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The g-function of pure Yang-Mills theory is gauge independent for linear non-singular
renormalizable gauges in lowest order. The vertex functions scale gauge independently
in the ultraviolet region for this general class of gauges

1. Introduction

The interest in perturbation expansion for pure Yang-Mills theory results mainly
from the fact, that the large momentum behavior of the Green functions in the
deep Euclidean region can be computed reliably using renormalization group argu-
ments {1].

In the quantization procedure of a gauge field theory one has to add a gauge
fixing term to the gauge-invariant Lagrangian in order to obtain the Feynman
rules [2]. The resulting gauge dependence of the renormalization group parame-
ters [3] leads to the question of gauge dependence of the S-function and the
anomalous dimensions of formally gauge-invariant composite operators [4].

In this note a general class of gauge conditions, which are linear, non-singular [5]
and renormalizable, are considered *. The well-known classes of covariant gauges
like the Feynman and Landau gauge and non-covariant gauges like the Coulomb
gauge are included.

In sect. 2 the Feynman rules for the Yang-Mills theory in a general gauge are
given and the renormalization is discussed.

In sect. 3 the renormalization group parameters in the one-loop approximation
are calculated. The gauge independence of the S-function for linear non-singular
and renormalizable gauges [S] in u-normalized pure Yang-Mills theory follows ex-
plicitly in this approximation.

* In quantum electrodynamics similar gauge conditions are discussed by Tatur and
Bialynicki-Birula [12]. The authors thank Professor B. Schroer for bringing these papers to
their attention.
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In sect. 4 the ultra violet limit for the effective gauge parameters is analysed.
The Coulomb gauge is approached for a two-parameter subclass of gauges. The
asymptotic behavior of vertex functions with insertions of composite operators
is discussed in sect. 5.

2. Yang-Mills theory in a general class of gauges

The Lagrangian for the interaction of massless vector mesons with massless
fermions is given by

£=-3GL,GW — 5L (B + COMPCD

+i o3 8,5 igTogBYp t et
with
= b

G‘:w_auBa aVB“+gf“bc “Bf, 1)
The structure constants f;,. of the gauge group obey f,.4fpcq =2 €18, and 1“
are representation matrices for the fermions. The ﬁeldag" in the gauge fixing term
is defined by B‘L T:B‘,’, with T" a positive symmetric 4 " 4 matrix such as to
desribe linear renormalizable non-smgular gauges [5]. For special gauges we write
the matrix Tuv in the following way: Tuv =dg,, — an,n, where n, is a fixed vector.
The Landau, Feynman, Coulomb, and axial gauge [7] are obtained for the values
of the parameters (e, d, a) = (0, 1,0),(1, 1, 0), (0, 1, 1) resp. (0, 0, —1). In the
sequel we do not consider the axial gauge since it is singular. 7 has to be normal-

ized, e.g. one can set the biggest eigenvalue of T" equal to 1. C2 and C? are the
Faddeev-Popov ghost fields and

M® =D with D2 CP = (19),C° + gf > (1Y), C° .
The general gauge fixing term in the Lagrangian (1) gives rise to modified

Feynman rules. The vector-meson propagator, the Faddeev-Popov propagator and
the Faddeev-Popov vertex read

i g3 52 + ap? PuPy+ PuPy
D,‘i’,i(p)=———2 g, + T al; WPy ———= >
p-tie (p:p) p'p
Gab(p) =_i6L
p-ptie

