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Abstract

A system of O(N)-matrix difference equations is solved by means of the off-
shell version of the nested algebraic Bethe ansatz. In the nesting process, a
new object, the IT-matrix, is introduced to overcome the complexities of the
O(N)-group structure. The highest weight property of the solutions is proved
and some explicit examples are discussed.

PACS numbers: 11.10.—z, 11.10.Kk, 11.55.Ds

1. Introduction

O(N) Gross—Neveu and O(N) o-models are asymptotically free quantum field theories which
attract high interest, since they share some common features with QCD. Since perturbation
theory fails for these models, exact results, such as exact generalized form factors, are desirable
and welcome. The concept of a generalized form factor was introduced in [1, 2], where several
consistency equations were formulated. Subsequently, this approach was developed further and
investigated in different models by Smirnov [3]. Generalized form factors are matrix elements
of fields with many particle states. To construct these objects explicitly, one has to solve
generalized Watson’s equations that are matrix difference equations. To solve these equations,
the so-called off-shell Bethe ansatz is applied [4-6]. The conventional Bethe ansatz introduced
by Bethe [7] is used to solve eigenvalue problems and its algebraic formulation was developed
by Faddeev and co-workers (see e.g. [8]). The off-shell Bethe ansatz has been introduced
in [9] to solve the Knizhnik—Zamolodchikov equations that are differential equations. In
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[10], a variant of this technique has been formulated to solve matrix difference equations of
the form

KQuy,...oui+u, oo un) =K@y, oo, oo u) Qs oo ug, 50, (G=1,...,n),

where K(u) is a co-vector-valued function, Q(u, i) are matrix valued functions and « is a
constant to be specified. We use here a co-vector formulation because this is more convenient
for its application to the form factor program. For higher rank internal symmetry groups,
the nested version of this Bethe ansatz has to be applied. The nested Bethe ansatz as a
method to solve eigenvalue problems was introduced by Yang [11] and further developed by
Sutherland [12, 13].

In this paper, we will solve the O(N)-difference equations combining the nested Bethe
ansatz with the off-shell Bethe ansatz. This procedure is similar to the SU (N) [14] case, where
also a nesting procedure is used. However, the algebraic formulation for O(XN) is much more
intricate because the R-matrix exhibits an extra new term. In addition, for SU (N) we can use
the same R-matrix at every level, while for the group O(N) the R-matrix changes after each
level. Therefore, in our construction a new object, called IT-matrix, is introduced in order to
overcome these difficulties. This provides a systematic formulation of techniques introduced
by Tarasov [15] and also used in [16]. In [17], a different procedure was used to solve the
O(N) on-shell Bethe ansatz for even N.

The results of this paper will be applied in [18] to calculate exact form factors of the O(N)
o-models and Gross—Neveu models. We should mention that the first computation of form
factors for O(3) o-model is due to [3] (see also [19, 20]). There are also new developments
concerning the connection between 2D conformal field theory (CFT) and integrable models
with N = 2 super Yang-Mills (SYM) theories in different higher dimensions. First, there
is a surprising relation between 2D conformal blocks and the instanton partition function
in N = 2, 4D SYM theory [21] (Alday, Gaiotto, Tachikawa—AGT relation) and this is
a particular version of the AdS/CFT correspondence, which is a more general part of the
gauge/string duality. There is also a g-deformation of the AGT relation which connects
the N = 2 5D SYM theory and the g-deformed conformal blocks [22]. This last relation
offers new insights and gives the intriguing hope that the form factor program can be
used to obtain a deeper understanding of this connection. The solution of the difference
equations is the first step to obtain the exact form factors and therefore important physical
relations and correlation functions for integrable models. In fact, difference equations play
a significant role in various contexts of mathematical physics (see e.g. [23] and references
therein).

The paper is organized as follows. In section 2, we recall some results and fix the
notation concerning the O(N) R-matrix, the monodromy matrix and some commutation
rules. We also introduce a new object, which we call the IT-matrix and which is a central
element in our construction of the nested off-shell Bethe vector. In section 3, we introduce the
nested generalized Bethe ansatz to solve a system of O(N)-difference equations and present
the solutions in terms of ‘Jackson-type integrals’. We introduce a new type of monodromy
matrix fulfilling a new type of Yang—Baxter relation and which is adapted to the difference
problem. In particular, this yields a relatively simple proof of our main result, which is
theorem 3.4. In section 4, we prove the highest weight property of the solutions and calculate
the weights. Section 5 contains some examples of solutions of the O (N)-difference equations.
The appendices provide the more complicated proofs of additional results we have obtained.
In particular, in appendix B we prove that all seven types of ‘unwanted terms’ in the Bethe
ansatz cancel.
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2. General setting and notion of the IT-matrix

2.1. The O(N) R-matrix
Let V!~ be the tensor product space,
Vit = Vi@ @V, ey

where the vector spaces V; = CV,(i=1,...,n) are copies of the fundamental vector
representation space of O(N) with the (real) basis vectors

la), €V, (@=1,...,N).

It is straightforward to generalize the results of this paper to the case where the V; are vector
spaces for other representations. We denote the canonical basis vectors of V" by

lag, ..., o) € Vi (j=1,...,N). )
A vector v'" € V1" is given in terms of its components by
= e ) U 3)
@
A matrix acting on V" is denoted by
A Vhen S ylen, @

.....

