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Integrable theories on the lattice having zero energy gap exhibit conformal invariance for
long distances. It is shown here how to extract its conformal properties (central charge ¢ and
scaling dimensions) from the Bethe ansatz equations. The methods here exposed are applied to the
six-vertex model and to the critical Potts model.

1. Introduction

Conformal invariance is a powerful concept in several regions of mathematical
physics. Statistical mechanical systems at second-order phase transition points
possess scale and conformal invariance [1]. For conformal quantum field theories
Polyakov [2] proposed a “bootstrap” approach for constructing a complete set of
local fields. In two dimensions conformal invariance is a rather strong restriction
since the transformation group is infinite dimensional. It is related to the Virasoro
algebra [3]

[Ln’ Lm] = (n - m)Ln+m + Tlfcn(n2 - 1)an,~m
(¢ =“central charge”) (1.1)

for which a well developed theory exists [4]. This formalism is also useful for string
theories [3]. Belavin, Polyakov and Zamolodchikov [5] have solved the conformal
“bootstrap” problem in two dimensions for many cases. Under a conformal
transformation (in complex coordinates)

z=x,+ix,»>w(z),
F=x,—ix, > w(Z) (1.2)
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(where w and w are analytic functions) primary fields transform like

A(z,E)—»(%—:i)A(g)ZA(W,W), (13)

where d,=A+A and S,=A— A are the “scaling dimension” and “spin” of the
field A, respectively. In ref. [5] it was shown that for a finite set of primary fields the
solution of the conformal “bootstrap” corresponds to an irreducible representation
of the Virasoro algebra with central charge

6
m(m+1)’

(1.4)
where m is a rational number. Moreover, Friedan, Qiu and Shenker [6] have shown
that unitarity in quantum field theory (equivalent to reflection positivity [7] in
statistical systems) restrict the number m to

m=integer>2 or c¢>1. (1.5)

In addition the authors of [6] compared the critical exponents for some new
statistical models with the scaling dimension A + A appearing in representations of
the Virasoro algebra for m = 3,4,5,6. They proposed in this way for the critical
g-state Potts model

Potts =1- (1 6)

V=

6 v=4 forg=2 (Ising) .
v(r—1) 6 forg=3

With analogous arguments Huse [8] suggested for the “restricted solid on solid”
models [9]

6
RSOS _ 1
1 (1.7)

where the “heights” ! of the model are restricted to 0 </<vp. By means of
renormalization group arguments Blote, Cardy and Nightingale [10] argued eq. (1.6)
for the g-state Potts models with

q=4cos*(m/v) forg=1,2,3,4; v=3,4,6, 0 (1.8)
and for the six-vertex model
c6—vertex =1. (1 9)

For other investigations of unitary conformal invariant models see also ref. [11].
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Since a direct calculation of the central charge ¢ and conformal dimensions of the
field for specific models is usually not simple, it seems worthwhile to determine
them for integrable models from the Bethe ansatz solution. In this paper a general
method to compute the conformal properties of an integrable theory is presented.
As concrete applications we obtain explicit results for the six-vertex and g-state
Potts models.

For a statistical system on an M X N lattice in the x-y plane one can introduce a
transfer matrix 7 (defined on an M-chain) running in y-direction or another one 7
(defined on an N-chain) running in x-direction. The partition function can be
written as

treV =Y AY
Zy = L 1.10
MV Y M= Y AM (110)

where the sums extend over all eigenvalues of the transfer matrices
=AY,
Fp =R (1.11)

For a conformal invariant model with periodic boundary condition Cardy [12] has
found for M, N > 1

AV wmpe T (1.12

¥ ax = €XP If YL 12a)
M

X’;{,axzexp(—NMf+ —igc), (1.12b)

where f is the free energy per site and ¢ is the central charge of the Virasoro
algebra. For M > N > 1 it follows

exp(—NMf) L (A/A ax)
i (1.13a)

Zyn= M
exp(-—NMf+ ——c). (1.13b)

N 6

For an integrable theory two methods to calculate Z,,, on a strip M > N > 1 for
large but finite values of N are available:

(a) one considers the transfer matrix 7 on an infinite chain (M — o) and
calculates the large N corrections (due to “low energy” excitations) to the sum in eq.
(1.13a), or
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(b) one considers the transfer matrix 7 on an N-sites chain and calculates the
large N corrections to the maximal eigenvalue Xmax according to eq. (1.13b).