'Yzbc(‘I) = _igfabc‘iu » with ﬁ# = sz” ) @
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If Tnv is g,y then the vector meson propagator is simply

ab _ iaab byby
Duu(p)—_p2+ N {g“v _(1 _a) pz } .
Fermions have been added to the pure Yang-Mills Lagrangian in order to simplify
perturbation calculation. Since the renormalized charges of the Yang-Mills and the
fermion fields are equal [6], the fermion-vector three-point vertex can be used to
define the coupling constant g. Pure Yang-Mills theory is formally obtained in the
case ¢, =0 [8] where tr(r9rb) = 2¢98,, for the fermion representation matrices.
As usually the renormalized theory is obtained by specifying the subtraction
constants by means of normalizing vertex functions at an arbitrary Euclidean
point. The divergences are determined in the one-loop approximation by calculating
the self-energy and the vertex diagrams (figs. 1 and 2). These divergences can be
absorbed by multiplicative counterterms in the Lagrangian (appendix A) which
are obtained as usual by introducing wave function, vertex and gauge parameter
renormalization constants. The explicit calculation (appendix B) shows that in
the case of the general gauge fixing term in the Lagrangian (1) the renormalization
constants turn out to be matrices,

B = (VZ3 BY =VZ3*, B ®3)
for the vector-meson field, A

™w=n", a,=Ya. “)
for the gauge parameters, and for the fermion-vector three-point vertex:

623,25 =82, . )

Eq. (5) is the result of the one-loop approximation given by eqgs. (14) and (17"),
which shows the multiplicative counterterm structure (see (A.1)). The coupling re-
normalization can also be determined by the three-meson vertex:

guVZ3uvZ3pa =nguvpo (6)
or by the ghost vertex: '
&8VZ34 23 =gzluu . @)

The Ward-Slavnov identities guarantee the equality of the renormalized coupling
constants [6]. The wave function renormalization constants for the Fermi field
and the ghost field are defined by

v, =VZ¥ ¥, (8)
ci=vZyce. ©

The renormalized one-particle irreducible (1PI) Green functions
Ff{'l) un( Py, - Pps i & T) are functions of the ratio T/z/a = T only, since the



M. Karowski, S. Meyer/Yang-Mills theory 161

gauge fixing term in the Lagrangian only depends on T and a factor va can be
absorbed in the ghost field renormalization constant.

The renormalization group equation for the general class of gauges for pure
Yang-Mills theory is

3 .. 9
{“@ +5Fg” YV (T”}\ aTA "“v)] T(py, .. D3 8 T) =0, (10)
[
where
) - -1, 8 B
B=nyg =8ZYVZ @)y ug @YV ZY a
1( ~1,9
Yo =5V 23 e 23) ’ (12)
w2 a“ uy
G (
a0 P 0 AR A (R

The renormalization group eq. (10) is a generalisation of

] 9 )
( aM B g n7+aaa) (n) (p11~ Pn;#:g,a)=0s

which is valid for covariant gauges. The well-known relation = —2ayy is given in
the general case by

9 Anm7-1,2 7\ -
"W Tw_ (T Z3 ”W Zs)uv—(T'Y)w ’ (13)
as a consequence of (see appendix A)

Y;‘(X— l)uv = \/Z;p.v *

The solution of the renormalization group equation (10) is expressed in terms of
effective parameters for the coupling constant and the gauge parameters in sect. 4.

3. Renormalization group parameters in the one-loop approximation

For computational purposes it is useful to calculate the logarithmically divergent
terms in the charge- and wave-function renormalization constants of order gZin
order to determine the renormalization group parameters using egs. (11) and (12).
Explicite calculation shows the logarithmically divergent part of the second-order
self-energy diagrams in the general gauge is equal to

5ab {(23 - l)uqu - %(23 - l)y}\qkqp - -;_(23 - l)pquq“ } (14)
with
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g0 A2

(Z3—1)uv=_ 6 2 “2 My

(A is a ultra violet cut-off). The elements C,,,, depend only on the gauge parameters.
The result for the general class of gauges and further details are given in appendix B.
If the matrix T is diagonal and has the elements Ty = (1 —a)/Na, Ty =Ty =
T33=-1 /z/e one gets rotational invariant gauges. The gauge-fixing term in the

Lagrangian (1) then reads

Ly=—m {a"B"-aa”n,, B2 withn, =(1,0). (15)