We will also use the dual space V;

The O(N) spectral parameter-dependent R-matrix was found by Zamolodchikov—
Zamolodchikov [24].4 It acts on the tensor product of two (fundamental) representation spaces
of O(N). It may be written as

Ria(upn) = (1ia + c(uin) Pra +d(upp) Kpp) : V2 — V2 &)

where Py, is the permutation operator, K, is the annihilation-creation operator and u;; =
u; — up. Here and in the following, we associate with each space V; a variable (spectral
parameter) u; € C. The components of the R-matrix are

R (uin) = 81 85 + 85 8} c(ura) + 6" 8ap d(ur) (6)

from which Py, and K, can be read off. The functions

w =" dw = —— 2 @
= —, = y V=
o u . u—1/v N-2
are obtained as the rational solution of the Yang—Baxter equation
Ry (u12) Ri3(u13) Roz(u23) = Roz(u23) Ri3(u13) Ria(u12) (®)

where we have employed the usual notation [11]. We will also use
R(u) = R(w)/a(u)
with
u—1
alu)=14+cu) = —.
u
The ‘unitarity’ of the R-matrix reads as

Ry (ua)Riz(u1p) = 1

4 We use here the normalization R = S/o, and the parameterization u = 6 /i v, which is more convenient for our
purpose.



J. Phys. A: Math. Theor. 45 (2012) 055207 H M Babujian et al

and the three eigenvalues of the R-matrix are

Re(u) = 1+ c(u) = ”—1[1 Ro =1+ c(u) + Nd (). 9)

The crossing relation may be written as
Ri2(u12) = C* R, (i12) C5, = C"' Ry; (di12) C, (10)

where i = 1/v — u. Here, C!!' and C,; are the charge conjugation matrices. Their matrix
elements are C*# = C, 5 = Oap, Where B denotes the anti-particle of A. In the real basis used
up to now the particles are chargeless, which means that 8 = g and C is diagonal.
In the following, we will use instead of the real basis |«),, (¢ = 1,2, ..., N) the complex
basis given by
@) = =5 (12a — 1), +i|2a),)

@) = 75 (12a — 1), —i]2a),)
fora = 1,2,...,[N/2]. If N is odd, there is in addition |0) = |0) = |N),. The weight vector

w = (wl, R w[N/2]) and the charges of the one-particle states are given by
for |a) : wi = Sa,s o=1
for |@) : wi = —6ia, 0=-1
for |0) : w =0, 0=0.

Remark 2.1. For even N, this means that we consider O(N) as a subgroup of U(N/2) and the
charge Q is its U (1) charge. For N = 3, we may identify the particles 1, 1, 0 with the pions
T+, .

The highest weight eigenvalue of the R-matrix is
Rl () = R, (u) = a(u).

We order the statesas 1,2, ..., (0),..., ﬁ, 1 (0 only for N odd). Then the charge conjugation
matrix in the complex basis is of the form

Cdr = §%7, Cup = 8up

0 -~ 0 - 1
11

C=1]0 1 0 an
1 -~ 0 --- 0

The annihilation-creation matrix in (5) may be written as

K, = C” Cyp.

2.2. The monodromy matrix

We consider a state with n particles and as is usual in the context of the algebraic Bethe ansatz
we define [25, 8] the monodromy matrix by

Ti,..no0(u, up) = Rig(u1g) - - Ruo(uno) (12)
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with u = uy, ..., u,. It is a matrix acting on the tensor product of the ‘quantum space’
Ve = Vi ® .-~ ®V, and the ‘auxiliary space’ V;. All vector spaces V; are isomorphic to
a space V whose basis vectors label all kinds of particles. Here, V = CV is the space of the
vector representation of O(N).
Suppressing the indices 1, ..., n, we write the monodromy matrix as (following the
notation of Tarasov [15])
A (B1)a B

T =¥ @i BT, (13)

G (G)s Az
where «, o’ assume the values 1,2, ..., (0),..., Q, 1 corresponding to the basis vectors of
the auxiliary space V = CV and &, &’ assume the values 2, ..., (0), ..., 2 corresponding to

the basis vectors of V = CN~2. We will also use the notation A = Ay,B=B;,C = (| and
D = A,, which is an (N —2) x (N — 2) matrix in the auxiliary space. The Yang—Baxter
algebra relation for the R-matrix (8) yields

Tl ..... n,a (ﬂ’ ua) Tl,...,n.b(ﬂv ub) Rab(uab) = Rab(uub) Tl,....n,b(ﬂv ub) Tl,..,,n,a (29 ua) . (14)

2.3. A lemma

In our approach of the algebraic Bethe ansatz, the following lemma replaces commutation
rules of the entries of the monodromy matrix. In the conventional approach one derives them
from the Yang—Baxter algebra relations (14) and uses them for the algebraic Bethe ansatz.

Lemma 2.2. For the monodromy matrix the following identity holds:

Tioma@v) =1y Lla+ ) e — V)R1g(017) -+ P -+ R (i)
i=1

+ ) d(i = v)Ra (i) - Kig -+ Rua (i) (15)
j=1
withii =1/v—u.

Proof. The R-matrix R(u) (see (6) and (7)) is meromorphic and has simple poles at u = 0 and
u = 1/v due to the form of c(u) and d(u) such that

Re sy, T1,...na(tt, V) = ReSy—y,c(Ui — V)R1a(u1;) -+ - Pig -+ - Rug ()

Re sy—u—1/0Th,...na (W, V) = ReSy—y,—1/vd (ttj — VIR 1o (li1) - - - Kig - - - Ring (thin)
holds. The claim follows by Liouville’s theorem because limy_ o071 na(u,v) =
1, ..., 1,1, O

Similarly, we have for the crossed monodromy matrix,

Tor,n(Vs ) = Ry (v — 1) -+ - Ry (v — uy),

the relation

T;l,l,...,n(va ﬂ) = lall, RN ln + ZC(U - Mi)Ran(uin) e Pai te 'Ral (uil)

i=1

+ Y d® = u)Ran (lini) -+ Kei -+~ Rar (dhy). (16)
i=1
Note that the crossing relation (10) implies
Torten(Vas 1) = CoaTi (1, 0)C™ 17

with v, = v, — 1/v.
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2.4. The matrix I1