In addition to the “central charge” ¢ also the conformal dimensions of operators
of the theory can be determined if one looks for excited states. As it is argued in ref.

[12] one has
27x,
En—E0=—N— for N —» w0, (1.14)

where x, is the conformal dimension of the operator associated to the excitation.
This formula applies to energy eigenvalues, so in our context we should consider
eigenvalues of —In 7 in order to use eq. (1.14).

We briefly review in sect. 2 the Bethe ansatz solution for the six-vertex model.
The method (a) (to calculate the central charge c) is applied in sect. 3 to the
six-vertex model and in sect. 4 to the g-state Potts model. For the six-vertex model
also method (b) will be used. This is realized in sect. 5. Conformal dimensions are
also calculated in sect. S.

2. Six-vertex model — Bethe ansatz
The six-vertex model on an L =M X N square lattice is defined by the partition

function
Zyn= Z 1_[ Wi(x) (2.1)

conf x €lattice

where the sum extends over all “bond configurations”. Each bond can accept one of
two states characterized by arrows. The six allowed configurations at a vertex are
depicted in fig. 1 and the corresponding weights are

W =w,=1,
wy=w,=t=sinf/sin(y—0),
ws=wg=r=siny/sin(y—8), (2.2)

depending on the “anisotropy” or “spectral parameter” 8 and the “coupling” vy.

el e

(2} (3)

i i

(&) () (6)

Fig. 1. Allowed vertex configurations.
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The partition function with periodic boundary conditions

Zyw=tr[7(8,7)"] (2.3)

can be written in terms of a transfer matrix (4, v) defined on a periodic chain of
length M. By means of the Bethe ansatz method (see e.g. [13]) one obtains the
eigenvalues of the transfer matrix

AND=NP+AD, Ap(0.7) =1M(8, )N (v - 6%, v),

XP(6.7) = [Tespl~i(p(q,+2i0) ~)], 4

where the numbers ¢,,...,q,, (m=1,... < JM) are roots of the “Bethe ansatz
equations”

m
eMrap [ e =1, Jj=1,...,m. (2.5)
i=1
e
These equations are quite general. They express the condition that the total phase
factor around a period M for “pseudoparticles” of momentum p(gq;) has to be
equal to one. This factor consists of the free part e¢/MP(4) and the scattering parts
with respect to all the others e*(%~%), For the six-vertex model the “momentum”
and the “phase shifts” are given by

e?D=f(-q,y), e*P=f(q,2vy), (2.6)
shi(q+ia)
fa.9)= 3 (2.7)

There exist detailed investigations of the Bethe ansatz equations (2.5) (see e.g. ref.
[14]). The analysis simplifies for the discrete values of the “coupling”

y=a/v, v=2,3,4,.... (2.8)

We are interested in these values. So we assume eq. (2.8) in the following. For
M > 1 the Bethe ansatz equations have solutions of string type:

(i) k* string
g=qg®+iy(-k+1,-k+3,...,k=-1), k=12,...,v—-1. (2.9

(ii) 1 = string
g=in+q'?. (2.10)

The k* and 1~ strings may be interpreted as “bound states” of k pseudoparticles
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and as an “antipseudoparticle”, respectively. The Bethe ansatz equations (18) can be
rewritten in terms of the real “rapidities” ¢*) and ¢(® of these states

v-l,a my
eiMPL(q*) [T TTe*wa”-4"= ~1, (2.11)
where the momenta p, are given by

e'Pr (@ = ]_If g—iy2r—k-1),y)=f(-q¢,ky); k=1,2,...,v-1,

e =f(—g—imy)y=—f(—q,7+7v), (2.12)

and the phase shifts ¢,, by

@ =1(g,(k+ 1)) (g, (k+1-2)y) - f2(q. (k= 1] + 2)v) f(q, |k~ }7),
el =f(q(k+ )y +m)f(q1(k-D)y+m),

ei®au(d) = pi¢(q) (2'13)

