State sum invariants of 3-manifolds:

A combinatorial approach to topological quantum field theories

M. Karowski *^1 R. Schrader^2

Institut für Theoretische Physik Freie Universität Berlin, Germany

Extended version of a talk given by R. Schrader at the XXVIII Winter School (1992) on Theoretical Physics in Karpacz and by M. Karowski at the Jahrestagung der DPG (1992)

* Supported by DFG, SFB 288 “Differentialgeometrie und Quantenphysik” 1 e-mail: karowski@vax1.physik.fu-berlin.dbp.de 2 e-mail: schrader@vax1.physik.fu-berlin.dbp.de

Statistics is one of the central concepts in many body quantum systems. Consider

a system of two identical particles located at x_1 and x_2 in R^d with a Schrödinger wave

function ψ(x_1, x_2). Under the exchange of particles with these coordinates there is Bose

or Fermi statistics in case ψ(x_2, x_1) = ±ψ(x_1, x_2). Leinaas and Myrheim [LM] were the

first to realize that this solution is not the only possible one.

For a quick access to the problem consider the following classical geometric space-

time description of the exchange of position for two identical particles.

.................................................................................................................................................................................................................................................................................. ....... . . . . . . . . . . . . . . . . . . . . . . ........

..............

.............

..............

.............

..............

...........................

..............

.............

..............

............

..............

.............

... ....

.....

......

.......

.........

..............

.................

..........

......

......

..... ... ... .

..............

........

..... .... .... ... ..

... ... ..... ...... ...... ........

....... s

s s s

x y t

x_1 x_{2 .................................................................................................................................................................................................................................................................................. .......} . . . . . . . . . . . . . . . . . . . . . . ........

..............

..............

.............

.............

.............

..........................

..............

.............

..............

..............

.............

.............

... ... .....

......

.......

.........

...............

................

.........

......

......

..... ... ..

..............

........

.....

.... .... ... .

... ... ..... ...... ...... ........

...... s

s s s

x y t

x_1 x_2

Fig 1 Two possible exchanges of two particles

This classical picture should reflect itself in two quantum mechanical transformation

laws

ψ_+(x_x, x_1) = Rψ(x_1, x_2)

ψ_−(x_2, x_1) = R^{−1}ψ(x_1, x_2)

with R being the so-called statistics operator. The problem arises whether there are

situations with R ≠ R^{−1}. For relativistic systems the question has been answered

negatively by Doplicher, Haag and Roberts [DHR] for all space dimensions d ≥ 3. Then

the statistics is always given by the permutation group. In d < 3 however, the situation

is entirely different and one has the possibility that R ≠ ±1 leading to theories with

braid group statistics.

At the moment such theories are in a not very good shape, even the theory of so

called “free particles” is not very well understood. This raises the question of finding

a good starting point for low dimensional quantum field theories with braid group

statistics. A structural analysis may be carried out in the context of conformal quantum

field theories (see e.g. [TK] [R] [RS]) and in algebraic quantum field theory (see e.g. [F]

[FRS] and the references quotes therein). A first step in a constructive approach may

be provided by topological quantum field theories.

In fact, such theories exhibit no dynamics and even no kinematics but they contain

all the structures needed to understand the main effects of braid group statistics. Thus

one only has to work within the context of linear algebra in finite dimensional spaces.

We briefly review the set-up of topological quantum field theory [At] in its context to

statistical physics. Imagine we have a compact 3-manifold M (e.g. M = S^3, Σ × S^1, Σ

a compact two manifold). We imagine there is a partition function given in terms of

weights W (c) associated to certain configurations c Z(M) = ∑ c W (c). (1)

If M is cut along 2-surfaces Σ, Σ^′, Σ^{′′}, etc.

......................................................................................................................................................

........................................................

......................................

...........................

....................

................

...........

........

........

......

.....

.... ... . .. .. ....

....

.....

......

........

..........

.............

...................

.........................

..................................

.................................................

....................................................................................................

....................................................................................................................................................................................................................................................... ..................................................

....................................

........................

..................

...............

.........

.......

...... ...... ..... .... .. . .. ... .... ..... ...... ...... .........

............ ...............

......................

............................ .....................................

.............................................................. .............................................................................................................................................

...........

....

.....

....