The nested Bethe ansatz relies on the principle that after each level, the rank of the group (or
quantum group) is reduced by 1. For SU (N) the rank is N — 1 and for O(N) it is [N/2]. This
means that the dimension of the vector representation (where the R-matrix usually acts) is
reduced by 1 for the case of SU (V) and by 2 for the case of O(N). A more essential difference
is that for SU(N) one can use at every level the same R-matrix, because (with a suitable
normalization and parameterization) the SU (N) R-matrix does not depend on N. In contrast
for O(N), the R-matrix changes after each level, because it depends on N. Therefore, we need
a new object called matrix IT, which maps the O(N) R-matrix to the O(N — 2) one. We use
the notation

dw) = = 1/ "
with b = 2/(N — 4). The components of the R-matrix R (u) will be denoted by
Iéi’;(u),&,ﬁ,)?,g =2,3,...,00),...,3,2.
In additionto V" =V, ® ... ® V,, (1), we introduce
Vhem —vi@...QV,, (19)
where the vector spaces V, = CN2%2 (i=1,...,m) are considered as fundamental (vector)

representation spaces of O(N — 2). The space V; is spanned by the complex basis vectors
11),12),....12), 1) and V; by [2), ..., |2) .

Definition 2.3. We define the map

1_Il ..... m(ﬂ) = (7T1 HZ ..... m)éaTl ..... m,a (Zs ua)e_a (20)

.....

the state 1 and have the components & = 831” and ¢, = 8(}[ .

Lemma 2.4. In particular for m = 2, the matrix 111, (uy, uy) may be written as

M () = mm + fun)CPe e (21)
with e; = Cy.e and f(u) = —d (1 — u). It satisfies the fundamental relation

Rio (i) ia (uy, up) = Ty (ua, up)R2 (u2) (22)
where 1%12 is the O(N — 2) R-matrix.

Proof. Equation (21) can be easily derived
Mia(w) = myme,Tio,a(u, ug)e’
- nl”ZE_aRla(ul - ua)RZa(MZ - ua)e-a
= mme, (111, + c(1)Py,) (11, + d(uz1 + 1)Ky,) €
=mmy + c()d(up + 1)(02126_’16’2.
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Use has been made of ¢(1) = —1 and mme,P1, Ky.e? = élzélez. Equation (22) is derived
for all components. Obviously,
R €% = Ry &
holds, where the scalar R-matrix eigenvalue is (see (9))
Ro(u) = a(u) + (N —2)d(u).
Therefore, the relations
(1%12(’/512)1-[12)5? = éé?(”lz)ﬂgﬂf + f(ulz)éO(MIZ)éB,&/(SiS}g
and

(Mo R )y = 7l mERES (i) + f () CP Y R (uro)
are valid. The claim of the lemma is then equivalent to

() :du) = dw) + f(—u)d(u) for aorp£1,1

(i) : 0=du) + f(—u) (1 +d(u)) for a=1,8=1

(iii) : f(u)I%o(u) =dw) + f(—u) (cu) +d(u)) for o= 1, B =1
These equations may be easily checked with the amplitudes (7). ]

These results can be extended to general m, as presented below.

Lemma 2.5. The matrix Iy, (1) satisfies

yeeey

(a) in addition to (20) the recursion relation
M, @) = (T, 1)@ T b (s 1) E” (23)
with u, = u,, — 1/v + 1, and
(b) the fundamental relation
Rijui)T i (w) = T1_j; (w)R;;(uij) . 24

(c) The matrix egTy,. mo(u, up)é° acts on I, m (W) as the unit matrix for arbitrary ug

yeeey

M, @e0Th. om0, u)e® = Ty (u) . (25)
(d) Special components of I1 satisfy

TS0 (g, i) = 0 (26)

ngﬁ;z---_j‘fg (Ui, oo tty) = 8§ T2 () (27)

T (i) =0 (28)

T g, ) = TU )85, (29)

withé # 1, 1.

The proof of this lemma is presented in appendix A.

Definitions (20) and (23) can be rewritten as (see also lemma 2.4 for m = 2)

Iy, ww) =mIy .+ Zf(ulj)ﬁjjfl . 'I%jZéljnz,...,ﬁ...,me_lejij <R (30)
=2
m—1
=11, 17T + Zf(ujm)RjJrlj c Ry jCM TG me1€jRy - Ry jen. (31
=1
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3. The O(N)-difference equation

LetK;,  ,(u) € Vi, ., beaco-vector-valued function of u = uy, ..., u, with valuesin V;__, .
The components of this vector are denoted by
KD(] ..... an(ﬂ)’ (aiz1927"‘7(0)""72’1)'

The following symmetry and periodicity properties of this function are supposed to be valid.
Conditions 3.1.
(i) The symmetry property under the exchange of two neighboring spaces V; and V; and the
variables u; and u;, at the same time, is given by

K ij Cosuptyy ) =K _ji (ooyuj, g, - )R (ui)), (32)

where R(u) = R(u)/a(u) and R(u) is the O(N) R-matrix.
(ii) The system of matrix difference equations holds

KinCouiy ) =Kty DO s ), (=1,...,n) (33)

O1,..n(u; i) = troTp,1,...n0 (s i) (34)
of a modified monodromy matrix
To1,..no(u, i) = Rig(uy — u}) -+ Pig - - - Ry (y, — ut7).

The Yang—Baxter equations for the R-matrix guarantee that these properties are
compatible. The shift of 2/v in equation (33) could be replaced by an arbitrary «. For the
application to the form factor problem, however, it is fixed to be equal to 2/v in order to be
compatible with crossing symmetry. Instead of the Yang-Baxter relation (14), the modified
monodromy matrix Tp satisfies the Zapletal rules [14, 4]. We have fori =1, ..., n,

To(u; 1) Ty, v) Rio (i — v) = Rio(u; — v) To (u, v) To (u; i) (35)

withu' =wuy, ..., u}, ..., u, and u; = u;+2/v. The Qi _,(u; i) satisfy the commutation rules

.....

=QinCottitty s DO (ot ). (36)

The following proposition is obvious.