Taking the logarithm of eq. (2.11)

20l% = Mp,(¢*) + Lo (g — ), (2.14)
[, i

we observe that the roots g = {¢{*'} are given by sets of numbers {I*)} C Z, or
Z + 3. For the “ground state” (corresponding to the maximal eigenvalue A’) there
are only real roots (k = 1) without holes, which means that the numbers 7 j(’ ) accept
all possible values in an interval I, < I < I{),. For “excited states” there may be
“holes” in the distribution of the I O and hlgher strings (k > 1) may appear. For
large lattices M > 1 and many roots m > 1 it is natural to introduce densities of

k-strings p,(q) defined by

drt

2
qu

=o.lo(@)+8(0)]; k=1,...,v-1l,a, (2.15)

where §,(q) are the densities of holes and o, =sgn pi(¢g)=1for k=1,...,»—1
and —1 for k =a.

Taking the derivative d/dq of eq. (2.14) the Bethe ansatz equations can be
written as a system of integral equations

0, (p,+ Py) =Mpj+ ¢ *p;, (2.16)

where the convolution is defined by (f*gXq)= [(dg’'/27)f(q— q)g(q’). The
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eigenvalues of the transfer matrix eq. (2.4) are given by

d
Ai(8,7)= eXP{—@fﬁpk(q)[pk(qu 2i0) — '”k]} , (2.17)

where =, =7 for k odd or k=a and 7, =0 for k even.
For the ground state in the limit M — oo we obtain from eq. (2.16) by means of
Fourier transformation the root density

M v
Pk(4)=3k17W- (2.18)
Since in the region 0 <8 < iy

Al > [Apl (2.19)

the partition function in the thermodynamic limit M, N — o0 is

Zy v =N =€ Mo,

where the “free energy” per site follows from eqgs. (2.17), (2.18)

fo= w%’f Sh(ii:i ih)[s;:;)m — log S56(imf /v) (2.20)

where S5Y is the sine-Gordon soliton-soliton S-matrix.

3. Six-vertex model — finite size corrections (method (a))

Since the six-vertex model is a critical eight-vertex model we expect in the scaling
limit conformal invariance. We shall calculate the conformal anomaly number or
the central charge ¢ by method (a) explained in the introduction.

The partition function for a two dimensional classical statistical model (c.f. eq.
(1.10)) on a strip of width N with periodic boundary conditions

Z=tu[rV]=tre /T (3.1)

can be reinterpreted as the partition function of a one-dimensional quantum
statistical model with finite temperature T = 1/N, where the “hamiltonian” is given
by

H=-Inr. (3.2)

The eigenvalues of the six-vertex model are real for the isotropic case 8 = 3y (c.f. eq.
(2.4)) which means that H is hermitian. Because of technical reasons we consider
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first 0 < 6 < y. The value 6 = }v is obtained as a limiting case. We introduce the
auxiliary system

Z(p)="Tre H®/T T=1/N, (3.3)
where the “hamiltonian”
H(p)=H(0) + p¢ (3.4)
is defined by its eigenvalues (see eq. (2.17)).

E(p)= —Relogh, — plmlogA
dg
- % [ 30@en(a)

e,(q) =Reip,(q+2i0) + plmi(p,(q+2i8) —m). (3.5)
Because of |A 4| > |A | for 0 <8 <}y (cf. eq. (2.19)) we have from egs. (1.10), (2.4)

Z=Y [N+ AP] =z(p=i)[1+0(e*)]. (3.6)

We consider first Z(p) for real p (|p] <tg(»@)) and take finally the analytic
continuation p — i having in mind the identity Z, = Z(exp(Np¢)).