....

....

.... ... ... .. .. . . . . .. .. ... ....

....

.....

.....

......

....

..... .....

..... .....

....

.... ... ... .. .. .. . . . . .. ... ... ... ... .... .... ..... ..... ..... . M = S^3 etc.

Σ = S^2 etc. Σ^′

τ τ^′

........

........

........

.........

..........

..............

..................

................................................................................................................

................

...........

.........

.........

.........

.....

......

.......

......

........

...........

..................

............................................................. .............

..........

.........

........

......

.......

.... ... .. . .. ... ...... ....

.......

..... ... .. . ... ... ....

.....

.....

Σ^{′′} .. .. .. . .. . . . . . . . .. .. .. .. .

.. .. .. .. . . .. . . . . . .. .. .. .. .. .

.. .. . . .. ..

.. .. . . . .. ..

Fig 2 Cutting a manifold M along Σ, Σ^′, etc.

we can write

Z(M) = trace (. . . τ · τ^′ . . .) (2)

where the matrix product is taken with respect to vector spaces V^Σ such that the

transfer matrix τ becomes a linear transformation between such spaces. The typical

situation for a topological quantum field theory (i.e. a theory with no dynamics) is that

V^Σ is finite dimensional and the weights are essentially trivial such that the transfer

matrix τ becomes an idempotent in case Σ ∼= Σ^′. Nevertheless for nontrivial M and Σ

one obtains a nontrivial partition function Z encoded in nontrivial behaviour of τ .

The first example given was the Chern-Simons theory for a fixed gauge group in

3-dimensions. This was discussed by Witten [Wi] in terms of a functional integral over the moduli space of all flat connections on the compact oriented manifold M in the form Z_{C.S} (M) = ∫ DA exp i ∫ M tr(A ∧ dA + 2 3 A ∧ A ∧ A) (3) with a vanishing Hamiltonian, i.e. without dynamics. Z_{C.S} is then almost trivial such that V^{Σ=S2} one dimensional. The expectation values of Wilson loops in this theory on the other hand give rise to the knot invariants of Jones [J] and braid group representations. Furthermore Riemann surfaces with n-punctures Σ_n describe external sources such that the spaces V^{Σn} are the associated state spaces for n nonmoving particles obeying braid group statistics. These spaces V^{Σn} are analogous to Hilbert spaces associated to internal symmetries (like isospin).

Now there is a model of a topological quantum field theory and invented by Turaev and Viro [TV] which is defined combinatorially. Thus one is no longer dependent on difficulties which arise when one tries to give a rigorous definition of functional integrals. This theory is actually the absolute square of the Chern-Simons theory [T]. It is based on the 6j-symbols of the quantum group Sl_q(2, C) with q = exp iπ/r (r ≥ 3). Meanwhile this approach has been extended to other quantized versions of classical compact semisimple Lie groups (see e.g. [DJN 1, 2]). For definiteness, however, we shall stick to the Sl_q(2, C) case.

For given r and hence q one restricts attention to representations π_j (j = 0,^1_2 , . . . , r 2 − 1). Under tensor products one has a decomposition (see e.g. [RT])

π_i ⊗ π_j = ⨁ k:δ_{ijk} =1 π_k ⊕ bad representations (4)

where δ_{ijk} = { 1 if i ≤ j + k, j ≤ k + i, k ≤ i + j, r − 2 ≥ i + j + k ∈ Z 0 otherwise. (5) The coupling scheme (4) gives rise to Clebsch-Gordon coefficients, graphically represented by 3-vertices

...... ...... ...... ...... ...... ......

..................

......

......

......

......

...... . i j

k .

As in the classical case the quantum 6j-symbols describe the rearrangement (=associa-

tivity) of the coupling

..... ..... ..... ...... ...... ...... ...... ...... ...... ...... .....

...........

.....

.....

.....

.....

.....

.....

.....

.....

.....

..... .. i j

k ......

......

......

......

...... . l

m

= ∑ n w^2_n | | | | i j k ℓ m n | | | |

......

...... ......

...... ......

...... ......

.....

.....

.....

..... ...........

.....

.....

.....

.....

.....

.....

.....

......

.....

..... ..i j .....

......

......

......