Proposition 3.2. Let the vector valued function K; . ,(u) € Vi, ., satisfy (i). Then for all
i = 1,...,n, the relations (3.2) are equivalent to each other and also equivalent to the
following periodicity property under cyclic permutation of the spaces and the variables

Kalaz a,,(u/p Mz,...,un) :Kolz ..... a0 (u2, ceey U, u1)~ (37)

.....

Remark 3.3. Equations (32) and (37) imply Watson’s equations for the form factors [26].

Because of proposition 3.2, we mainly consider Q;
n

O1,..n) = troTp 1,0 =] |

a(vy)
k=2
with Tp 1. po0(w) = Ty 1,...n,0(u, 1). In analogy to equation (13), we introduce (suppressing
the indices 1, ..., n)

a(u, i) fori=1:

yeeey

troTo.1,....n0 () (38)

Ag(u)  Bo(w) Bga(u)
To(w) = | Co(w) Do) Bgsw |. (39)
Coo(w) Cos(u) Ags(u)
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3.1. The off-shell Bethe ansatz

We will express the co-vector-valued function K, (1) in terms of the co-vectors

W1 v) = Ly (0) B (w, ) = (L) D(w, ) (40)

o
where summation over fy, ..., B, Bi =2,...,0,...,2,is assumed and Lﬁ (v) is a co-vector-

valued function with values in \0/1 m~CV2®...® CN-2 We assume that for Lﬁ (v), the

.....

higher level conditions of 3.1 hold with R and Q replaced by R and O (which means N is
replaced by N — 2):

OY L Covvy o)=L ji (v, -)I%ij(vij) 41)

)DLy (V) =Ly v )0 (D). (42)
The Bethe ansatz states are>

P, v) = M) (T @, v+ T @, vn)) *3)

The reference state 2 (pseudo-vacuum) is the highest weight co-vector (with weights
w=({n0,...,0)

Qy = 501” ... 501(” . 44)
It satisfies
ay(u, v) 0 0
QT (u,v) =Q * a»(u, v) 0 , 45)
* * as(u, v)

n

ar(u,v) = [ Jatu —v), a2 (u, v) =1, a3, v) = [ [ (A +d (e —v)).
k=1 k=1
We also have for Tp (1) = Tp(u, 1),
" 100
QTo(w) = Q[ Ja@a) [+ 0 0 (46)
k=2 k

The system of difference equations (33) can be solved by means of a nested ‘off-shell” Bethe
ansatz. The first level is given by the following Bethe ansatz.

Bethe ansatz 1.

Ky(w) =) g(u,v) ¥a(u,v), (47)

v

where W is given by (40) and
gwv) =[[[]v@—-vy J] t@-vp. (48)

i=1 j=1 1<i<j<m

The functions v (1) and t (v) satisfy the functional equations

Yy W') =a@y ), t()a’) = a(-v)T(v), (49)

5 The <I>§ are generalizations of the states introduced by Tarasov in [15].
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with &' = u + 2/v. The summation over v is specified by
v=(1,..., ) = (U =201 /v, ..., Vp — 2L,/ V), Lel, (50)

where v; are arbitrary constants.
The sums (47) are also called the ‘Jackson-type integrals’ (see e.g. [10] and references
therein). The solutions of (49) are

I‘(—lv+ﬂv)
Y(u) = —2 2+ (51)
r(sv)
1 v
) = v LGV H5Y) (52)

1 v
F(l — 51) + Ql))
We are now in a position to formulate the main result of this paper.

Theorem 3.4. Let the co-vector-valued function K, _,(u) € Vi . ., be given by the Bethe
ansatz 1 and let g(x, u) be of the form (48). If in addition the co-vector-valued function
m sansﬁes the propemes @D and (i)D, ie. equanons (32) and (33) for
» (1) is a solution

.....
..........

.....

of the set of difference equations.

.....

The proof of this theorem can be found in appendix B.
Iterating (47), (40) and theorem 3.4, we obtain the nested off-shell Bethe ansatz with
levelsk=1,...,[(N — 1) /2]. The ansatz for level k reads

K(k 9] (u(kfl)) — Zg(kfl)(ﬂ(kfl)’ﬂ(k))\y(k )] ( (k— 1) (k)) (53)

..... Ng—1 ST—1
E(k)

WD @D @y = (KO @)D @D Wby, L, (54)

where ®® is the Bethe ansatz state (43) and g* is the function (48) for O(N — 2k). The start
of the iteration is given by a 1 < kpax < [(NV 4 1) /2] with

Wi D =g g, and = 0 for k > Kmax (55)

which is the reference state of level kpn,x — 1 and trivially fulfils conditions 3.1. The start of
the iteration for k. = [(N + 1) /2] is given by the solution for O(3) for N odd and O(4) for
N even. These two cases are investigated below.

Corollary 3.5. The system of O(N)-matrix difference equations (33) is solved by the nested
Bethe ansatz (53) with (55) and K. ,(u) = KO, (w).

3.1.1. The off-shell Bethe ansatz for O(3). The R-matrix is given by (5) and (7) forv =2 :

-1
R =1+c@P+dwk, — cw=—=  dw=_—7.

The solution of the difference equations is given by the off-shell Bethe ansatz (47) with

1 2

YW = ——07, T(v) =v".
u—1

The Bethe vector W is expressed in terms of the co-vectors (43)

Wy (1, v) = L(v) Dy (u, v),

10
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where the scalar function L(v) has to satisfy

L(...,v,vj,...) =L(..,vj,v,.. .)ﬁ(vij)

L(v},v2, ..., Un) =L(v2, ..., Uy, V1)

with R(v) = % and v' = v + 1. The minimal solution of these equations is

L= [] Ly
1<i<j<m
—1/2
L(v) = r-1/2)
4 v@w-—-1)
The O(3) weight of the state is

w=n—m. (56)

tanTv.

