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Abstract

The general SU(N) form factor formula is constructed. Exact form factors for
the field, the energy momentum and the current operators are derived and compared
with the 1/N-expansion of the chiral Gross-Neveu model and full agreement is found.
As an application of the form factor approach the equal time commutation rules of
arbitrary local fields are derived and in general anyonic behavior is found.
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1 Introduction

Quantum chromodynamics, the theory of the strong interactions, is a non abelian gauge
theory based on the gauge group SU(3). It was first pointed out by 't Hooft [I}, 2] that
many features of QCD can be understood by studying a gauge theory based on the gauge
group SU(N) in the limit N — co. One might think that letting N — oo would make the
analysis more complicated because of the larger gauge group and consequently increase
in the number of dynamical degrees of freedom. Also one can think that SU(N) gauge
theory has very little to do with QCD because N — oo is not close to N = 3. However it
is well known that the 1/N expansion provides good results which can be compared with
experiments [3].
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One of the most important trends in theoretical physics in the last decades is the
development of exact methods which are completely different from perturbation theory.
Resolution of the strong coupling problem would give us a full understanding of the struc-
ture of interactions in nonabelian gauge theory. One promising possibility of overcoming
the limitations of perturbation theory is the application of exact integrability. From this
point of view the two dimensional integrable quantum field theories are in a sense a lab-
oratory for investigations of those properties of quantum field theories, which cannot be
described via perturbation theory.

The chiral SU(N) Gross-Neveu [4] model given by the Lagrangian

N p N 2 N 2
L= Z Vi 0 + 5 (Z %‘%‘) - (Z %’75%‘) (1)
i=1 i=1 i=1

is an interesting 1+1 dimensional field theory that can be studied using the 1/N expansion.
The model is asymptotically free with a spontaneously broken chiral symmetry, and so
shares some dynamical features with QCD. Gross and Neveu [4] investigated the model
using an 1/N expansion. Apparently a chiral U(1)-symmetry is spontaneously broken,
the fermions acquire mass and a Goldstone boson seems to appear. This is of course
not possible in two space-time dimensions and severe infrared divergences appear due the
“would-be-Goldstone boson”. However, it has been argued by Witten [5] that dynamical
mass generation can be reconciled with the absence of spontaneous symmetry breaking.
There exist further (different) approaches to overcome these problems and to formulate a
1/N expansion [0 [7, 8] (see also [9]). On shell they all agree and are consistent with the
exact S-matrix (2]). We follow here the approach of Swieca et al. [§] where additional fields
are introduced in order to compensate the infrared divergences. The authors claim that
since the physical fermions have lost not only the chiral U(1) but also the charge U(1)
symmetry, they transform accordingly to pure SU(N). They propose an interpretation
of the antiparticles as a bound state of N — 1 particles. Furthermore this means that the
particles satisfy neither Fermi nor Bose statistics, but rather carry “spin” s = £ (1 — 1/N).
As a consequence there are unusual crossing relations and Klein factors.

In this article we will focus on the SU(N) Gross-Neveu form factors using the “boot-
strap program” [10, 11]. We provide here some examples, calculate the form factors
exactly and compare the results with field theoretical 1/N expansions. We emphasize
that in addition to the operators in the vacuum sector, such as the energy momentum
tensor and the current, we also consider anyonic operators as the fundamental fields. We
also derive the equal time commutation rules for local operators which are in particular
complicated due to the unusual crossing formulae related to the Klein factors.

The general form factor of an operator O(x) for n-particles, which is a co-vector valued
function and can be written as [12]

FO) = K20 [T £

where § = (01,...,0,) is the set of rapidities of the particles o = (ay, ..., a,). The scalar
function F'(f) is the minimal form factor function and the K-function K2 (6) contains
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the entire pole structure and its symmetry is determined by the form factor equations
(i) to (v) [I3]. To construct the K-function we must apply the nested off-shell Bethe
ansatz to capture the vectorial content of the form factors. This solves the missing link
of Smirnov’s [14] formula for the SU(N) form factors, where the vectors were given by an
“indirect definition” characterized by necessary properties but not provided explicitly. We
note that SU(N) form factors were also calculated in [14], [I5] 16] using other techniques,
see also the related papers [I7, [I8]. Our results apply not only to chargeless operators
such as the energy momentum and the current operators but also to more general ones
with anyonic behavior. We believe that our integral representation, besides of being
appropriate for a comparison with field theoretical 1/N expansions, may also shed some
light for a better understanding on the correlation functions of models with more general
(anyonic) statistics.

The paper is organized as follows: In section 2] we present the general setting concern-
ing the SU(N) S-matrix, the nested off-shell Bethe ansatz and the chiral Gross-Neveu
Lagrangian field theory. We review known results and derive some further formulae which
we need in the following. In section B we construct the general form factor formula and
present some examples in detail, such as the form factors of the energy-momentum tensor,
the Dirac field and the SU(N) current. In section [l we compare our exact results against
1/N perturbation theory of the SU(N) Gross-Neveu model. In section [i] we present the
commutation rules of the fields. Our conclusions are stated in section Bl In appendix [Al
we provide the general proof of the bound state form factor formula and in appendix [Bl
the commutation rule of two fields (in general anyonic) is proved.

2 General setting

The particle spectrum of the chiral SU(N) Gross-Neveu model consists of N —1 multiplets
of particles of mass m, = my sin (rm/N) /sin (7 /N), which correspond to all fundamen-
tal SU(N) representations of rank 7 = 1,..., N — 1 with representation spaces V) of
dimension (). Let (a) = (a1,...,q,), (1 <a; <+ < a, < N) be a particle of rank r.
We write

N-1
(@ evV=@ve, vo~cl)
r=1

where the (a) form a basis of V. A particle of rank 7 is a bound state of r particles

of rank 1. The antiparticle corresponding to («) is (@) = (@1,...,an—), (1 < & <
- < ay—r < N) (of rank N — r) such that the union of the set of indices satisfies

{ag,...,ap} U{ay,...,an—,} ={1,...,N}.

2.1 The S-matrix

The S-matrix for the scattering of two particles «, § (of rank 1) [19, 20} [6], 8] is

S2(0) = 5165b(0) + 8567¢(6) (2)
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where 6 = 0, — 6, is the rapidity difference and pﬁ‘g = m (cosh 6y 5,sinh 0y 5). The ampli-
tudes satisfy

m 2

0(9)2—55(9)’ =7
) _ =) T (= + 5)
w0 =)+ ) = ) T =L =)

2
We also need the S-matrix for the scattering of a bound state (p) =
p1 < -+ <pn-1 < N) (of rank N — 1) and a particle « (of rank 1)

SH(9) = ()N (55;53 b(ri — 0) + CPO)C ), c(mi — 9)) (3)
where the charge conjugation matrices are defined by

C(al...aN_l)aN = Cal(ag...aN) = €ajas...an

Cal(ag...aN) — C(Oll---OéN—l)OéN — (_1)N—l€o¢10¢2...aN

with €4, o, and €N totally anti-symmetric and €,y = eV = 1. Formula @) is
obtained by applying iteratively the bound state fusion method [21] to (2I).
For later convenience we extract the factors a(f) and (—1)¥~1b(ir — ), respectively

#10) = a(0)330) o
SED(0) = (~1)b(im — 0)5)5)(0) ©)
such that
S54(6) = 02050(0) + 22037(0) )
Soam(w) = 608 + C*OIC ad(w) "
-8 ooy~ s cim—w) =27
=g = W TEme 1TV

where 5((2)) = 0910%2..0py_,. Below we will also use for the matrices (@) and () the

notations S15(#) and Spa(6), respectively.