..... . l

m n . (6)

Here

w^2_n = (−1)^{2n}(2n + 1)_q (7)

with

x_q = sin^π_r x

sin^π_r (8) such that (2n + 1)_q is the so-called q-dimension of the representation π_n. The weights

w^2_j satisfy the sum rule

w^2_i w^2_j = ∑ k w^2_kδ_{ijk} (9)

reflecting relation (4). The classical orthogonality and Biedenharn Elliot relations per-

sist in the q-deformed case ∑ n w^2_n | | | | i j k ℓ m n | | | | | | | | i j k^′ ℓ m n | | | | = δ^{ijk} δ^{ℓmk}w^{−2}k δ^{kk0} , (10) ∑ n w^2_n | | | i j k ℓ m n | | | | | | i m n D C A | | | | | | j ℓ n D C B | | | = | | | i j k B A C | | | | | | k ℓ m D A B | | | . (11_2)

To the last relation we associate the picture in fig. 5.

A B

C

D i j

k l m ......

.....

......

.....

......

......

......

......

......

.....

.....

......

......

.....

......

......

.....

......

.....

.....

......

......

.............

......

......

......

......

.....

......

......

.....

......

......

.....

......

......

.....

......

......

.....

......

......

.....

.................................

.................

................

.................

................

.................

.................

................

.................

................. ... .................

.................

................

................

...............

...............

................

..............

...............

................

...............

...... n

Fig 5 A tetrahedron representing the Biedenharn-Elliot relation

In addition by a convenient choice of phase factors one has the following symmetry

relations | | | i j k ℓ m n | | | = | | | j i k m ℓ n | | | = | | | i k j ℓ n m | | | = | | | i m n ℓ j k | | | . (12)

The original construction of Turaev and Viro was carried out for the case ∂M = ∅

and goes as follows. Let X be a triangulation of M with (nonoriented) i-simplices

σ^i (0 ≤ i ≤ 3). For given X define a state sum Z(X) = ∑ j W (X)(j). (13)

Here j denotes a configuration in the sense of statistical physics and is given as a

colouring of the 1- simplexes σ^1 i.e. as a map σ^1 → j(σ^1) ∈ {0,^1_2 , . . . ,^r_2 − 1}. For a

given configuration the weights W (X)(j) are given as follows. Let

w^2 = ∑ j w^4_j . (14)

First we associate elementary weights to the i-simplexes (i ≠ 2)

σ^0 ∈ X : w^{−2}

σ^1 ∈ X : w^2_j (σ^1)

σ^3 ∈ X : (6j)(σ^3) = | | | | j(σ^1 ) j(σ^1_2) j(σ^1_3 ) j(σ^1_4 ) j(σ^1_5) j(σ^1_6 ) | | | | . (15)

Here σ^1_ν (ν = 1, . . . , 6) are the 1-simplexes in the boundary of σ^3 such that σ^1_ν and

σ^1_{ν+3} (ν = 1, 2, 3) are pairwise opposite to each other. Due to the symmetry (12), (15)

is a well defined prescription. Now W (X)(j) is given in terms of these local weight

factors as

W (X)(j) = ∏ σ^0 ∈X w^{−2} ∏ σ^1 ∈X w^2_{j(σ}1_) ∏ σ^3∈X (6j)(σ^3). (16)

The main result in [TV] is now the following

Theorem [TV] Z(X) is independent of the particular choice of the triangulation

X of M giving rise to a well defined quantify Z(M) for closed manifolds.

In collaboration with W. Müller [KMS] we extended the above construction to

include the case of manifolds M with nonempty boundary. This generalization also

allows for a simplified proof of this theorem and goes as follows. For a given triangulation

X of M inducing a triangulation ∂X of ∂M we defined additional configurations J as

colourings of the vertices σ^0 in ∂X, i.e. J : σ^0 → J(σ^0) (σ^0 ∈ ∂X). This gives rise to

the following additional local weights on the 2-simplexes σ^2 contained in ∂X

(6j, J)(σ^2) = | | | | j(σ^1) j(σ^1_2) j(σ^1_3)

J(σ^0_1) J(σ^0_2) J(σ^0_3 ) | | | | , (16)

where σ^1_ν (1 ≤ ν ≤ 3) are the 1-simplexes in ∂σ^2 and σ^0_ν (1 ≤ ν ≤ 3) are the 0-simplexes

in ∂σ^2 opposite to σ^1_ν .