3.1.2. The off-shell Bethe ansatz for O(4). The R-matrix is given by (5) and (7) forv =1 :

Rw) =1+ c(w)P +du)K, c(u) = _71, du) = u%l

We could apply theorem 3.4 and write the off-shell Bethe ansatz for O(4) in terms of an O(2)
problem. However, the latter cannot be solved by the Bethe ansatz because the R-matrix is
diagonal (note that R}: = 0). But there is another way to solve the O(4) problem. The group
isomorphism O(4) ~ SU (2) ® SU (2) reflects itself in terms of the corresponding R-matrices.
Indeed, the O(4) R-matrix can be written as a tensor product of two SU(2) R-matrices, or
more precisely

pO(4)\8 B 5SUQN\C'A"  5SU2)\D'B'
(RONETST e, = Top Ty (RYP), D (RYHPY.
The SU(2) R-matrices IéiU(z)(u) = RSiU(z) (u)/a(u) correspond to the spinor representations
of O(4) with positive (negative) chirality
RY® =1+ cwP,

where the amplitude ¢(u) is given by (7). The relative R-matrix for states of different chirality
is trivial R = 1. The intertwiners are

[ig = (47°C)as
with the O(4) gamma matrices y*, yy = %(1 + y°) and the charge conjugation matrix C. For

more details, see [27, 28]. In the complex basis of the O(4) and the fundamental representations
of the SU(2), the states have the O(4) weights

vector states O(4) weights spinor states O(4) weights
1 (17 0) T+ (%7 %)1
2 (0, 1) - 5
1 (71,0) l— (7575) :

(57)

Because of weight conservation the intertwiner matrix is diagonal in this basis and is
calculated to be

Yl bR (R

« _ tee o 100

Fis=1 o o 12, o |[Tfo o1o0 (58)
0 0 0 Tl 0 001



J. Phys. A: Math. Theor. 45 (2012) 055207 H M Babujian et al

We also use the dual intertwiner ['48 with

DoTETL =00 Y TP, =86y (59)
A,B

o

We write the co-vector-valued function K,, (1) as
Ky () = K Ky~ (wTa®?, (60)
where I'4® = [T, 4. The transfer matrix 7% (u, v) can also be decomposed such that
704 75U (2)\A' =SU(2)\B AB
Ko () (T (, v) = Ky )T (T277)) @, 0)(T209) 5 (w, 0)T)

= (K3P ) (T3 P) g w v) (K™ @) (T P)j , v)) T2,

where (59) has been used. Therefore, K, (1) satisfies the O(4) symmetry relation (32) and the
difference equation (33) if the ngi) (u) satisfy the corresponding SU (2) relations.

The SU (2) on-shell Bethe ansatz is well known and the off-shell case has been solved in
[14, 6, 29]:

Ka(w) =) gt 0)Wa (1, v) (61)
W(u, v) = QCWU, vy) -+ Cu, vy), (62)
where g(u, v) is given by (48) and
L u
Y(u) = M(-z+5) T(v) = v.

r(3)
The summation over v is specified by
yz(U],...,Um):(f}l—zll,...,f)m—zlm), liEZ, (63)

where the v; are arbitrary constants. The SU (2) weights of the state (62) are w = (n — m, m)
and due to (57) the O(4) weights are

w — (n—m, —m) for positive chirality spinors
T l(n—m,m) for negative chirality spinors.
Therefore, the O(4) weights of (60) are
w=Mm—n_—nyg,n_—nyg), (64)

where ny are the numbers of positive (negative) chirality C-operators.

4. Weights of off-shell O(N) Bethe vectors

In this section, we analyze some group theoretical properties of off-shell Bethe states. We
show that they are highest weight states and we calculate the weights. The first result is not
only true for the conventional Bethe ansatz, which solves an eigenvalue problem and which is
well known, but it is also true, as we will show, for the off-shell one which solves a difference
equation (or a differential equation).

By the asymptotic expansion of the R-matrix (5) and the monodromy matrix (12), we
obtain for u — oo:

1
Rap () = 1oy = —Map + ow™?) (65)

My, = Pab - Kab' (66)

12
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More explicitly, equation (12) gives

na+OW?) (67)

.....

1
Tl,...,n,a (ﬂs u) = 11 44444 n,a + ;Ml

Ml ..... na — (Pla - Kla) + -+ (Pna - Kna) . (68)

The matrix elements of M|, ,, as a matrix in the auxiliary space, are the O(N) Lie algebra
generators. In the following, we will consider only operators acting in the fixed tensor product
space V = VLo of (1). Therefore, we will omit the indices 1, ..., n. In terms of the matrix
elements in the auxiliary space V,, the generators act on the basis states as

n
(o @i @ MY =) Bay (o0 | = S (o, @)D,
i=1

(69)
The diagonal elements of Mg‘/ are the weight operators W, with
(o1, ooy Oy ooy 0 |[Wy = wolag, vn, Oy on ., 0
Wy = Ny — Ng,
where n,, is the number of particles « in the state. It is sufficient to consider only the weights
w = (wy, ..., W) (70)

because of W, = —Wj; and (« [Wy = 0 for N odd.
The Yang—Baxter relations (14) yield for u, — oo,

My + Meap, Tp(up)] = 0 (71)
and if additionally u, — oo, we obtain

(M + Map, Mp] = 0, (72)
or for the matrix elements (in the real basis)

M. T )] = 88T () + 8P T3 () + T )8 — T w)ses  (73)

(M M5 = —8E' MG + 67 My + ME 55 — ME 8,5 (74)

Equation (74) represents the structure relations of the O(N) Lie algebra and (73) the O(N)-
covariance of T'. In particular, the transfer matrix is invariant

MY, «T ()] = 0. (75)

Theorem 4.1.

1. If the co-vector-valued function
B
Ko(w) =) gu, v)Ly(0) P (u, v)
v

is given by the nested off-shell Bethe ansatz (53), then the weights (70) are w

(}’l — Ny, ..., 0N/2)-1 — n[N/z]) for N odd

= (W, ..., w =
( ! [N/2]) {(n—nl,...,n[N/g]_z—n_—n+,n_—n+) for N even.
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2. If Ky (u) satisfies the conditions of theorem 3.4 and if L (v) is a highest weight state, then
Ky (u) is a highest weight state: B
KM =0 for o <.