2.2 Nested “off-shell” Bethe ansatz

The “off-shell” Bethe ansatz is used to construct vector valued functions which have
symmetry properties according to a representation of the permutation group generated
by a factorizing S-matrix. In addition they satisfy matrix differential [22] or difference
[23] equations. For the application to form factors we use the co-vector version K, () €

Viin=(®i, V)Ta 0, eC,i=1,...,n)

K g (oo05,05,...) =K _ji (....0;,0;...)S;(0;)
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where 8’ = (6y,...,0;+2mi,...,0,) (see below and e.g. [23,[13]). We write the components
of the co-vector K, | as K, where o = ((v11, -+, Q1py )y -+ oy (A1, - -+, Qp, ) 18 & state of
n particles of rank r1,...,7,.

The nested SU(N) “off-shell” Bethe ansatz for particles of rank 1 has been constructed
n [I3]. Here we need a more general case.

Nested “off-shell” Bethe ansatz for particles of rank 1 and N —1: We consider
a state with n particles of rank 1 and n particles of rank N — 1 and write the off-shell
Bethe ansatz co-vector valued function as

a(p (0, w) = /c dzy -+ / dzm k(0,w, 2) ‘Ila(p 0, w,z) (8)

Cow

where @ = (a1, ..., an), (p) = ((p1)s-- - (pa)) = (P11, s piN=1)s -+, (Pars - - -5 pan—1)),
0= (00,...,0,), w = (w1,...,ws) and z = (21,...,2,). This ansatz transforms the
complicated matrix equations to simple equations for the scalar function k(0,w, z) (see
[13] and below). The integration contour Cy, can in general be characterized as follows:
there is a finite number of complex numbers a;(8), b;() such that the positions of all
poles of the integrand are of the form

(1) : a;(0) + 2mik, keN 9
(2) : b;(0) — 2mil, 1 €N 9)

and Cp,, runs from —oo to +oo such that all poles (1) are above and all poles (2) are below
the contour. This contour is just the same as the one used for the definition of Meijer’s
G-function. It will turn out that for the examples considered below the form factors can
be expressed in terms of Meijer’s G-functions.

The state ¥ a(p) 1N [®) is a linear combination of the basic Bethe ansatz co-vectors

0 alp) (0w, 2) = Ly (2, g)égﬁ(ﬁ, w,z), withl<pg;, o, =1. (10)
As usual in the context of the algebraic Bethe ansatz [24] 25] the basic Bethe ansatz
co-vectors are obtained from the monodromy matrix

T 1.1,0(8,w, 00) = S10(61 — o) -+ Sno(6n — 00)S10(ws — bo) - - - So(wn — 6o)

Ay pin(lw, 2) B, niapl,w,2) /
<Oﬁ 1 (ewz) Dﬁ (9wz)>’2§ﬁa6§N

1., 1..n,1...2,8

where the S-matrices S;y and 5%0 are given by (@) and (7). As usual the Yang-Baxter
algebra relation for the S-matrix yields the typical TT'S-relation which implies the basic
algebraic properties of the sub-matrices A, B, C, D.
Here not only one reference co-vector exists. The space of reference co-vectors, defined
as usual by
QB =0,
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is (N — 1)" dimensional and is spanned by the co-vectors for all (o) = ((011,...,018-1),
o1,y oan—1)) with 01 = 1 < g0 < -+ < oyn-1 < N. They are eigenstates of A
and D

QDAB,w,2) = Q2
9 alpid (sz) = 55’}31 b(6; — 2)Q) .

where the indices 1...n,1...7n are suppressed. The basic Bethe ansatz co-vectors in (1)
are defined as

B(o) o) AVPBm 61
b (0w z) = <QQCﬁ @, w, 2m) - C™1 (8, w, 21))a() (11)

where 1 < 3; < N.

The technique of the ‘nested Bethe ansatz’ means that for the coefficients L) (2, w)
in (I0) one makes the analogous construction as for Ka(,)(¢,w) where now the indices
B, ( ) take only the values 2 < 3; < N and 0y = 1 < 09 < -+- < ojy_1 < N. This
nesting is repeated until the space of the coefficients becomes one dimensional. It is well
known (see [23]) that the ‘off-shell” Bethe ansatz states are highest weight states if they
satisfy a certain matrix difference equation. If there are only n particles of rank 1, then
the SU(N) weights are

w=(n—ny,ny —nNg,...,NAN_2 —NN_1,MN_1) (12)

where nq; = m, ng, ... are the numbers of C' operators in the various levels of the nesting.
If in addition there are n particles of rank N — 1 the SU(N) weights are

w=(n-—ny,n —ng,...,nNy_2—ny_1,nn_1—n)+n(l,...,1) (13)
because N — 1 particles of rank 1 yield a bound state of rank N — 1 and at the " level

the number of C operators is reduced by N — [ — 1 (see appendix [Al).

2.3 Minimal form factors and ¢-function

To construct the form factors we need the form factor functions F (), G (f) and the
function ¢(#). The form factor functions F' (f) and G () for two particles of rank 1 and
for one particle of rank 1 and one of rank N — 1, respectively are

o0

1 6
—cexp/ N eV smht(l—N) (1—cosht(1—%)) (14)
0
=ce 7 eftv sinh ! <1 cosht (1 i )) (15)
=C ex — | 1- - — .
P t sinh? N i
0
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They are the minimal solutions of the equations

F(0) = F(—0)a(0), Flir —0) = F(in + 6)
G(0) = —G(—0)b(ri — 0), Glir —0) = G(in + 6)

where a(6) and b(mwi — 6) are the highest weight amplitudes of the corresponding channels
of (@) and (3)). The ¢-function

~ 1 —0 1 0
‘)= Focinre L (ﬁ) r (1 N7 ﬁ) (16)
is a solution of
N— N-—1
H —0 — kin) [ [ F (0 + kin) =1 (17)
k=0 k=0

which follows from the assumption that the antiparticle of a fundamental particle is a
bound state of N — 1 of them (see below and [I3]). The constants ¢ and ¢ in (I4) and

(I3 follow from (I6]) and (IT).

2.4 Chiral Gross-Neveu model

Swieca et al. [§] wrote the fermion fields ¢;(z) in the Lagrangian (IJ) in bosonic form. In
order to extract the real particle content of the theory, they introduced in addition the
“physical” fields

G =1 (52) " e e {iv (oo + [T aain) |
o) = (1= 5 ) i) = 3 L)

JF

where ;(z) are free canonical zero-mass fields and I; are Klein factors satisfying

¢J() i for i=j
G = P00k o 20

The fields 1) satisfy (with a suitable normal product prescription N')
1 N

Pl = ’Cm D e NG, K=K (18)
5 e

such that R X
Kii(z) = (=1)" (). (19)
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Equation (I8) means that antiparticles should be identified with bound state of N — 1
particles and the creation operators of the antiparticle 4] and of the bound state dzg) are
related by

bl, = Keagoil,
Kal kK = (-1)V"tal .
The “physical” fields satisfy the anyonic commutation relations
bi(@)i(y) = i) i ()™ for (z —y)? < 0
with “spin” s = 2 (1 — 1/N). This implies that the “physical” S-matrix is related to the
one of (2) by [8, 26] ' R
STy (02) = OIS0,

As a consequence the abnormal crossing relation (3) transforms to a normal one. The
bound state S-matrix satisfies

SI0) = (—1)N " Cpy S (i — ), (20)

Therefore the physical crossing relation is

/

S2(0) = Caw S50 (wi — 0)C7

with Caa = aar, €77 =677

3 Form factors

For a state of n particles of rank rq,...,r, with rapidities § = (4, ...,60,) and a local
operator O(x) we define the associated form factor functions F(6) by

(01 O0(@) | b1, ...,0,)0 = e *@HAPIEO () | for 6 > -+ > 0,

o

where again a = ((a11,..., 10, ), -+, (@1, ..., Q). For all other arrangements of the
rapidities the functions F2(f) are given by analytic continuation. The co-vector valued
function F9(0) satisfies the form factor equations (i) — (v) (see [12, 14, 27, 28, 13]) and
can be written as [12]

F2O)=KZ©0) ] Fur(63) (21)

1<i<j<n

where F, (0) are the minimal form factor functions. For particles of rank 1 and N — 1
they are given by Fi1(0) = Fy_in_1(0) = F(0) and Fy_11(0) = Fiy_1(0) = G(0) of [I4)
and (), respectively. In [I3] the form factors of the fundamental particles of rank 1 have
been constructed. We shortly recall the results. All other form factors can be obtained
from these by applying the bound state fusion procedure which is given by the form factor
equation (iv) (see e.g. [13]).
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Form factors for particles of rank 1: The K-function in (2I)) is given by the nested
“off-shell” Bethe ansatz () for the special case n = 0 and a special choice of the scalar
function k(6, z) such that the form factor equations (i) — (v) are satisfied

N,

ml

i

(0) =

/ dey - [ dem (0, 2) 000, 2) Ua(6, 2) (22)
Co Co

with

HHM—ZJ [ ~Gi-2) (23)

i=1 j=1 1<i<j<m

1
P(2)p(—2)
The integration contour Cy is defined by ([@)). The dependence on the operator O enters
only through the p-function p®(8, z) which has to satisfy simple equations (see [29, 30,
31, 13]). The K-function is in general a linear combination of the fundamental building

blocks [29] 301, 31] given by (22). Here we consider only these cases where the sum consists
only of one term.