We borrow now from thermodynamics the method to calculate the free energy of
a statistical system for finite temperature

F=-Thtre #®W/T=FE—-TS with8(F)=0, (3.7)

where S is the entropy. Following Yang and Yang [15] we write
dg A A A1
§= A\: f’z; [(Pk +p)n(p, + py) — pilnp, — filn Pk] . (3.8)
k

Minimizing the free energy using the Bethe ansatz equations (2.16) we obtain
another set of integral equations for the densities of strings p, and holes 5,

Ne, —In(1+5,/p,) + (1 —¢) s * ajlog(l +p,/p,) =0 (3.9)
Inverting the Bethe ansatz equations (2.16) we obtain
Pt Pr=8uM +c*(pr_i+hii1) +expdi 2
k=1,2,...,v—1

pa+ﬁa=c*ﬁv—2 (310)
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and correspondingly we derive from eq. (3.9)

XetXp=—0,Nd' + C*()?k—l + 2k+l) texxbi o a,

k=1,...,v—1,
Xa+ka= —c*)’&v—2’ (311)
where x, =[In(1+p,/8,)), X1 = X1Pr/P, and
1
c(g)== (3.12)

2 cosh(lrg)’
d'(q) =3i[c(g+2i8) —c(g—2i8)] + tp[c(q+2i8) + c(q—2i0)],
Pi=(1—¢)u*c, e=01-9¢)ux*d. (3.13)
has been used. Since the low temperature (large N) corrections to the sum in eq.
(1.13a) are due to low energy excitations (¢ — + o0) it is sufficient to solve egs.
(3.10) and (3.11) asymptotically. Similar equations have been solved for Heisenberg

models [16]. Since c(q) and d(q) decay exponentially c¢(q) ~ ve ¥79/2 and d'(q) =
¢(g) (£sin v8 + pcosvf) for g — + oo one finds from egs. (3.10) and (3.11)

N
x:(q)= ——Mok(isinvﬂ+ucosv0)pk(q). (3.14)

In addition, from eq. (3.11) follows that the functions
yE(q) =609 /0:(2) = R:(2) /x:(2),

2
g =q,(q,N)=g+ —[log2N(sin »0 + cos »0)] (3.15)
14

are independent of N for large N since they fulfill the system of integral equations
Inyt = =8, + cxln[(1 +p£ ) (1 +p2))]
+8k_,,“2c*log[1 +1/v%],
log p = —cxln(1+y%,). (3.16)

The low temperature (large N) corrections to the entropy S=S_,+ S_+ O(N~?)
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(note that S(N = o0) = 0) are given by the integrals eq. (3.8) at g —» + o0

00 dq
Se= L[ 2, o(@n(1+a)/0u(0))
+p(g)n(1 + p,(q) /54 (q))] (3.17)
and correspondingly for §_. We substitute
x(9)=1/(1+y{(q)) (3.18)

which implies using egs. (3.14) and (3.15)

+

M 1 1 ka(oo) dx{ Inx In(1-x)

U — + . (3.19
N 27 sinvf + pcosvl 7 /s, (4710, NY) 1-x X (3.19)

For large N, x,(q7'(Q, N)) can be replaced by x,(— o0). The integration bounds
x,(+ o0) can be obtained from the asymptotic solutions of eq. (3.16)

x(0)=1/(k+1)’, x(-0)=1/k%, k=1,...,v-2,
x,_1(0)=1-x,(0)=1/v, x,_1(0)=1=x,(0)=1/(r—1). (3.20)

Inserting these values in eq. (3.19) we obtain for the sum

v=2 ) In x In(1 —x a?
L[ 7 Jdx NG00 B
=171/ 1/(0—1) 1-x x 3

independent of ». Together with analogous results for §_ we obtain for the entropy
for large N

Mo sin v

- —— +
N 3 sin®»0 — p*cos?v8

S O(N~2). (3.22)

The large N correction for the free energy at p = i (cf. eq. (3.6)) follow from eq. (3.7)
and S= —9JF/9T

NF=—-InZ N|FE 19 O(N"3
= — = -———._—_+ -
n f,m =" 2N2 3(1/N) (N7%)

Fo— T g+ O(N 3.23)
= w—Ngsmv%-( ). (3.