Fora = 1, a = 0 this gives the Coulomb gauge and for a = 0 the covariant gauges
like the Landau gauge and Feynman gauge are obtained. C,,, now has non-vanishing
elements.

o

Vi’

—C00='2?2' —3/1—g —

_ _ _1 a-16 }\ «a
C;l—sz—C33-3(21+l+\/l__;) I (16)

If in addition g = 0, the known expression for covariant gauges follows [4].
The charge renormalization constant is calculated in second order by means of
the logarithmic divergent part of the fermion-vector three-point vertex

ET AL (M) =g ZH - 1), (17)
which is calculated in appendix B. The result is

gz Cl A2

M_ =
(Zl l)uv 16 7r2 n—-= #2

1Cwt% 8y, 17"

where only the pure Yang-Mills contribution proportional to C; is written down.
The renormalization group parameters follow from eqs. (11) and (12)

2
&°Cy 22
gt 2 by, as)
g161r2 3 0
£ c ' 19
VY = Ton2 W (19)

This shows the gauge independence of the f-function for the general class of re-
normalizable gauges in lowest order of perturbation theory in a y-normalized
theory.
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4. Ultraviolet behavior of vertex functions in the general gauge

The gauge independence of the -function eq. (18) confirms pure Yang-Mills
theory to be “asymptotically free” in all non-singular renormalizable gauges. The
solution of the renormalization group equation (10) is expressed in terms of effec-
tive coupling constant (A, g) and effective gauge parameters T(}, g, T) using the
method of characteristics with the scaling parameter A. This determines the ultra-
violet behaviour of the vertex functions.

For covariant gauges it is known that the effective gauge parameter « tends to
the finite value % as A oo [3], while for a class of rotational invariant gauges
with a = 0 the Coulomb gauge is approached [9].

The differential equations for the effective parameters are in the general case

dg_ _ dTuv _§2C1 — —
dln)\"ﬁ@ ) din )\ - 1611'2 (TC(T))MV » (20)

with boundary conditions g{(1) =g; T(1) = T. The solution for the effective coupling
constant is always given by

E2(N) =g2(1 + 2bog? In )7L,

while the effective gauge parameters in general obey a system of coupled differen-
tial equations.

As a first step we state the solution for the two-parameter family of gauges
where the gauge fixing term is given by eq. (15). The functions which appear in
the two coupled differential equations are then given by egs. (16) and their behav-
iour show that the point (¢*, &*) = (1, 0) is approached for positive valuesa >0,
a >0 in the limit A > o=, i.e. the Coulomb gauge is the stagnant point for this sub-
class of gauges.

By expanding the coefficients Cyg and Cq; of eq. (16) around a = 1, the dif-
ferential equations may be solved analytically:

12
7 ~3 x+3x —a
Tex)=e 3 Vit exp(—32x +x,) = 1-4a

Vak

4
$x- 1
T ) =e" "1 /T exp(—22x +xp) =$ , (1)

with

x=zIn (ln A+ )

and x,,x, being constants fixed by the boundary conditions. In the limit A >
the vertex functions therefore behave like:
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(n"’"T)()\pl, APl & T) ~ 7\4“"n-"T

X (tn )P Co0 =" TEIN L0t (p s § Ty 22)
with
lim Coo(T(N)=Cgp=—4; lim T =Cr=—%, b=
A=

(]
w3

In addition the Coulomb gauge (& = 0,a = 1) has tlie property that there is no con-
tribution to the “longltudmal part” of the charge renormalization constant as fol-
lows from egs. (16) and (17).
Next we consider the general case when all the eigenvalues of T are different.
The differential equation for the effective gauge parameters eq. (10) is now
given by a system of four coupled differential equations. This case is much more
involved, but it can be shown that there exists a stagnant point T* (see appendix B).
The coefficients C,,,, of the anomalous dimension matrix (19) vanish:

lim C,(T(\)=0 (23)
P

and therefore in the limit A = = the two-point function has a power behavior. The
logarithmic factors only occur for subclasses of gauges, namely when the Landau
gauge is chosen initially or in the subclass considered above (see eq. (22)).