T(z) =

The p-function: The co-vector valued function ¥, (6, z) is expressed as in (I0) for
n =0 by an Lg(z) for which the nesting procedure is applied. The final form is (up to a
constant)

=[] F) / dz" .. / dz™"Vn(8, 2) p° (6, 2) P8, 2) (24)
h(,z) = h(0,2") - bz, 2N

where z = 2 ... 2N~ The Bethe state &, (6, z) is obtained by the nesting procedure

(see (I]I:II) (I]_II) nd [13])
B0, 2) = BV (2N VD) P, A@)dG(g, 2W).

In general the p-function (see [13]) depends on the rapidities § and all integration variables
2. Let the operator O(z) transform as a highest weight SU(N) representation with

highest weight vector

w® = (w?,...,wg).

Because of SU(N) invariance the weight vector of the co-vector F2(0) is then
w=(wf,...,w9)+L(1,...,1) (25)
=(n—mny,n1 —Ng,...,NN_2 — NN_1,NN_1)

where ([I2)) and the fact, that the weight vector (1, ..., 1) correspond to the vacuum sector,
has been used. In [I3] was shown that the p-function has to satisfy a set of equations
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in order that the form factor (24]) satisfies the form factor equations. In particular to
guarantee the transformation properties of the operator the following periodicity relations
have to be valid

p°0,...,20,...) = GOp°(...,0; +2mi,...,20 . .)

26
(=) 0pO(a, 2D o, ) (26)
where
60 = o0(~1) N D[EE 0N mEE, u?
U? — pin(l- 1/N)Q° ‘ (27)

The charge of the operator O is defined by Q¥ = nmod N and ¢? is the statistics factor
of O with respect to the fundamental particle of rank 1. The sign factors 6 /o = +1
and (—1)*" %% = +1 in (206) follow [13] from the sign (—1)™=1 in the unusual crossing
relation (20) (related to the Klein factors of (I9)).

3.1 General form factors of particles of rank 1 and N — 1:

Using the bound state procedure (see appendix [Al) which means taking residues of (21]) or
(22) one derives the form factors and K-functions for n particles of rank 1 with rapidities
0 and n particles of rank N — 1 with rapidities w. As usual we split off the minimal part

a(p (‘9 w) = g(p H F(0; HH (0; — w;) H F(wij) . (28)

1<i<j<n =1 j=1 1<i<j<n

The K-function is given by a nested ‘off-shell” Bethe ansatz (8]

K9, (0,0) = N /C dzr - / Qe (0, 2) PO (0,0, 2) Vo (B0, 2) | (29)

m' CG_w

where R (6, z) is the scalar function ([23). Note that this h-function does not depend on w.
For the SU(N) S-matrix the function ¢(#) is given by (I6). The integration contour Cy,
(see Fig. [I) has been defined in the context of (8.

Nesting: The state ‘ifg(p) in (29) is a linear combination of the basic Bethe ansatz
co-vectors ()

Vo) (b, w, 2) = Ly (2, W)

=y

(o

(p)

~

!

(Bw, z), with1<f;, 01;=1

=)

where Lg()(z,w) satisfies again a representation like (29). This nesting is iterated until
all 3; = N and all (¢); = (1,2,...,N —1). Only for the highest level Bethe ansatz the
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.91 +27TZ(1 — %)

[ ]
w+ 3T 0+ 2mi(1 — %)

>

w 4T >
° ( .91
[} .82 °
91 - 27TZ]D

w+im — 2miL

N [ J
1
Oy — 2mi%
w—’m—Qm’% ® 0, — 2mi
° e 0y — 2mi

Figure 1: The integration contour Cy,g,. for two particles and one bound state.

h-function depends on w. The final result is

Ko (0:w) = / dz\V ... / Az (0, w, 2)p° (0, w, 2)Bap) (0, w, 2) (30)
R N-2 5 Ny
B0, 2) = [T RO, 2 T T % - %)

Do) (0w, 2) = @iN‘”Q(g(N—m?% SNDy @u)z@@m?% z(2))<i>§@(g, w, 20

where (1) denotes 71 highest weight bound states (mi1, ..., niv-1) = (1,2,..., N —1). The
p-functions in (29) and (B0) are obtained again by the bound state procedure from a
solution of (26]) for n = 0. In particular for n = 1 (with the replacements in (26) 0 — 0, ¢

and 2z — 20y where ¢ = (¢1,...,on-1), ¥ = (Y1,.. ., yv—10), [=1,...,N = 2)

PO(0,w,2) = p0(0, 0,20,y V), .., 2V, D)

Here yi(l) = cpgl), i=1,...,N—=1—1and ¢, = w+ kin —imw. The proofs of the statements

of this subsection and more details can be found in appendix [Al

3.2 Examples

To illustrate our general results we present some simple examples. In addition, we also
derive the 1/N expansion of exact form factors for the purpose of later comparison with
the 1/N-perturbation theory of the chiral SU(N) Gross-Neveu model.
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The energy momentum tensor: For the local operator O(x) = T*?(z) (where p, o =
+ denote the light cone components) the p-function for n particles of rank 1 (as for the
sine-Gordon model in [28])

n m

P (Oz) =) ey e (31)
i=1

=1

satisfies the equations (26) with w’ = (0,0,...,0). For the n = N particle form factor
the weight vector is w = (1,1,...,1,1). Due to (I2) there are n; = N — [ integrations in
the [-th level of the off-shell Bethe ansatz.

We calculate the form factor of the particle o and the bound state (A) = (A1, ..., An_1)
of N—1 particles. We apply the bound state formulae ([28) and (29) for n = 7 = 1. Due to
(I3) there is just one integration in every level of the nested Bethe ansatz (I =1,..., N—1)

Fo?ii) (87 w) = Kg:(p;) (87 w) G(e - w)

KIG0.0) = N7 () [ b0 - e b))

\I’a()\) («9, w, Z) = L(l)

e
0 (2, 0) 25 (6,0, 2)

where G(0) defined in (IH)) is the minimal form factor function of two particles of rank 1
and N — 1. The integration in every level of the nested Bethe ansatz (I = N —2,...,1)
can be solved iteratively

LY (2,w) = egy L0 (w — 2) with 8> 1, () = (1,2, L%,...,%)
1 w—2z 1 ) w—2z
LO(w—2)=¢T|= -+ —— :
W-2)=a <2+ 27ri) <2+N 27r2') (33)

The remaining integral in(32]) may be performed (see appendix [A] ) with the resultl]

)sinh%(é’—w—iﬂ)

1 o w—iT
(0] 77(0) | 970‘))?(/\) — 4m%5a()\)62(p+ )(0+w+

GO —w).  (34)

0 —w—irm

Similar as in [28] one can prove the eigenvalue equation

(/deiO(x) —~ Zp;.t) 161, ..., 0,00 =0
=1

for arbitrary states.