For 6 = iy =m/(2v) the vertex weights w, = w, and w, =w, are equal (cf., eq.
(2.2)). So we expect the model to be isotropic and conformal invariant in the scaling
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limit. Comparing eq. (3.23) for =1y with the finite size correction formulas
(1.13a,b) we conclude for the six-vertex model (in the scaling limit) the central
charge of the Virasoro algebra

c6-vertex =1, (324)

For general 8, 0 < @ <y the model is not isotropic. But the lattice may be deformed
in order to recover rotational symmetry. The resulting volume renormalization
cancels the factor sin »8 in eq. (3.23) such that eq. (3.24) also hold for the general
six-vertex model.

4. The critical g-state Potts model

The g-state Potts model is defined by the partition function
ZPOtts(ﬁ) = Z exp(B Z 8U(x),o(y)) ’ 1 <0 < q' (4'1)
{o} {(xp)

It was shown [17] to be at the critical point B.= ln(‘/c; +1) equivalent to a
six-vertex model with

g=4cos’y, y=u/v. (4.2)

Baxter, Kelland, and Wu [18] showed that for cylindric boundary conditions one
has to introduce a “seam” from the bottom to the top of the cylinder which has to
carry extra weights. This can be written in terms of the six-vertex transfer matrix as

ZPous(B) = tr[ TNe?miSs /], (4.3)

where S is the “total spin” counting the number of “up” minus “down” arrows on
the seam

S= 2418 - 8’8 -+ ®1). (4.4)

™Mx=

1

Eq. (4.3) means we have to calculate
ZipE = Zywre(exp(2miS; /v)) (4.5)

where { - ) may be understood in terms of the quantum partition function (3.1). We
calculate the expectation value in eq. (4.5) introducing a “magnetic field” by the
following substitution in eq. (3.3)

H(p)-H(p)-S,Th, T=1/N. - (46)
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The eigenvalue s, of S; corresponding to a state given by eq. (2.16)
dq v—1

s3=3M—m= M- _[ 2 kou(q) + Pa(‘I)]
2 2 fz'” P

2 b ) - nia)]. (@)

The last equality follows from the Bethe ansatz equations (2.16). The low tempera-
ture (large N ) expectation value of S; for the quantum statistical problem (3.1) with
magnetic field is analogously to eq. (3.17) is given by

o]

v d
syt =27 L@ -nla) @8)

2791

due to large g — oo excitations (and correspondingly for ¢ = — o). The computa-
tion of (S;) is similar to that one for Heisenberg models in ref. [16]. From eqs.
(3.14) and (3.15) one obtains

M1 23 (@)= xa(@)]

14
+= J— —_—
(S5) 2 N sinvf + pcosvl fg 27

N
M 1 1+y,.4(0) 1+y,'(o)
N

1 +O(N72%). (459
sinv0+ucosv0nl+yy_1(—oo)1+ya‘1(—oo) ( ). (49)

The values y,(+ o) can be obtained analogously to egs. (3.20) with the extra terms
in eq. (3.16) h»§, (,_1,/2 and 3hv on the r.h.s., respectively. The result is

B sh2(Lh(k+1)) . B sh?(Lhvk /(v — 1)) .
Yi(o0) = _Thz(—%h)— - Yu(=00) = sh*(Lhv/(v - 1)) °
k=1,...,v—-2,
eh? Sh%h(l’—l)
_ —a—hv2 < M 07
Yo-1(00) = v () " shin
hy h{(ih -2 —
(- 0) = — o o S (= 2) /(1) (4.10)

Va(—®) ~ sh(3hv/(v—1))

Inserting these values in eq. (4.9) and the corresponding ones for {S;) ™ one obtains
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(for p = i) the average “magnetization”

M
($5) = N 27(v—1)

sin»d + O(N~?). (4.11)
This implies for any a

o> M v sinvd
(exp(aS3)),,=0=exp N

TN —I 22 } for N—- 0. (4.12)

Comparing egs. (1.13), (4.5), (4.12) we conclude that the conformal invariant g-state
Potts model in the scaling limit correspond to a representation of the Virasoro
algebra with central charge

6
Pots = ] — ———, 413
¢ r(v—1) (4.13)

where g =4cos?(7/7).