5. Example of a composite operator

We now determine the asymptotic behavior of the vertex functions with inser-
tions of composite operators. _

As an example the composite operators (wa)2 and g(8 C /6g) are considered
and the anomalous dimension matrix is calculated for linear non-singular renormal-
izable gauges.

The insertion of the operators 07 = —} [ d*x(G%,(x))? and 0, = [ d*xg § £ (x)/5g
can be defined by using the expression for the tree approximation and imposing
suitable renormalization conditions [10].

For the pure Yang-Mills Lagrangian and Green functions with n external vector
meson legs we define

3
I8 =83, I (24)

r® __( 9 () .
Poyw=—\T37 "),‘,F ’ (25)

with
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d _ 0
(TaT n)uv—T“)‘-aT}\”_ Ry -
Then the counting identity [11] for the vector field leads to

2r‘(0"3 wt g“,r'(o") I‘(g,) w=0. (26)

Let D denote the operator
d ] a
=yy— — + VA —pav 1
D “ay+ﬁag 'y‘w{T P n }
I

Calculating the commutators [g 3/3g, D] and [(T'9/3T — n),,, D] gives

0 ~_, 9 (B oy 1)

DI‘O2 gag( )F +gag(7 )I‘O,,,,,, (27a)
@ = (p.0 BYpo) _ (7.9} (yuoyp®

bry), (TaT) ( )r ( aT),,,,(" T (27b)

The anomalous dimension matrix 7,-]- in the renormalization group equation
{D8;; — v }l"g'],) =
reads explicitly in the basis O and 0,

il slem e

) 3 (A B
2g&7‘“’ ga(v A‘g)

-

T =

(28)
withi=1,2 andj = 1,2. The matrix 7y,-,- is not diagonal, showing that the operators
0, and O, defined by eqs. (24)—(26) are not multiplicatively renormalizable.

The composite operator for the gauge fixing term, eq. (A.4) is multiplicatively
renormalizable and there is no mixing. The mixing with Faddeev-Popov ghosts has
to be considered for the renormalization of the operators O and O, [10]. We only
take into account vertex functions with O resp. O, insertions defined by egs.
(24)—(26), without external ghost legs. Therefore insertions of ghost operators do
not appear [10]. Furthermore we obtain from egs. (272) and (27b) or alternatively
from the commutators [u 3/0y, D] =0 and [c**(T 9/3T — ")uv’ D} =0 two linear
combinations which are diagonal under renormalization with ¥ = 0:

8
D {_. ™ _ 7#!)1"(62”} = 0 , (292)

D {C“”I‘(”)

oy 1=0, (29b)
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if we only take the second-order contribution eq. (19). The solutions of egs. (29a)
and (29b) give the asymptotic behavior of the vertex functions with a composite
operator inserted: With the help of eq. (26) we have

p(n) (\ps» ng) ~ )\4—n,yu1’(g, n l"(g:“y(p,-, zT)
InA ~
iy [ APPEOTO)
X exp 0 ,

A—> o0 _
wvr(onl)py()\pp & 7') ~ h4_n7“p(g: T)(l - ’AA%)FOIW(pi’ g T
Ina

ny [ aPEOTO)
X exp 0

For the various gauges the asymptotic behavior of the coefficients C,,(T') have
been calculated in sect. 4: constant values for the Landau gauge and the generalized
Coulomb gauges eq. (22) and powers of (In X)) withy = —;—: for the covariant
gauges (@#0)and y = ~§§ for the general case.

6. Conclusion

Massless Yang-Mills theory is multiplicatively renormalizable in the one loop
approximation for the general class of linear non-singular renormalizable gauges.
The B-function is then gauge independent for this class of gauges.

For the two-dimensional subclass of all rotational invariant gauges the effective
gauge parameter approaches the Coulomb gauge in the ultraviolet limit. The non-
covariance of these gauges remains in the logarithmic factors of the asymptotic
expression of the vertex functions. In the general case the vertex functions have a
power behavior.