In [32, 23] this result has been obtained using Jackson type integrals.
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The fields ¢, (z): Because the Bethe ansatz yields highest weight states we obtain the
matrix elements of the spinor field ¢(x) = 11 (z). The p-function for the local operator
&) () for n particles of rank 1 (see also [27])

P (0. 2) = exp i% <2m: 2 — (1 - %) anei) .

=1

satisfies the equations (Z6) with w¥ = (1,0,...,0). For example the 1-particle form factor
is
(0199(0)]8)q = 81 (757,

The last formula is consistent with the proposal of Swieca et al. [0, §] that the statistics
of the fundamental particles in the chiral SU(N) Gross-Neveu model should be o =
exp (2mis), where s = 5 (1 — %) is the spin (see also (27))). For the n = N + 1 particle
form factor there are again n; = N — [ integrations in the [-th level of the off-shell Bethe
ansatz and the SU(N) weights are w = (2,1,...,1,1). Due to (I3) there is again just
one integration in every level of the nested Bethe ansatz. Similar as above one obtains
the two-particle and one-bound state form factor

(£) (£)
F2y(0) = K2y () F(612)G(013) G (623)

(&)
Kozﬁ()\

)(Q) — Nwe:Fg(( _N)(91+92)+%93)/ dzﬂg(el _ Z)QE(92 N z)ei2 (9 Z) (35)
Co
Voo (s 2) = Lo (2, 05) D25 (6, 2) , with 1<, A =1

where the function L., (z,63) = €,y L") (03 — 2) is the same as in ([B3) above. We were
not able to perform this integration, however, the result can be expressed in terms of
Meijer’s G-functions

(%)
K300(8) = ean0i K7 (8) + esn 8 K3 (0)

K ) = N0t o (o

61 [ 63 3 1
27rz+1727€m+1’27r2+3 N )
b1 1 6 1 Y3

] N 2mi N+12 +

N[ —

*) . : N
and K * is obtained by the form factor equation (i).

1/N expansion of the exact form factor: We consider the connected part of the
matrix element

0 |05 (2) | 01, 02 )™ = COVELL (61,0, 05 — i)
Instead of the field ¥ we consider the operator Os5 = (—i (i70 — m) ¥);

Fort = F\0185 — FQ6300 . FQ)(61,02,05) = FS)(02,01,05) .
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For N — oo we expand the minimal form factors
F(0) = _7@ sinh 20+ O(1/N), G(6) =1+ O(1/N),

perform the integration in (33]) and obtain (after a lengthy calculation)

O _ 2mim sinh 6,3 ( 1 5 1

&= - Jutes o). 0

cosh 3013 ~ 7 Sinh 5013

We use the following conventions for the y-matrices

o (01 L (01 =

and for the spinors

o—0/2 o—0/2

w) =y (o ) o =vimi (o ) (37)

In section @ below we compare this result with the 1/N-expansion of the chiral SU(N)
Gross-Neveu model in terms of Feynman graphs.

The current J;;(x): The SU(N) current Jy  (x) transforms as the adjoint representa-

tion with the weight vector w’ = (2,1,...,1,0). Again, because the Bethe ansatz yields
highest weight states we obtain the matrix elements of the highest weight component

Jg(p) = Oa1€(p)N € Dy
where we have introduced the pseudo-potential ¢(x). We start from
F2(0) = K£(0) [ [ F(63)
K2©) = [ [ Oh6.2)57(0.2) Wa(0.2)

with z = 2z, ... 2D The proposal for the p-function for n particles of rank 1 (see
also [27])
n —1 1 n " —_—
p09 =3 (Sowa) ey (Sa-3a0 -3 )
=1 i=1 i—1 i1

satisfies the equations (26) with w? = w?’.

We calculate the form factor of the particle a and the bound state (A) = (A1, ..., Ay_1)
of N — 1 particles with weight vector w = (2,1,...,1,0). We apply the bound state
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formulae (28)) and ([29) for n = 7 = 1. Due to ([3)) there is no integration in each level of
the nested Bethe ansatz (I =1,..., N — 1) and

Fiy(O,w) = K2, (0,w) GO —w)
o - e%(0+w)
Koz()\) (0, (.d) = N2 (Salﬁ()\)]\[m

The form factor for the SU(N) current is therefore

6%(94—0))

JE .
FL9 (0,10) = (0] %, (0) 0,0 = N85 (27 + =) S G0 - w)

= 300(%) B(w)y*u(8) G(0 — w)/Glir) . (38)

Also here we calculate the 1/N-expansion of the exact form factor for later comparison
with the 1/N-perturbation theory of the chiral SU(N) Gross-Neveu model. Using the
expansion of the minimal form factor function

1 1imr—0
S R . N~?
G) =c < N( Qtanhéﬁ)) + 0l )

we obtain the 1/N expansion of the exact the SU(N) current form factor as
T30 + in Bs(p) =\t ~
Fa(x) (0,w) = (0] Jﬁ(p)(o) 16, w)atn = 5a5(>\) v(w)y u(f) G(0 — w)/G(im)

st (14 (1= S ) o

4 The chiral SU(N) Gross-Neveu model

Let the fermi fields ¢, (x), (« =1,...,N) form an SU(N)-multiplet. The field theory is
defined by the Lagrangian [4]

L, 0) =0+ 59° (V¥)? = (¥7°9)?)
or equivalently
L, 0,m) =9(in0 — 0 — i’ m) — 597%(0” + 7°)
where o(x) is scalar and 7(x) a pseudoscalar field. The field equations for these fields are

o =—g*Pp, ™= —ig*Py’i.
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4.1 The 1/N perturbation theory

Using the bootstrap program and the results of [19], the S-matrix i.e. the on-shell solution
of the model has been proposed in [7, [§]. It is well known [4], 5], [7, 8] that the naive 1/N-
expansion of the chiral Gross-Neveu model suffers on severe infrared problems. In [7], [§]
two different approaches to overcome these problems were proposed and it was shown
that the exact S-matrix was consistent with both. We will show that an off-shell quantity
as our solution for the three particle form factor of the field ¢ (x) is also consistent with
the 1/N-expansion of [§]. Without presenting details we note that we do not obtain
consistency with the approach of [7]. Since in the literature (see e.g. [8, 133, 9]) there are
some errors and misprints we present a detailed derivation of the approach of Swieca et
al.
The generation functional of Greens’s functions for the chiral Gross-Neveu model is

2(6,8) = / d dip do dr expi (A(, b, 0,) + £ + G€) (39)

with the action A(¢, v, 0,7) = [ d?x L(1,9,0,7). In eq. (B9) and in the following we use
a short notation of the z-integrations e.g. £y = [ d*x€(x)(x).

When quantizing the model, severe infrared divergences appear due to the ”would-be
Goldstone boson” 7. Following Kurak, Koberle and Swieca [§] we introduce two additional
bosonic fields A(z) and B(x) quantized with negative norm. The A-field compensates
the infrared divergences. In fact as we will see below that together with the infrared
divergences of 7 it decouples from the rest of the model. We replace the fermi fields by

U(x) — ' (x) = expi (v’ A(z) + B(z)) (2).

The B-field is introduced, in order not to change the statistics of the -fields. Finally we
have the Lagrangian

L= (i70 — p)¢' — 1g7%(0* + 7%) + LN(a 2ATA + 4-2BOB)
with p =0 +iy°1 — v’y0A + 0B

The couplings a and 3 are unrenormalized, their renormalized values are /7. Performing
the ¢/’-integrations in the generation functional we obtain

Z(£,6) = /da drm dAdB exp (iAeff(O',’]T,A, B) — 555)

with the fermi propagator S = i(iyd — p)~! and the effective action

.Aeff(O', T, A, B)
= —iN TrIn(ivd — p) — 3 / &’z (g% (0® + ) — N(o ?A0A + 3°BOB)) .
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The symbol Tr means the trace with respect to z-space and spinor space. The trace with
respect to SU(N)-isospin has been taken and gives the factor N. We define the vertex
functions I' by

1
.Aeff(@) = Zﬁ/dgrld%xnrg)(xbwrn) @1($1)(,0n($n),
n=0

where @; € {0 —0¢, T—my, A— Ao, B—By}. The values oy etc. are defined by the condition
that A.rs(¢) is stationary at this point. This means that the one-point vertex functions

T (z) = dAcrr/d0 = 0 etc. vanish

I'V(z) =N tr S(z,z) — g 200 =0

r'U(z) =N tr (iv°S(z,z)) — g *mo =0

FS)(x) = N tr (=7"70S(z,2)) + Na*04, =0
Ir'V(z) = N tr (y0S(z,z)) + N3 20B, = 0.