5. Six-vertex model - finite size corrections (method (b))

We compute in this section the finite size correction to the largest eigenvalue of
the six-vertex model transfer matrix. This provides the dominant finite size correc-
tions to the free energy. We do that for periodic boundary conditions in the gapless
regime. In the antiferromagnetic domain with non-zero gap these corrections were
calculated in ref. [19] and they turned out to be exponentially small in N.

It is useful to consider the function [19]

(@) =pl0) + 7 L o(a=a). (5)

This function is continuous and monotonically increasing for real g. At the real
roots of the BAE (2.14) where M is now replaced by N,

) = 27 1k
ty(g®) = ~ - (5.2)
We define the function
1 diy
ov(q) = 27 dg (5.3)

We can limit ourselves here to consider only real roots g; since the complex roots
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and holes do not contribute to the dominant finite size corrections as will be
discussed later on. In this case oy(q) tends to the density of real roots p,(gq) for
N - o0

pi(q)
N

0,(q) = lim oy(q)= (54)

as it follows from eq. (5.2), (5.3). The difference between egs. (5.1), (5.2) for k =
and j+ 1 yields in the N = oc limit an integral equations for o_(q)
1

+ood !
0u(@) = 3oP @+ [ 560 0)ou(a), (53)

with the solution already given in (2.18)

o dk cos kg 1
o.(a)= -

o 4w chky 4ycosh(mg/2y)" (5.6)

Now, it is possible to compute A, and A, in the N = co limit. The free energy will
be given by the largest number between them. Since |A 4| > |A | for 3y >8>0

1
F,=— lim —logA,(0,7). (5.7)
Noow N

So, the term A, gives exponentially small contributions to F,. Since, we are
interested in the power corrections to F,, we concentrate on A ,. Higher eigenvalues
of 7(8) give subdominant corrections for large N.

Define the function

1 1
L,(8)= —Nlog}\A(ﬂ,-y)+ Nli_r)noo Flog}\A(ﬂ,y). (5.3)
It can be reexpressed as follows with the help of eq. (2.4)
_ptoo ) 1
Ly(0)=~if “dap(q+2i6){— ¥ 8(¢~q;) ~oy(q)
w 4
. +w .
+if dgp(q+2i8)[on(g) ~ 0.(a)]. (5.9)
As in ref. [19], o5 (¢) — 0,.(g) can be expressed as

ov(@)=oula)= [ aqsla- )3, £ ola=0) =op(e)]. 510

— j=1



H.J. de Vega, M. Karowski / Conformal invariance 633

Here the function J(q) reads

wdx cos(gx)sh(7—2y)x
Na)= _fo 27 sh[(7 —y)x]cosh(yx)

(5.11)

Its properties are summarized in the appendix.
Inserting eq. (4.10) in eq. (5.9) and using eq. (A.5) yields

Ly(8)= —if_+:dq [——2(:1 3

+ 2arctg e”‘q/z_io)/y]

<[5 Lota-0)-0u(0)]. (512)

Eq. (5.12) has the appropriate structure in order to study its large N behaviour
following the method used in ref. [19] for models with non-zero gap. As in ref. [19]
any expression of the form

+ o0 1 m
Iv=[ “daf(9){ 5 L 8(a-4,) ~on(q) (5.13)
o =
has a Fourier expansion
+ o0
Iy= Z (_l)aTNuﬂ (5-14)
et
where
+ o0 .
T,= [ f(g)ox(g)e™ @V dq. (5.15)

In the present case one cannot use the saddle poixit method as in ref. [19] to evaluate
T, for large n. One can still approximate o, and ¢, by o,, and ¢ where o, is given
by eq. (5.6) and

t(q) = 2arctg(e™/?7). (5.16)