The vertex function with insertion of § f d4x(G¢,(x))? has asymptotic be-
havior with logarithmic deviation from scaling in all gauges coming either from the
Yang-Mills fields or from the insertion. The composite operator (G ,)? is not
multiplicatively renormalizable.

Appendix A
Renormalization of the Yang-Mills theory with non-covariant gauge conditions

Introducing the various renormalized quantities defined by egs. (3)—(9) in the
Lagrangian (1) leads to the counter terms
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o, =4 (25 — DBYOBS +1 {423 B, ~ QB2 )
~ 38Fpe (21 — 1)3B9),, — ((Z, — 1)3B%),, }BO#B

- —:—g ’f, abcSade(Z %Z ?71 - l)BbB c)uuB dupe

1

_ 515 @YY TRVZ; — 1) B2 + T90#(Z X — 1)3),C°

+8fpCo0, (R Z; — 1NBYYCe (A.1)

+i P @ - ) +g P @V - DBy
with
Z,0B%),, =25 3,B%, (Z}Z3'BPB%),, =Z°0Z "NzZ5 }BEBS .
The generalized Ward identity [13] for the vector-meson two-point function
reads

S (TEBUEPBIIN = 5506~ ). (A2)

As a consequence the renormalization constants of the gauge fixing term in eq. (A.1)
are given by

(Y2 2Z3), =8, - (A3)

The gauge fixing term for non-covariant gauges is not renormalized
1 s pau2_ 1 pauy2
2, A ol 3 (@,B%)* . (A4)

In momentum space the first and second term in eq. (A.1) give (Z3 — l)m,q2 and

(VZ39),(vZ39), ~ q,4,) and formula (14) for the two-point function follows.
The last term of eq. (A.1) corresponds to the fermion-vector three-point vertex
g(ZIIW — 1), Y#q" given in eq. (17). The other terms contribute to the renormaliza-
tion constants of egs. (5)—(9).

Appendix B
Details of the one-loop approximation

The vector-meson propagator eq. (2), which can be written as
4p 52 + p? PPy * Dby

Dab = a +L_p_ p p _.____‘:_

(p) p2+le guu (p' 5)2 uy (p. p)

, (B.1)
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with 5, =(Tp),, T= T/\/e, produces additional terms in the one-loop calculation
of the renormalization group parameters.
The integrals occurring are typically of the form

Poly (¢.0) @m? |
with |f(p) = lim = @), (B2)
e o TN f ' aAzf @mt "
which gives the logarithmically dlvergent part.
All contributions can be reduced to the three integrals
fod— | 1
2(p p) § VI B+1A-HT)
I,(T = , B.3
(D)= — S Ny (83)

pr 1—
= =2 = e - ,
pp*(p-P) b VI ,B+(1-BTSB+(1-B)T)
with
0
T, - 0
Y= 1 T22 , r=0,1,2,3 (no summation over r).
0 T,3

The second order self-energy graphs (fig. 1)
: : : S : ::

give eq. (14) and the vertex correction diagrams (fig. 2)

N

Fig. 2.
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lead to eq. (17) with

—Cpp =3 - 1))g, + 4T, — T, tr T- 31T, . (B.4)
For special values of T the integration of eq. (B.3) may be carried out, e.g. if T is
diagonal and T, 1 = T,2 = T;3 the result is eq. (16).

The system of coupled differential equations (20) is in general
d = -
T (In T,7(x))=C(T) (B.5)

with x given in eq. (21). From the integrals (B.3) it is obvious that the functions
C,’(T) are not single valued. Let the matrix T = +/a T be normalized

N 0

with T, <1.If now all T, are different it can be shown that in the second sheet
for A = e T(A) and &) approach the values

0

)=
D=

1+ =

B

0 1

and a* = —§ respectively. The C,”(T()) all vanish at this point.
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