The three last equations mean g = Ay = By = 0 and the first one implies o9 = m with

d*p i ) =
N/(2 )ztr —g “o0=0=09g=m= Me N¢*
s Yp—m

where M is an UV-cutoff. There is the effect of mass generation and dimensional trans-
mutation: the dimensionless coupling g is replaced by the mass m. The 1/N-expansion
is obtained by expanding the effective action at this stationary point. The resulting
Feynman rules are given by the simple vertices

Va(k) = (_Z) ) Vw(k) = 75a VA(k) = 757]{37 VB(k) - —’}/k’ (40)
and the propagators in momentum space

< X 1 sinh ¢
Aao (k) = N cosh? %?b ¢ (4D

Am(k) _ i 1 o (sinhgzﬁ B 1) ,

" N sinh? 5 10)
~ s
A = ——
~ i
A = ——
(k) = —35
A A m
ﬂA(l{?) = Aﬂ-(l{?) = —2me2 .
where k2 = —4m?sinh? %aﬁ. To obtain the propagators one calculates the two point

vertex functions FEJQ-) from the bubble graph of Fig[2] with the various vertices and uses
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Figure 2: The bubble graph.

A =il®" In [8] it was argued that the unrenormalized values of o and 3 are to be
replaced by @ — oo and 3 — /7. In that limit the propagators are those of (@Il). One
observes that the A- and B-propagators remain free and the infrared singularity in the
m-propagator disappears.

As an example we consider the four point vertex function
=(4) DCS
F(“)ABQE(—ps, P4, P1,P2) = 5253 Fgg(pz —p3) — 5352 Fig(pg — 1)

where A, B,C, D are spinor indices, «, 3,7,0 are isospin indices and I' is given by the
Feynman graph of Fig. Bl Taking into account the contributions from all vertices (40)

D C

Figure 3: The four point vertex
and all the propagators ([4Il) we obtain
L(k) =Y Vi(k)Ay (k) Vi(—k) (42)
i,J
= —1®1A,,(k) +7° 7% Arr(k) — Y7k @ 4°vk A4 a(k)
— 7" @Y7k Apa(k) + 777k ©7° Aar(k) — vk @ vk App(k) .

Inserting the expressions for the propagators we finally obtain

_im 1 sinhg 5 = 5 1 sinh¢
Lk) = N{1®1cosh2(gz5/2) 5 e sinh2(¢/2)( ¢ 1)

1
+ = (V°vk @ vk 4 2my° @ vk — 2my vk @ 4° + vk ® Vk)} (43)

where the tensor product structure of the spinor matrices is obvious from Fig. B We
now apply these results to the examples of section B and investigate the three particle
form factor of the fundamental fermi field and the two particle form factor of the SU(N)
current in 1/N-expansion in lowest nontrivial order.



4 THE CHIRAL SU(N) GROSS-NEVEU MODEL 19

The three particle form factor of the fundamental fermi field: For convenience
we multiply the field with the Dirac operator, take

Ops(z) = (=i (iv0 — m) (1)) ps

and define
ot (D3| Ops(0) | p1,p2 )ity = FOP3 4(012, 013, 003) .

By means of LSZ-techniques one can express the connected part in terms of the 4-point
vertex function

Fg’ﬁ% a5(912> 013, 023) = tc(p )Ffiga@( —P3,P3 — P1 — P2, P1, P2) ua(pr)us(p2).

The lowest order contributions are given by the Feynman graphs of Fig. [4]

3 @ 3 @ /
@0 -y - X
1 2 1 2 1/

Figure 4: The connected part of the three particle form factor of the fundamental fermi
field in 1/N -expansion.

Fopbs 5 = tic(ps) {8503y T35 (P2 — p3) — 8ardps D45 (ps — p1) } wa(pr)us(ps).

where I" is given by Fig. Bland eq. (43) and the spinor u(p) by eq. (87). It turns out that
for p1, ps and p3 on-shell several terms vanish or cancel and we obtain up to order 1/N?

2mam sinh ¢ 1 1
FOD6 i e — 5@ 6 23 . 5
conn.af N { oVBy 023 COSh %823 'Y S]nh %623 Up (pl)
sinh 013 1 1
— Ogy0 - "
1O <Cosh 95 | sinh %913) uD(m)} (44)

which agrees with the result for the exact form factor ([Bd). In [§] was shown that if the
momentum py = p; + pe — p3 is also on-shell then the expression (44)) is consistent with
the exact S-matrix (2)).

The 1/N expansion of the SU(N) current form factor: We check the proposed
exact form factor (38)) in 1/N expansion. Fig.[Blshows the diagrams contributing to F o\ )
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1 i
o) J

a(p)

Figure 5: Diagrams contributing to the form factor of the SU(NN) current in the Gross-
Neveu models up to order N 2.

in order N and N~! which give

7
F’

a(X)

= 0263y 0(a)" u(p) F (6) (45)
) =
)Y

dk
= 800)0(a)y*ulp) + 625, Z/

1

>< {@<q>w<k> I

(—k — substr. N~2).
SR r— vp—'yk:—mvj( Ju(p) susr}+0( )

(46)

The k integration can be performed using the propagators ([@Il) and the vertices ([@0). For
convenience we write the total 4-point vertex function (42)) which is a part of (46)) as

I'= ZAZ] ®V( k):FU+FW+FV+FTeSt

with
i lo1 1 sinh ¢
N cosh®(¢/2) ¢

Mo 1 sinhg
=5 e (e )

T
I'y = N'Vu X Yu
1

FT‘@S
PN kK2

(v°7k © 7% (vk — 2m) +7° (vk +2m) ® 7*7k)

where Yk®@vk = 79 7k@75yk+k*y*®7~, has been used. Correspondingly we decompose the
form factor function £7(6) in (45)) (in order to avoid infra-red problems in the calculation)
as

FY(0) =1+ (F,(0) + Fr(0) + Fy(0) + Frest(0)) + O(N7?).
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The first contribution F,(#) is given by the O(2N)-Gross-Neveu form factor FEV(8) which

has been calculated in [12]

F,(0) = FEN() -1
1  ginh?1¢ [ pcothip — Gcothld /. 1 0
~oN g o 212A_<9_>O> Ao )+ | =71
2N \Jo ¢*+m cosh® 3¢ — cosh” 50 N\ sinh 0
1 . R . 0 0
= <1—%9 (coth%b’—tanh%&) — Ly <%+2—m) ~1 (% - 2—7”) +w(§))

L o,
N \ sinh 6

where 6 = ir — 0 and ¢ (z) = (InT (2))’. Similarly we obtain

1  ginh?1¢ [ pcothip — Gcothld /.
Fﬂ(é’):—2—<0 2 ( 2 2 —(eao) d¢
1

2 2 21 21p
P+ cosh” 3¢ — cosh” 50

1 . . R 0 0
:—ﬁ< ~1p <coth%9—tanh%«9) ~1 <§+%) ) <§—%) +¢(§)>,

and

~

Fy(0) ! LA <coshé — 1)

" 2Nsinhé
Frest(e) =0
and therefore X
FI0)=1- N +O(N™?)
N 2 tanh %é

which agrees with the 1/N-expansion of the exact result for form factor of the the current
derived in section [3l

5 Commutation rules

In [31] commutation rules were derived for the Z(N) scaling Ising models. The results for
the SU(N) Gross-Neveu model are similar, however, the proof is much more complicated
because of the unusual crossing relations (20) and (related to this) the Klein factors (I9).