We then replace W (X)(j) by W (X)(j, J) = W (X)(j) ∏ σ^2 ∈∂X (6j, J)(σ^2) · ∏ σ^0∈∂X w^2_{J(σ}0_). (17)

Accordingly the state sum is now given as Z(X) = ∑ j,J W (X)(j, J) (18)

and we have the following extension of the previous theorem.

Theorem [KMS] The state sum Z(X) is independent of the particular choice

of the triangulation X of M giving rise to a well defined quantity Z(M) for arbitrary

compact 3 manifolds M.

We briefly indicate the proof. First one shows invariance of Z(X) under local

isotopies of the boundary ∂X. Thus let σ^3 ∈ X be a 3-simplex such that ∂σ^3 has

two 2-simplexes, say σ^1, σ^1_2 , in common with ∂X. If we remove σ^3 from X we obtain

X^′ = X\σ^3 such that σ^1 and σ^1_2 are replaced by the two other 1-simplexes in ∂σ^3 (see

fig. 5). Inspection of (18) in combination with relation (11_2) shows that Z(X) = Z(X^′)

holds. In case σ^3 has k 1-simplexes (k = 1, 3) in common with ∂X one uses the relations | | | i j k ℓ m n | | | | | | i n m D A C | | | = ∑ B w^2_B | | | i j k B A C | | | | | | k ℓ m D A B | | | | | | j n ℓ D B C | | | (11^1) ∑ ℓ,m,n D w^2_ℓ w^2_mw^2_nw^2_D | | | | i j k ℓ m n | | | | | | | | i n m D A C | | | | | | | | j ℓ n D C B | | | | | | | | k m ℓ D B A | | | | = w^2 | | | | i j k B A C | | | | (11_3)

which follows from the Biedenharn-Elliot and the orthogonality relations. Invariance

under local subdivisions of X (like for example Alexander moves [A]) near ∂X is now easily established. In fact, one first uses local isotopy invariance of the state sum to

remove those σ^3 where the local subdivision is supposed to take place. The state sum

is then trivially invariant under such local subdivisions. Then one uses again local

isotopy invariance in the opposite direction by adding the new σ^3’s again. To prove

invariance under local subdivisions in the interior of ∂X, we first use the relation (proved

analogously to (11_1) and (11_3) ) | | | i j k ℓ m n | | | =w^{−2} ∑ A,B,C,D w^2_Aw^2_Bw^2_C w^2_D

· | | | | i j k B A C | | | | | | | | k ℓ m D A B | | | | | | | | j n ℓ D B C | | | | | | | | i m n D C A | | | | (11_0)

to remove a 3-simplex from the interior creating a hole with boundary ∼= S^2, changing

the state sum by a factor w^{−2}. This hole may be enlarged by the previous argument

without changing the state sum. This hole may be chosen so large that the local

subdivision takes place within this hole. The previous arguments may be used again

such that in the end the hole is filled again, proving the theorem. Relations (11_{0−3})

may be viewed as a local Stokes theorem for the present context. Invariance under

subdivisions may be just viewed as renormalization group invariance of this theory,

something to be expected of a theory with trivial dynamics.

The relation (established in analogy to (11_0), (11_1), (11_3)) ∑ i,j,k,ℓ,m,n A,B,C,D w^2_i w^2_j w^2_kw^2_ℓ w^2_mw^2_nw^2_Aw^2_Bw^2_Cw^2_D | | | | i j k ℓ m n | | | | | | | | i n m D A C | | | |

· | | | | j ℓ n D C B | | | | | | | | k m ℓ D B A | | | | | | | | i k j B C A | | | | = w^8

(11_4)

in particular states that

Z(D^3) = 1

while (11_0) leads to

Z(M\D^3) = w^2Z(M) (D^3 ⊂ intM) (19)

such that in particular

Z(S^3) = 1 w^2

(20) holds.

By similar arguments it is easy to establish that Z(S^2 × S^1) = 1 such that with

dim V^Σ = Z(Σ × S^1) (21)

one has dim V^{S2} = 1 (22)

for the associated topological quantum field theory. More generally, if M is cut by an S^2 into two disjoint manifolds M_1 and M_2, the relation

Z(M) = w^2Z(M_1)Z(M_2) (23)

is valid in accordance with (22).