(Recall that o' < «a is to be understood corresponding to the ordering
1,2,...,[N/2], (0),[N/2],...,2,1.)
3. The weights satisfy the highest weight condition

{UJ1 > wy = ... 2 WIN/2] 20 for N odd

w1 2 w»y 2 . 2 Iw[N/2]| for N even.

The proof of this theorem can be found in appendix C. We mention that for N even, the
highest weight property was already discussed in appendix B of [17].

5. Examples
In this section, we present some explicit examples of the solutions of the O(N)-difference
equations.

Example 5.1. The simplest example is obtained for k,,x = 1, which means the trivial solution
of the difference equations

Ke =S =08y,....8,.

The weights of K, are w = (1,0, ..., 0). In the language of spin chains this case corresponds
to the ferromagnetic ground state.

Example 5.2. For N # 4, kpax = 2 and n") = 1, the solution reads
Ky() =) g, )Ly (0)(QC” (1, 1))y,

with v = v — 2[/v(l € Z, v an arbitrary constant) and

" (—4Liv4+ 2y
g v) =[]y —v), V() = ( e )
i=1 F(iv)
Ly (v) =(sf§ for N>4 and =ag for N =3.
The weights of this co-vector K, (1) are w = (n — 1, 1,0, ..., 0). The action of the operator

ch (u, v) on the reference state is easily calculated with the help of equations (6), (12)
and (13).

As aparticular case of this example, we determine explicitly the solution for the following.

Example 5.3. The action of the C-operator on the reference state for the case of n = 2 and
N > 4 of example 5.2 yields

(QC*(u, v)), =62 8, c(uy — v)a(uy — v) + 8, 82 c(ur — v).

o o an ap o

Therefore, we obtain (with the help of Dougall’s formula)

Ky () =Y 9y — )y (uy — v) (83, 80,c(ur — v)a(uy — v) + 8}, 87, c(ur — v))

72T (v)/(T (4v))? 568l — sl 8f

sin2v (1 —uy + ) sindwv (1 —uz + 9) T (1 + 3v (uay + D) T(=3v (i — 1))
The weights are w = (1, 1,0, ...,0).

14
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Example 5.4. The special case N = 3 gives

K, () = -7 sinmwuyp (80 PYREDY 80)

o) o o] "oy

sin (—u; + v)sinw (—up + V) upn (up — 1)
and weight w = (1).

Example 5.5. To obtain the results in examples 5.2 and 5.3 for N = 4, we have to use the
corresponding SU (2) formulas with ¢ (u) = F(—% + %)/F(%) :

KPP w =) e v) (W, v)), -

Forn =2,
KiPw) =) — 0)¥(ua — v)(85, 8} cun — v)a(uy — v) + 8} 83 c(ur — v))

=K@ w) (838}, — 81 81.).
1

sin 377 (1 — uy + 0®) sin 37 (1 — up + @)
1

X .
(143 @+ D) (=5 @ —1)
There are three possibilities: using the intertwiners (58), we find
Ko@) = K\ QT2 = KD w)(s) 8] — 8] 81 )(55 65, )raz

=KD w)(— 8,8, +8552)

o] o (A 3]

K9 W) =

with weights w = (1, —1), and
Ko@) = Q47 Ky~ @Ty® = (8],5,) (85,85, — 85,85,) K @ry?
— ) 2 ¢l 1 g2
=K (E)( - 80(18&2 + 60!1 60!2)
with weights w = (1, 1) and
K,(u) = K" Ky 'T4"

K™ (Z)K<—>(g)(ajlsjz — 8} 85)(85.8%, — 85 85 )TAE

A, %A,
=KD WK w)(— 8} 8y, — 62,82, — 82,82, — 84,84,)

with weights w = (0, 0).

6. Conclusion

In this paper, we solved the O(N)-matrix difference equations by means of the off-shell
algebraic nested Bethe ansatz. We introduced a new object called IT-matrix to overcome the
difficulties connected to the special peculiarities of the O(N) symmetric R-matrix structure.
The highest weight properties of the solutions were analyzed. We believe that our construction
can also be applied to the cases with similar group theoretical complexities, such as B,,, C,,
D,, Lie algebras and superalgebra Osp(n|2m) (see [16]).
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Appendix A. Proof of lemma 2.5

Proof (a) We prove (23) by induction: it is true for m = 2, because similar to (21)

= b 12 -
mimaepTiop(u, up)e” = mimo + f(u12)C' een.

My, . m=m Iy, meTh,.. m,aéa
=11 (a1 @5 D€ )eaTh.....m.a€
= (7'[1 HZ ..... mflnm)Ele,...,m,be_béaTl ..... m,a€
= (771 HZ ..... m—lnm)e_aTl ..... ,ae_ae_le,...,m,be
= (7[1 I m—lnm)éaTl m—l,aéae_le,...,mﬁbE

..........

In equality 3, we have T

epR1p(u1p)eaR1a(U10) = epeaRia(1) + c(up)ereaRia(1) = epeaRiq(1)

holds, where eje,R,(1) = eje,a(1) = 0 has been used. Similarly, equality 5 holds. Equality
4 holds because the Yang—Baxter equation for R implies that e,T1 . _..€* and e,T, m,bé”
commute.

(b) Again we prove (24) by induction. For m = 2, the claim was proved in section 2.4,
for m > 2 it follows for 1 < i < j from (20) and for i < j < m from (23).

(c) The proof of equation (25) is similar to that of (a). We commute 7 (u,) and T (uy), use
eomR1o(u10)R14,(1) = epm; and apply induction:

i meoTh,.mo0)@ = (Mo, _m)eaTh,.. mae e, . mo(uo)e°
= (m I,
=11 (M, )@ T, m0(U0)E 2T . m.a®
= (mIl,

- _O_ —_
m)eOTl,...,m,O (MO)e eaTl ..... m,aea

= a
m)eaTl,m,m,ae =11y m.

