the weights of the Bethe states constructed in sect. 2. Taking
the O(87!) terms of eq. (2.30) (notice that the unwanted terms are O(8~2)) we
obtain with eqgs. (2.41) and (B.5), (B.6)

A =1-

| N

> w,+0(672). (B.10)
k=1

From the explicit expressions (2.48)—(2.60) we find for the sum of all weights

N
w,=n—2m. (B.11)
k=1

Correspondingly, we obtain for the Bethe ansatz step & (k=1,..., N — 1) from egs.
(2.49), (2.54)

wy=n,_,—n,, 1<kgsN-1. (B.12)
The interpretation of the relations (B.11), (B.12) is that in eq. (2.69) each operator
B¥ reduces two weights say w, and w, by one and B% reduces w, and lifts a w,
(!> k) by one. These properties are obvious from the construction of the B’s by the
decomposition of the spaces 2 and £,. Of course they can also be derived formally
from the general commutation rules (B.2). Combining egs. (B.11) and (B.12) we
obtain for a Bethe state given by egs. (2.69)-(2.75) the weights

(Wi, Waseot,Wwy_,Wy)=(n—ny,n—n,,...,ny_y,—n_—n_,n_—n,).

(B.13)

Next we show that the cancellations of the unwanted terms in egs. (2.38) and
(2.57) are equivalent to the maximality of the weights [15]. Using the commutation
rules (B.2) for BY(v) and M{"% the unwanted terms of egs. (2.18) and (2.19)
become

2
[+2%(8) B2(0)] sovanicd = 0—_—Utra3f(a)[M,§+>9, B(v)]. (B.14)
Therefore we obtain from egs. (2.31), (2.38), (2.39)

oRes?\(ﬂ)=O;j=1,...,m<=M,§+)9¢”=O. (B.15)
=Y

From M) = M)~ and the commutation rule

[Ml(k+)9 MISI—)] =W+ Wy, k+1 (B.16)
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follows the positivity condition
0<2M{IMP + Wi+ W,  k+1,
which yields for the weights of a Bethe state
Osw,+w,, 1<k#I<N. (B.17)

This condition means that at most one weight can be negative. The analogous
equations for 7% and W5 are

2
[2(8) B (1)) wowamed = =7 BE(O) W, BE ()], 17>k,
0<2W Wy + Wi — Wy, k<l,
O<w, —w,, k<i. (B.18)

Together with the relation (B.17) we conclude for the weights of O(2N) Bethe states
the “maximality” condition

WiZWy2 o 2wy 2wyl (B.19)

At the end of this investigation we remark that for the pole cancellation discussed
before eq. (2.70), n_=n,_, — m has necessarily to be positive. This follows from
eq. (B.9), which yields ¥_;|w,| < n, and egs. (B.11) and (B.19).
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