The question arises what happens if M is cut into two pieces by a general 2- manifold Σ. Turaev and Viro suggested the following procedure. For general M with triangulation X inducing a triangulation ∂X of ∂M let

Z_α(X) = 1 W_α ∑ j|_{∂X}=α W (X)(j) (24)

with W_α = ∏ σ^1 ∈∂X w^2_{j(σ}1_). (25)

Then by definition Z(X_1 ⋃ ∂X_1 =∂X_2

X_2) = ∑ α W_αZ_α(X_1)Z_α(X_2). (26)

This formulation, however, is triangulation dependent and not well suited for practical purposes.

The following is a triangulation independent formulation with potentially interesting applications. Let M_1 and M_2 be orientable such that Σ ⊂ ∂M_2 and Σ^∗ ⊂ ∂M_1. Then the following relation is valid Z(M_1 ⋃ Σ M_2) = ∑ x W_xZ(M_1, G^{Σ�}_x )G(M_2, G^Σ_x ). (27)

..........

...... . .....

........

...............

....................................................

.......

..... ... ..... ..........

.............. .................................................. . .......

............................... . ............................

........

.......

..... ... .. ....

.....

.......

.............

.................

.............................................................................. ..............

.......

...... .... .. ... ..... ....... ..........

............... ..........................

.................................................

................ .. ................

.......

.... . .. .. . .. .. x_1

x_3

x_2

Fig 6 The canonical graph for the torus S^1 × S^1

Here G^Σ_x is a certain coloured graph, called a canonical graph on Σ with colours x_i ∈

{0,^1_2 , . . . ,^r_2 −1} associated to maximal intervals ℓ_i on the graph, such that W_x = ∏ i w^2_{xi} .

Z(M_2, G^Σ_x ) is then a generalization of the state sum Z(M_2), which is invariant under

homotopies of the graph on Σ. If for example Σ = S^1 × S^1 then this canonical graph

has the form depicted in fig. 6.

For general Σ of genus g ≥ the graph G^Σ_x carries 6g − 3 colours and has the following

geometric form

..........

.............

....................

..................................................................... ............

.........

.........

...... ....... ....... .... .. .. .. ... ....

....

.....

.....

.......

.........

.............

........................................................................ .. .. . . . . .. ... ....

.....

......

......

..........

..................

...................

. . . .. .. .... ..... ..... ...... ...... .......

............

..............

...................

..........

....... ...... ......

........

.............

....................

....................................................................................

................

........

.............................

........

......

...... ... pp p

.................

........

..... ... ... .. . .

ppp

...........................

........

......

..... ... .. . . .. ... ....

.....

........

..............

................

...........................................

............................................

..............................

.................

..................

.................

..................

..................

................. .. .. .. .. .. .. .. ..

.............. ... ppp ppp x_1 x_2

c_1 d_1 c^{−1}_1 d^{−1}_1

d^{−1}_g x_1

x_2 x_{2g+1.}

...... ...... ...... ..... ..... ...... ...... .....

.... .... .... .... .... .... .... .... .... ....

...... ......

.......

.......

...... ......

....... ... x_{2g}

Fig 7 The canonical graph |G|^{Σg}_x

in the standard polygon description of Σ.

Moreover the matrix

1^Σ_{x,y} = Z(Σ × I, G^Σ_x ∪ G^{Σ�}_y ) (28)

(I = unit interval) is idempotent in the sense that

1^Σ_{x,y} = ∑ z W_z1^Σ_{x,z}1^Σ_{z,y} (29)

holds. In other words, this is the unit operator in V^Σ such that by (27)

dim V^Σ = tr1^Σ = Z(Σ × S^1). (30)

This may be explicitly evaluated and in the case that Σ = Σ^g is connected of genus g and one obtains the square of the Verlinde formula [V]

dim V^{Σg} = (tr ( ∑ a N^aN^a)^{g−1})^2 (31)

where N^a_{bc} = δ_{abc} (32)

is the fusion matrix associated to (4).

We briefly indicate further generalizations carried out in [KS]. First one may introduce state sums of coloured framed links in M satisfying the usual braiding relations for SL_q(2, C).