Let |6)™ with a = (11, .+, Qe ), - -5 (Qad, - - -, Qary ) be a state of a particles of
rank 71,...,7, (1 < 7r; < N — 1) (or bound states of r; particles of rank 1). We define
the charge of a state to be the sum of all ranks of the particles in the state

«a
Qa = Z’l“j .
j=1
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The weight w;(a) (1 <i < N) of the state « is equal to the number of o, = i. Therefore
the total charge of the state « is

Qa = Z wz‘(@)

(see appendix [B]). If a is a state for which the form factor F(#) does not vanish we use
(25) and define the charge of the operator ¢ by

N
Qy = Qamod N = wa’mod]\f
=1

Wlth0§Q¢<N

Examples: For the energy momentum tensor 7% (x) (which is a SU(N) scalar) the
fundamental field ), (z) (which is a SU(N) vector) and the SU(N) current J{ () (which
transforms as the adjoint representation) the weights and the charges are

w? =(0,0,...,0,0), Qr=0
w” =(1,0,...,0,0), Q,=1
w’ =(2,1,...,1,0), Q;=0.

Theorem 1 The equal time commutation rule of two fields ¢(x) and ¥ (y) with charge
Qs and Qy, respectively, is (in general anyonic)

¢(2)1h(y) = P(y)d(x) exp (2mie(z’ —y')3 (1 — 1/N) QsQy) - (47)
The proof of this theorem can be found in appendix Bl

6 Conclusions

In this paper the general SU(N) form factor formula is constructed. As an application
of this result exact SU(N) form factors for the field, the energy momentum tensor and
the current operators are derived in detail. In the large N limit these form factors are
compared with the 1/N-expansion of the Gross-Neveu model and full agreement is found.
The commutation rules of arbitrary fields are derived and in general anyonic behavior is
found. We believe that our results may be relevant for the computation of correlation
functions in fermionic ladders [34]. In addition the series of the 1/N-expansion of our
exact form factors could hopefully help to understand the same series in QCD.
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Appendix

A Bound state form factors

Proof of formulae (29) — (B0): Here we present a sketch of the proof for the bound
state form factors formula. For simplicity several formulae will be written only up to
constants, the normalization can be fixed at the end by the physical properties of the
operator. The form factor formula for particles of rank 1 was proved in [I3]. Applying
the bound state procedure to this result we derive the formula for 7 = 1 bound state of
rank N — 1, the general case n > 1 follows easily.

The bound state intertwiner [28] is defined by

i Res .7 Res S’\( D) = F%)F(p)
<PN—1N—2=Z'?7 pa1=in &£ p)H
where the S-matrix S2 )‘( p) exchanges all particles with rapidities ¢ = ¢n_1,...,¢1 — @ =
©1,...,pn_1. It satisfies the bound state fusion equation
g /8 ag
T 83(0,0) = S5 (w, )Ty (48)
Lemma 2 The form factor for n particles a = ay, ..., a, of rank 1 and one bound state

(p) = (p,.-,pn—1) (with py < --- < pn_1) of rank N — 1 may be written as
\2-N N , 1
Fop) (0, w) = <\/§Z> Fax(8p)T,) , with w = N1 (o1 + -+ on_1)
for on_iN—2 = = o1 =, t.e. p; = w + Jin —
Proof. We start with a form factor Fy,(0¢) for n + N — 1 particles of rank 1 with
rapidities 0 = 0y,...,0,, 9 = ¢©n_1,..., 91 and quantum numbers o = ay,...,qn, j =

f1, ..., pn—1 (for convenience we use for ¢ an inverse numbering). Applying iteratively
the bound state fusion procedure (see e.g. [28] [13]) we obtain the bound state form factor

N-2
Fap (0, ) (ﬁ@) T® —i Res ...i Res Fa,(09) (49)
- <PN—1N—2=“7 p21=1in
= F(0p)i  Res .i Res S’\( ?)
—  ¥PN-IN- 2:”7 po1=in =

= F, (Qcp)F p(p)

where the form factor equation (i) F,,(09) = Fax(02)S2(@) (see e.g. [13]) has been used.
. K

We start from the K-function K&(Qf) for particles of rank 1 given by the general
formula ([22) where we replace § — 0y, (¢ = ¢1,...,0ny-1) and integration variables

2= 2y, (Y=Y, Yn—2

)
Kq\(8p) = / dz / dyh (0, zy) p(0p, zy) Vu(bp, 2y) .
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The state W, is a linear combination of the basic Bethe ansatz co-vectors () (for = 0)
Va0, zy) = LY (2y)®a(8p, zy) . with 1 < 5,

where the Lg)(gg) again satisfy a representation like the K9 (0y). Iterating this nesting
procedure we arrive at

K9, (0p) = / 220 / ay ... / N / Y07 p0 b
N-1)

where the functions h, p© and i)a_A depend on the variables 0y, zy, (z = 22t ,

y = yW, oy = gy ,y](\l,)_l_l, (I=1,...,N —2)). If we take the residues

in ([A9) at ¢;41; = in the pinching phenomenon (see [13] and Fig. [I) appears at ygl) =

D1y ,y](\})_z = @n_o. This propagates to the higher level integrations such that we may
replace y — o = @1, ..., oy_1-; which are related to w by ¢; = w + jin — iw. The
h-function (23)) for the lowest level Bethe ansatz then takes the form (up to a constant)

O
—~
[5a)
|
RS
e
S~—
Il
—
ASH
—~
IS=
|
S
oL~
N2
ﬂ
—~
N
S~—
|
ﬂ
—~
Q
b1\2
S~—

i=1 j=1 1<i<j<ni

et cetera, where the product is taken over all indices. The Bethe ansatz states defined by
(1) are related by

D29, p, 2, g2 = b0 — o) NI LD 5200 g,

(p) ud W (o) ~alp)

where the bound state relation ([48) together with (B]) and (4]) has been used. These
equations together imply

D) (G, 2, )TE = = B0, )T 320,00, 2)

. @
h(@, e, z, =
0 ¢ @7 (0@ +in — 2) () Falp)

16

The equations for bound state rapidity w = ¢ —in+im = @y_1+in—1m and the relations

5(2 - @j)é(z — ;) = _é(SOj—i-l — z) and Qg(% - Z)/QE(Z — ¢pn-1) = —b(im —w + 2) have
been used. Therefore we obtain the integral representation

K (P) (Qa w) = / déﬁ(ﬁa %)p(ﬁa C&J, g) \ilg(p) (Qa UJ, g)

Vo (8w, 2) = L) (z,w0) 820

B(o (o) (sz) with 1<, o1 =1<09<---<0on_1
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with the new K-, L- and p-functions given in terms of the old ones

1 A
a 9 w a Qa re
a(p) (8, w) = ¢(£(1) +in— Q)K A0, ¢) (»)
) _ 1 D), (D i
L = Ly (z r
8oy (& W) = S +in — 2) o (220

p(8,w, 2) = p(bp, 2eM), (p; =w+ jin—im).