.....

(d) Equations (26) and (27) follow from (20) and RI% (1) = 0, RI“ (1) = 635 and
analogously (28) and (29).

Appendix B. Proof of the main theorem 3.4

In the following, we use the convention that « etc take the values 1,2, ..., (0), ..., 2,1 and
« etc take the values 2, ..., (0), ..., 2:

Ka() = Y 80t )Ly TG @) (R @, v) - T/ w, 01)) -

(i) Proof. Property (i) in the form of (32) follows directly from the Yang—Baxter equations
and the action of the R-matrix on the pseudo-ground state €2 :

(T...ji...)llg(- s, Ui )R () = Rij(uij)(T...ij...)}ls(- Ui U )
Q_ij Rij(uij) = a(u;ij)_ij....

(ii) Proof. We prove
Kl ..... n(ﬂ/) = Kl,...,n (Z) Ql ..... n(ﬂ)a (Bl)

16
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where u' = (u; + 2/v, uy, ..., u,). The matrix Q(u) = Q(u, 1) is given by (38). Note that
we assign to the auxiliary space of TQ (u) the spectral parameter u; on the right-hand side and
u; = ug + 2/v on the left-hand side. In the following, we will suppress the indices 1, ..., n.
We are now going to prove (B.1) in the form

K(w)(Aow) + Doy w) + As o) = [ [atu)K @), (B.2)
k=2

where K (1) is a co-vector-valued function as given by equation (47) and the Bethe ansatz state
(40). To analyze the left-hand side of equation (B.2), we proceed as usual in the algebraic
Bethe ansatz and push Ay (u), DQ‘? (u) and A3 o (u) through all the Tl’3 ‘-operators. As usual,
we obtain wanted and unwanted terms. We first find that the wanted contribution from AQ (w)
already gives the result we are looking for. Secondly, the wanted contributions from DQg (u)
and A3 o (u) applied to 2 give zero because of (40). Thirdly, the unwanted contributions from
Ap(u), DQ’% (1) and A3 o (u) can be written as differences which cancel after summation over
the v;. All these three facts can be seen as follows.

The ‘wanted terms’ from A, are obtained if one writes the Zapletal commutations rule
(35) as

TP (u, vi)Ag () = Ap )T (', vi)auy — ve) + uw.
Therefore, we obtain

(L@@, v)), QT (w, vp) - T (w, v)Ap (W) = w* + uw?,

with
m

w (u, v) = (LW, V), QLe@WT" W, va) -+ T/ @ v) [ Tatur - ve)
- k=1

m

= [Tatun [Tat — voL; @l ' v) (B.3)

k=2 k=1

and similarly w” = w4 = 0 because of (46). Inserted into (47), this yields

(Kw0)"™™ @ =Y g v) [Tat —voL;¢Lw v)

u k=1
=g VL; WL W v) = K@)
u
because
m
g, v) [ [atu —vo) = g, v),
k=1
where (49) has been used. Therefore, it remains to prove that the unwanted terms cancel. This

will follow from the lemma below. O

We apply Q.. () to the state W ,(u, v) (suppressing the quantum space indices)

W(u, v) (AQ(E) + Dgg(z) +A3,Q(g)) = wanted + unwanted.
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The wanted contribution has been calculated above and the unwanted terms may be written as
(see appendix B.1)

unwanted = uw® + uw® + uw™®

= Z uwc é + i i uwé;[jClQ

i=1 j=1

J#
Z uwc CV+ZiuwC”C2Q+Z uwc C3Q) Kolas
i=1 11117;
A3—ZZuwC‘ IC2Q+Z ch 1/C3Q) ny

t]/l

Lemma B.1. The unwanted terms satisfy the relations

(uw? ) (u, v)g(u, v) = —(uwy ) (u, v g, v?) (B.4)
(uwer), (u, ), v) = —(uwe') , w, v, v™) (B.5)
uwer (u, ) g, vy = —uw (. v g, v — uwE (. v)gu, v) (B.6)

with the notation

v =1y, > Um

v =v, 0

v =g, o
vV=v+2/v

Equations (B.4)—(B.6) imply that all unwanted terms cancel after summation over the v in the
Jackson-type integral (47).

Proof. We can calculate the following unwanted contributions explicitly (see appendix B.1):

(uwé'l‘)f (u, v) = —c(; — v)X;" (u, )

(”wc ), @ v) = —c@i — uD) X", vO) xi(u, ) B
(uwe), (w, v) = —f () — v)X," (, ) '
(uwéj ’) (w,v) = fr — v)XS" w, v) xi(w, v)
with
X () = L(wi, 1)y i, v) [Tatioar @, v) (B8)
=k
and
ax (u, v;) 71 a(vi)
X w) = = ) E )’ (B.9)
ki

18
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where a; and a, are defined in (45). The remaining unwanted terms are

uwé;”(% y) = _C(I/t/l — Ul-)X(i.f) (2)
uwlc)z'ij(ﬂ, V) = (c(u1 —v;) +f(;/1 — vj))X(ij) (Q(i))Xi(Z, V) (B.10)
g (u, v) = — f (= V)X P W], V], v xe(w v, v)
with
XD, v) = fipa@i)Li, v, v)CT W v) [ (@@iap)awa ).
k=1,ksi, j

(B.11)
The claims (B.4)—(B.6) follow from the shift property of the function g(u, v) defined in (48):
Xi(u, v)g(u, v) = glu, v?)