Secondly one may define state sums involving what we call left and right handed, coloured punctured Riemann surfaces Σ_{a,}¯_b (a = (a_1, . . . , a_n), b̄ = (b̄_1, . . . , b̄_{n̄})) such that relation (31) generalizes to

dim V^Σ g a,b̄ = Z(Σg a,b̄ × S 1) = tr (N^{a1} . . . N^{an} ( ∑ a N^aN^a)^{g−1})tr (N^{b̄1} . . . N^{b̄n̄} ( ∑ a N^aN^a)^{g−1}).

(33)

Finally we mention that the spaces V^Σ and V^{Σ�} (where Σ^∗ has orientation opposite to Σ) are dual to each other. Also there is an antilinear map τ : V^Σ → V^{Σ�} such that i) the induced hermitian scalar product on V^Σ is positive definite and ii) τ v(M) = v(M^∗) for ∂M = Σ, where v(M) ∈ V^Σ is the state corresponding to M. This last relation is the analogue of reflection positivity in euclidean quantum field theories [OS].

References [Al] Alexander, J.W., The combinatorial theory of complexes, Ann. Math. 31, 294 (1930).

[At] Atiyah, M., The geometry and physics of knots, Cambridge Univ. Press, Cambridge (1990).

[DHR] Doplicher, S., Haag, R., Roberts, J., Local observables and particle statistics, I + II , Commun. Math. Phys. 23, 199 (1971) and 35, 49 (1974).

[DJN1] Durhuus, B., Jakobsen, H.P., Nest, R., Topological quantum field theories from 6j-symbols, University of Copenhagen preprint (1991).

[DJN2] Durhuus, B., Jakobsen, H.P., Nest R., A construction of topological quantum field theories from 6j-symbols, Nucl. Phys. B (Proc. Suppl.) 666 (1991).

[FRS] Fredenhagen, K., Rehren, K.H., Schroer, B., Superselection sectors with braid group statistics and exchange algebras I: General theory, Comm. Math. Phys. 125, 201 (1989).

[F] Fröhlich, J., Statistics of fields, the Yang-Baxter equation, and the theory of knots and links, Proceedings of the 1987 Cargese School.

[J] Jones,V.F.R., A polynomial invariant for links via von Neumann algebras, Bull. A M S 12, 103 (1985).

[KMS] Karowski, M. , Müller, W. , Schrader, R. , State sum invariants of compact 3- manifolds with boundary and 6j-symbols, submitted to Journ. Phys. A.

[KS] Karowski, M., Schrader, R., A combinatorial approach to topological quantum field theories and invariants of graphs, submitted to Commun. Math. Phys.

[LM] Leinaas, J.M., Myrheim, J., On the theory of identical particles, Il Nuovo Cimento 37B, 1 (1977).

[OS] Osterwalder, K., Schrader, R., Axioms for euclidean Green’s functions I, II, Comm.

Math. Phys. 31, 83 (1973), 42, 281 (1975).

[R] Rehren, K.H., Locality of conformal fields in two dimensions: Exchange algebra on the light cone, Commun. Math. Phys. 116, 675-688 (1988).

[RS] Rehren, K.H., Schroer, B., Einstein causality and Artin braids, Nucl. Phys. B312, 715 (1989).

[RT] Reshetikhin, N.Yu., Turaev, V.G., Invariants of 3-manifolds via link polynomials and quantum groups, Inv. Math. 103, 547 (1991).

[T] Turaev, V.G., Quantum invariants of 3-manifolds and a glimpse of shadow topology (preprint 1990).

[TK] Tsuchiya, A., Kanie, Y., Vertex operators in conformal field theory on P^1 and the monodromy representation of braid group, in: Conformal field theory and solvable lattice models, Adv. Stud. Pure Math. 16, 297 (1988).

[TV] Turaev, V.G., Viro, O.Y.: State sum of 3-manifolds and quantum 6j-symbols, L??

preprint, to appear in Topology.

[V] Verlinde, E., Fusion rules and modular transformations in 2d conformal field theory, Nucl. Phys. B300, 360 (1988).

[W] Witten, E., Quantum field theory and the Jones polynomials, Comm. Math. Phys.

121, 351 (1989.