Correspondingly we obtain for a higher level Bethe ansatz [ =1,..., N —3

i’l(é(l)7£(l)7§(l+l)’£(l+1)) _ E(é(l)’z(l—kl))é(&( (l+1 )é( §(1+1))T(§(l+1) . (l+1))
and
11
q)()ﬂ“( 0] f() (+1) £(H‘l))r(ﬁa)
_ H b(g(l) — f(l—kl))b(iﬂ —w+ g(l+1))rgl+1~'1@(l)l(g) (Z(l) w Z(l+1))
b 90 — 204D ) a(gp(l) _ Z(z+1)) (<) Blo)\= =
i=N—I — -

such that

- I
h(_()ﬂﬂ() (+1) ¢(l+1))q)() ( 0] f() (I+1) £(lJrl))F(ﬁo)

( (+2) 4 iy — 200+ )) = 0= () B(o) =

and

l h X (1
L0 0) = [ ARG )0, ), (0w, 200)

xi:(ﬁl?g> (29, w, 2) = L(ll(";)l)(g(l—i-l)’w)(f(l)ég?) (20, w, 2

withl <7y, a=1,...,g=1<qgy1 < <Sy_1-

Note that for [ = N — 3 the relation (b( (2) + in — 2(7Y) = 1 holds because
For the highest level I = N — 2 we have

E(E(N—Q)’ 01,2 (N—l)) _ E(Z(N—Q)’E(N—l))é(gol . g(N—l))

= N—2..
HIN- Q)W(Z o1, )F?) 1 Fff) 11 (N- 2)%()0)(2(1\/ 2) W, Z(N 1))

such that

J(zN-2) (N=1))§(N-2) puN-2-1

IBH(Z Y1, U ) (o)

(N=1)\PN—1-15(N-2)(n) (_(N-2) (N-1)
oy O gy (&7 w27

y P15, 2

h( (N—-2) _(N_l)))Z(w—Z

10 (141) )
dle™ +in - (Z ) Bz, LD PG00 (@) )y

N-1) _

25

0.
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and

ngfg—f) (g(l),w) _ /dg(N—l)ﬁ(g(N—m’g(N—l))p(z(N—2)7g(N—1)>ilngg—)2) (z(N—2)7w’§(N—1))

= (N—2 _ _ _ 1\ & (N—2)7(n)
\p(ﬁ(g) )(g(N 2)7%&(1\/ 1)) — N 1)(w _E(N 1))(1)(N 2)E(U)(§(l)’w7§(l+l))

with v, =N, oy =1,...,0hn .1 =N —1.
Here ) ) .
. ~ w w
L) = 1) = 3 =T (5 + 52 )T (5 5 o)
Finally we combine the minimal form factors in formula (24) for pny_1y-2 = -+ =
P91 =1
1
Fon(0,w) = Far(00)T2 = F(O)G(0 — w)————— K\ (0p)T2
a(p) (&, w) ax(bp) (») @G0 )¢(£ in—0) ar(8p) )
= F(0)G(0 — w)Ka(p (8, w) -

The relations (I6) for the minimal form factor function G for one particle of rank 1 and
one of rank N — 1 and (I7)) have been used. Therefore the final result is

K, (0, w) = /d_(”.../dz(N‘”il(Q,w,g)po(é,w,g)%(m(ﬁ,w,g)

where p© (8¢, zy) is the p-function for particles of rank 1 only. The complete Bethe ansatz
state is B

ég(p) O,w,2) = (i)éf(\;)—m(n) (22w, N1 'i)(él()j)('i) (2, w,g(z))q)ﬁ a)) 0, w, 2V

where (7) is the highest weight bound state (n) = (1,2,..., N — 1).

The energy momentum tensor: We apply the results above to the example of the
energy momentum tensor and prove (34)). In this case n = 7 = 1, and the p-function is

that of (31))

p’(0,w,2) = (6p0 + e’“) e’” .

Lemma 3 The functions ngu)(z,w) (for alll =1,...,N — 3) are explicitly given as

! :
L(ﬁgu)(z,w) = s LY (w—2) with B>1, (1) =(1,2,...,1,%,...,%)

L(l)(w—z):clF<E+W_Z)F<—l+%—w_,z) (50)

2 21
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Proof. Again some equations are given up to unessential constants. We use induction,

start with
1 w-—=z 1 1 w—-=2
L(N—l) _ v . —(—1 N_IF - r(=———
and then calculate iteratively for [ = N —1,...,2 the integrals
-1 7 F(-1)y(v
L(ﬁ(“))(z, w) = ; du (2 — u) LY (w — u)eﬂ,(y)@(ﬁ(mh( )(z,w,u)
F(-Dy(v o oo (v
EW(V)(I)(Q(H)M )(z, w,u) = EW(V)ngS(Z - U)S(;(L)z) (w—wu)

= 500 <(N — 1) 84b(z — w)d(w — u) + 65'8(= — u))
where 551 =1 for § > [ and 0 else. Both integrals
I = /C dud(z — u) LY (w — u)(N — )b(z — u)d(w — u)
I = /c dug(z — u) LY (w — u)é(z — u)
can be calculated by means of the formula

/_oodzf‘<a+%>f‘<b+%>f‘<c—%)f‘<d—%>

00 :(QW)QF(a+c>r(a+d)F(b+c)F(b+d)

T(a+b+c+d)

and yield the result (50). m
Finally we have to calculate

Kooy (0,w) = (e +e™) / dz ¢(0 — 2) LD (w — 2)e e, éi({;))(e, w, 2)
C9m

50 B2 (6,0, 2) = eaqy ((N —1)6L0(0 — 2)d(w — 2) + 62160 — z))

which yields the result (B4]) using the formula

21 21 27 27

2 z z z vzg O (2mi)? ,
/C (F(a+ )T+ o)l — o)l — 522)) 7z = T2 e (gim (e 4 )

fora+b+c+d=0.



B COMMUTATION RULES 28

B Commutation rules

In this appendix we use the short notation for form factors i.e. matrix elements of the
field ¢ (z) at x =0

Va(05,0,) = F¥a(0,0,) = 2705 ¥ (0)] 6, ). (51)

To proof the general commutation rules of fields (47) we have to consider SU(N) sum
rules and general crossing relations.

B.1 SU(N) sum rules

Particles and anti-particles: Let (a) = (a1,...,a.), (1 <oy <---<a, <N)a
particle of rank (and charge) r. The corresponding anti-particle is (&) = (a1, ..., an_;),
(1< <- - <ay_r <N) (of rank N — r) such that the union of the set of indices
satisfies {ov, ..., .} U{ay,...,an—,} ={1,..., N}. Therefore

r N-—r N
1
Zak+2ak:2k:§w(zv+1). (52)
k=1 k=1 k=1
Charges: Let a = ((aq1,.-.,Q10,), -+, (Qa1, - -+, Qar,)) be a state of « particles of

rank r1,...,7, (1 <r; < N —1) (or bound states of r; particles of rank 1). We define
the charge of a state as the sum of all ranks of the particles in the state a

«

QQZZT]‘.

j=1

The charge of anti-particles (bound states) we define as

«

Qo= 1 (N=1)=(N—-1)Qa

j=1

Qa+Q&:NQa'

Weights: Let a = ((aq1, ..., 1), - -, (Qa1, - - -, Qar, ) e a state of « particles. The
weight w;(a) of the state « is equal to the number of aj, =i, (1 <i < N)

wz(g) :Zi:(siajk, (1 SZSN)

j=1 k=1
Therefore the total charge of the state « is

o Tj N

D SR D) ST 9) 9) SRS St

j=1 k=1 j=1 k=1 i=1 i=1

Similarly, we consider ¥ = (Y11, -, Vis1)s -+ (Vo1 -+ 5 Vrsy))-
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Sum rules: Because of SU(N) invariance
Va8, 0,) = 28| ¥(0)] 8o o # 0
(or 94y # 0) implies for the weights
w(a)=wy)+w+L(1,...,1), LEZ

where w? is the weight vector of the operator ¢ and (1,...,1) are weights of a state in
the vacuum sector. Therefore

N N
Qo = Zwi(g) = Q, —i—szp%—NL.
=1 i=1

The charge of the operator 1 is defined by

sz(Qa—Qw)modN, 0§Q¢<N (53)
N
= Zw}’ mod N .
i=1
For a particle (a;1, ..., ;) of rank r; we use the short notation (a;) = (aj1,...,a))

and a; = >,” | @), and correspondingly, v; = > 37, vjr. Then SU(N) invariance implies

o gl
Yo=Y 7% =3(N+1)(Qu—Q, —Qu)+ Ry
j=1 j=1

N N
with  Ry=Y iw! —L(N +1) <Z wy — Qw) (54)
=1 1=1

which can be straightforwardly proved using the above definitions.