which is due to the shift properties (49) of the functions ¥ (v) and 7 (v). O

Note that for the on-shell Bethe ansatz, the equations for the unwanted terms are quite
similar (apart from the fact that there are no shifts) and their cancellation is equivalent to the
Bethe ansatz equations
ar(u, v) 7 av)
ar(u, v;) , = a(vi)

xi(w, v) =

k=1
ki

Appendix B.1. The unwanted terms

The unwanted terms are derived using lemma 2.2. Here we only sketch the derivation of
uw” as an example (more details will be published elsewhere [30]). We start with (B.3), use
Yang—Baxter relations

wh = (LT QAT (W, v) - - T (W, v)auy — vy) -+ - aluy — vy)
ﬂ,] / /
= (LT)g 2 (Rom(u — v) -+ Ror (= v0))" 5 T{" (0 v) -+ T (0, 01) (T)

and lemma 2.2 in the form of (16)

wh = (LT QT () -+ T (2)Ag + Y et — v)

i=1
ﬂ,l 4 ’
X (LTT) 2 (Rom (Vim) =+ Poi - Ror (v)) o T/ (1, v) -+ T} (, 01) (Tp)
= (LT QT (vy) - T (v1)Ag — uw?.

Note that the d(#; — v;) contributions vanish because they produce terms like 1'["'i = 0 (see
(28)). We commute the R;;(v;;) (for j < i) with IT using (24) and apply the I%,-j (vij) to L using
(41). Using further Yang—Baxter relations to the R;;(v;;) (for j > i) the unwanted terms write

as
m

ww? = — X:C(u/1 — ;) (L(vi, ;) (v;, yl-))wS

i=1

<[] aiaw v)Q[T" (wn) - T (01)] ()],
k=1 ki



J. Phys. A: Math. Theor. 45 (2012) 055207 H M Babujian et al

where we use the short notations v;, éi and [T]ﬁ’” (Up) - - Tl’g1 (v )]i which means that v;, 8; and
TI’S '(v;) are missing, respectively. For y = 1, this vanishes because of IT;: = 0 (see (26)), for
y = # 1,1 this gives uwg and for y = 1 this gives uwg, in the form of (B.7) and (B.10)
where (27) and (30) are used.

Appendix C. Proof of theorem 4.1

Proof. 1. The weights (70) of the reference state 2 (44) are
w=mn=nyO0,...,0).
Inlevel k =1,...,[(N — 3) /2] of the Bethe ansatz the weights are changed as
Wy —> Wy — Ny, Wiyl —> Wit1 + M.
This means the states d>§(g, v) of (43) are eigenvectors of the weights. Using in addition (56)
for O(3) and (64) for O(4), we obtain w

_ _ (n — Ny, ..., BN/2)-1 — N[N/2)s n[N/z]) for N odd
= (i, . W) = {(n —ni,....0Np-2 —n_ —ny,n_—ny) for N even.
2. The proof of the highest weight property

VM) = Y@M = V)M =0

uses similar techniques as the derivation of the unwanted terms.
(i) We consider

0= (LN W), By T () - T, (v1)

= (L@M®), 2 Ron (@ = ) -+ Ror (v = 1))y T W) -+ T 0T )
x (Rt (01 = v) -+ Ro(v — )17, + 0.

For v — o0, applying lemma 2.2, equations (65) and (67), we obtain

m m

0=v@M; — > X w v + Y X w ) v,
i=1 i=1

with X éi) and y; defined in (B.8) and (B.9). After multiplication with g(u, v) and summation
over the v the terms cancel each other because of x;(u, v)g(u, v) = g(u, v?).
(i1) We consider

(LOM), Rio(0r =)+ Ruo(on = ), QT T/ @) -+ T/ w1)
= (L), Rio®r =)+ Ruo (0 = 0D} 5, QT () - T (01) + 0072

=VWT (v) + 0 ™)

.....

It has been used that only y = 1 contributes because of 2B, = QB3 = 0.
For v — o0, applying lemma 2.2, equations (65) and (67), we obtain

0=w@M —C7 Y XD v)+C7 Y XD v?)xi(u v).

i=1 i=1

20
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Again after multiplication with g(x, v) and summation over the v the terms cancel each other
because of x;(u, v)g(u, v) = g(u, v).
(iii) We consider
0= QMil e

ﬂ’l ’ ’
= (L@A®), RO =) - RO =00,y QI (W) -+ Ty 0D T )
X (R(v) — v) -+~ R(v,y — v))fv’“ﬁ,],I .
For v — oo, we apply lemma 2.2, equations (64) and (66), and obtain

m m
0=w@M| - > XD @) + > XD, v}, v,)xiw ) x; W ).
i=1 i=1
Again after multiplication with g(u, v) and summation over the v the terms cancel each other
because of x;(u, v) x;(u, v)gu, v) = g(u, v7).
(iv) Next we prove

VM, =0,1 <7 <y <1.
We consider
der .
Ly ) 0, w)QT" (wy) -+ T (w)T] 0) + 0w ™)
o/ ,3/ o _
= (L@) (TV); @),z @QT) T (wy) -+~ T{" (w)) + 0@ ™?),

where the Yang—Baxter rules and (54) have been used. We have also used that by (30)
and (15),

e/ﬂ/ o ﬂ/ _
M, (v,w) =8 T W) +0w™)
(R(wy =) Ry = 1)1 mo = 1iomlo + O™,
For v — 00, the highest weight condition L(w) (M (1)); = 0 implies the claim.

.....

3. The highest weight properties of the weights are obtained as follows. In the complex basis,
relation (73) reads as

(M M5 = —8E' MY + C“P (CM) 5 + ME85 — (MC)P™ Cop.
In particular for 8 # «, «,
[ME, M3 = MG — M) = M2 + M.
Because of (Mg)% = M
0 < M (ME)" = MEMY = MaME + M2 — M.
For highest weight co-vectors,
0=WMj fora < B
which implies for the weights (70)
0wy —wg for o< B <N/2.
In addition, if N is even, then
O0<we+wz for a <N2<B#a
= w2 Wy 2> ... 2 Whpol 2 Wyl
and if N is odd, then
0<w, for a<N/2 because WM)=0
=Sw 2w = ...2wyp 2 0.
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