Examples:
T UJT:(O,O,...,O) QTZO RTZO
Q/Jai ww:(l,O,...,O) szl szl
o w! =(2,1,...,1,0) Q;=0 Rj=1—N

B.2 Crossing
B.2.1 A partial S-matrix

Definition 4 Let 05 = (Or1), .- -, 0x@«)) be a permutation of 0, = (01,...,0,). Then

Sg (Qﬁ;Qa) is the matrix representation of the permutation group S, generated by the
simple transpositions o;; 1 i < j for any pair of nearest neighbor indices 1 < i,j =i+1 <
aa

oi; — S(0;)

2Note that this definition is quite analogous to that of representations of the braid group by means of
spectral parameter independent R-matrices.
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Because of the Yang-Baxter relation and unitarity of the S-matriz the representation is
well defined. We will also use the notation

& (0,0,:0.,)

if ™ us that permutation which reorders the array 6., such that it coincides with the combined
arrays of 0,, and 0.

As an example consider the case 0, = (01,02,03,04), 8, = (02,03) and 8, = (61, 04)
555(82938194; 616020504) = Sg,fii(& 3)SH11(0,5)5,2

ajan

M1 fl2 A1 Az

[ s J=>xXT

a1 g (i3 Oy

If the permutation inverts the rapidities completely Sg (Qﬁ; Qa) = Sg(Q ) is the full S-

matrix.

Q

B.2.2 Crossing for SU(N)

As was argued by Swieca et al. [§] the particles of the chiral SU(N) Gross-Neveu model
posses anyonic statistics and due to the unusual crossing property of the S-matrix, Klein
factors are needed. The crossing relations of the form factors for normal fields and particles
were derived in [28] by means of LSZ-assumptions and maximal analyticity. They have
to be modified for the chiral SU(N) Gross-Neveu model.

We propose crossing relations

14 n / . A
Valli0,) =0l D Gl Stu(0,:0,0,) 15 Clpa (6 + im—,0,) S5 (0,05:6,,) (55)
0, U0, =0~
0\U0,,=04

_ v by
= D &l Sw(0,:0,0,) CM; 15555 (0,0,,: 6,,) (56)
0,00, =6.,
0,U0,,=04

which, compared to the formulae in [2§], are modified by the factors C and 5

(v,0,m) (v,0,m)

im(N—1)= 2mi . .
(E’i’am = pq({w)e (N 1)2Qn(Qn+N)6 T (RyQa—Qu 7))

= TN (3Qn(QntN+QuQy) % (RyQa—Qu 7))
(v,em)

N—-1+(1-1/N o 5— 5
pq(pw) _ (_1)( +(1-1/N)(Qa+Q+—Qy) ) @~

UE/;) — m(1=1/N)Qy Q5
with 7; = $N(N + 1) — 75, due to (52). The sign factor p?  and the statistics factor
j A (v,@)

O’Ep were introduced in [I3]. The charge @, of the operator ¢» and the number R, are

defined in (B3)) and (B4).
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B.3 Commutation rules

In [31] commutation rules were derived for the Z(N) scaling Ising models. The results for
the SU(N) Gross-Neveu model are very similar, however the proof is more complicated
because of the unusual crossing relations and the presence of the Klein factors.

Theorem 5 The equal time commutation rule of two fields ¢p(x) and ¥ (y) with charge
Qs and Qy, respectively, is (in general anyonic)

o(x)(y) = ¥(y)o(z) exp (2mie(z' — y")3 (1 — 1/N) QpQy) -

Proof. We consider an arbitrary matrix element of products of fields
(S(2)1(y))g (O, 04) = 27Ol p(2)0 ()] 0 )"

Inserting a complete set of intermediate states |«9 > we obtain
(6(2)e () (U, 0,) = €577 — / G505, 8,)03(0,. 8, )e P (5T)

where P, = the total momentum of the state |0, )% etc. and [; =T[}_, [ %. Einstein
= Yy

summation convention over all sets v is assumed. We also define 4! = Hf«V:1 n,! where n,
is the number of particles of rank 7 in 7. We apply the general crossing formulae (GHI5G).
Strictly speaking, we apply the second version (B8] of the crossing formula to the matrix
element of ¢

¢7( B3 ~7 Z fﬁvpSET¢§P(9<’9—,/3_Z.7T—)C@1§S§Q
Ql UQ’ _Ql
Q}UQ}=Q}

where p = (pp, ..., p1) with p = antiparticle of p and ¢'; — im_ means that all rapidities
taken the values ¢ — i (7 — ¢). The matrix 17(¢' 6,) is defined by (5I) with @ = 1 the

unit operator. Summation is over all decompositions of the sets of rapidities Qlﬁ and Q:{.
To the matrix element of 1) we apply the first version of the crossing formula (53]

v n . A
Va(0,,00) =00y D ClronySon 1s Clna (6 + im—, 0,) S5

0,08,=0,
0,U0,=0,,

We insert (55)) and (B6) in (57) and use the product formula SW(H 0,;0 )S%Q(éy; évén> =

Loy Ly
SEZ(QHU, 91,«977) Let us first assume that the sets rapidities in the initial state 8, and
the ones of the final state 8’ have no common elements. This also implies 8, N6, = 0.

Then we may use (ii) to get Sﬁg 0.6 .00 = 0% and then we can perform the 9 - and
vn

Lslor Lvtny
Q -integrations. The remaining f-integration variables are «9 = Qg N Qn' Then we may
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write for the sets of particles ¢ = pw, 7 = w7 and 7 = pwt and similar for rapidities and
momenta. Equation (57)) simplifies to

GO0 = > L0 [ 3

% SgA(Q )ei(Pp’—Pu)r—i(PA—Pf_)y (58)

QL

where

T ¢ ) ’
X2 = 90,0 Stram 860 Pucp s by €5 = im-)
x CELCTIC ) (0L + i, O, +im_, 0,)e =) (59)

— Lo

Similarly, if we apply for the operator product ¥ (y)¢(z) and
/ iPhr—i 1 Bint 5 = P (v
(L (y)d(x))g (05,0,) = ' Payﬁ/é W2 (0, 05) 85 (85, 0,,)e P
T Y

use the second crossing formula to the matrix element of ¢

A

85’ 04 _ Z é-éoup ¢M0( /,L?esp 1T )Ccpcpl Su
Q U, =05
QMUQA:QQ

and the first one to the matrix element of

B it 3 B 1P ~r7 194
Vs (03, 05) = 0&75) Z C(%,&,T)SBE I C™pzy (0 + i, GX)S*
0,00" =0
000, =0;

Similarly we obtain (with x = @A, ¢ = Wp, § = pwt) equation (E8) where X—/\ replaced
by

Y:§_Uﬁ5<(,@57§(6a@ ¢NWP( éw_i/]r—>0/‘_2.7r—)
x CECTIC 24,00 (B + im0, 0,)eT*@Y) (60)

—y L

which means thaut~ only ?tha)((ﬁ’am)g& 20) is re})laced by Uzpﬁ’&)c(%’&ﬁ)g&a’ o) and the inte-
gration variables 8, by 8, —in_, i.e. P, by —F,,.

If there were no bound states, there would be no singularities in the physical strip
and we could shift in the matrix element of ¢ (y)¢(z) (BS) with (G0) for equal times and
2! < y* the integration variables by 6; — 6; +im_. Note that the factor eiPo(@=Y) decreases
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for 0 < Ref; < 7 if z' < y'. Because P, — —P, (if §, — 0, — im_) we get the matrix
element of ¢(z)y(y) (BI) with (B9) up to the factor

wa

g fqb 1 1
('770‘) (%04,77) (,B,"{,P) _ 6_27TZ§(1_W)Q¢Q’¢) X

P P ol
(5658, 8 (s.00)

This equality follows after a long and cumbersome but straightforward calculation. In
[31] was shown that we obtain the same result if there are bound states. m
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