So, we set

T =T = +°0d f( )0 ( )eintw(q)
n n 9/ q)o.\q ’

- 00

or

= [T emr(ato). ()
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where

q(1) = 2;Ylog(tg%t)- (5.18)

In eq. (5.14) we need Ty, where N is a large even number. In this case Ty, = T3, is
dominated by the end points of the integral (5.17), namely =0 and « provided
f(gq(1)) is smooth. For a typical exponentially decreasing function

flg) = f,+g,.e 29 + smaller terms (5.19)
g—> t oo -

one finds from eq. (5.17)

u f.—f. T(Q+2ay/m) g,e 9 —g_e'eY _
T, ety + . (2 + higher order. (5.20)
The first term vanishes upon summation on « (eq. (5.14)) and the second term yields

I I'(l1+2ay/7)

( iay i 7) 1 2ay 9-2av/7 _ 1

- 7 —iay _ ia 4 — —2ay/m _

im(2N) q+¢ q-e7)¢ - )( )

X (1 — e~ 247} + higher orders in 1/N. (5.21)

Here {(z) is the Riemann zeta function.
Let us apply this method to L, (8) (eq. (5.12)). One has

Ty .
f(q)= —1i m_—y) +2arctge”("/2“9)/7]. (5.22)
So,
iTy in(2m—v) i
=y ST Ty TR

and a=7/2y. Eq. (5.21) simplifies considerably yielding for this case

T w0 1
Ly(8)= - 6stin7 +O(F)' (5.23)

This exactly coincides with the expression obtained by method (a) (eq. (3.23)). Let
us now analyze it in the light of conformal invariant theories.

Unless § = 1y the six-vertex model is not rotationally invariant as one sees from
the values of the vertex weights. Moreover, for long distances one expects to find
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rotational invariance after length rescaling in one direction, since the model is in its
critical regime. This can be investigated studying the excitation spectrum. The
eigenvalue for 7(8) reads for a hole located at g=¢

A(0,p) = —2iarctge™ @270/, (5.24)
Since the momentum operator reads here
P=ilog1(0) (5.25)
the momentum of the hole equals to
p =2arctge™/?7, (5.26)
In this context the “hamiltonian” is
H= —Relog(0). (5.27)
So, for low “energy”, ¢ — — o0, we have
p=2e™/2Y+ O(e™7),
e=psinzyﬂ +0( p?).

Hence, we have to redefine H by a factor (cosec(#6/v)) in order to have an
ultrarelativistic dispersion law and then rotational invariance. After this finite
renormalization

- 1 1
L0 = 5 (0= g +0| 35 (539)
and we find ¢ =1 for the six-vertex model for all values of § in the gapless regime.

Let us now consider excited states of the six-vertex model in the critical regime.
Finite size corrections to their energies give the conformal dimensions of the
operators associated to them [12].

Let us consider a state where m = JN — 1. For large N one can build a state like
that, assuming that the roots of the BAE are real and restricted to a finite but large
interval (—b, +b) [20]. In this way one can take N = oo and finds for the density of
roots [20]

1 b dr
o(g,9)=5=p(@) + [  S—a(r, »)¢'(q—7), (5.29)
27 _p2m
where y is the magnetization

y=1-—
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and b=>b(y). For m=1N—1 one finds y=2/N < 1, s0 eq. (5.29) can be solved
approximately using Wiener-Hopf techniques. Define

1
Ly(0)=—Nlim ﬁ[logA+(0,y)—logA+(0,0)]. (5.30)

Subtracting eq. (5.29) from eq. (5.5) one derives that

o(q,y) —o(q,0) = fh dq'J(g-q)o(q’, ») (5.31)

(n<ipl<oo

where 6(q,0) = 0_(g). Moreover, it can be shown from eqs. (5.29)—(5.31) that

L_V(0)=%ivy+if|| " )qu(q,y)too(q—2i0), (5.32)
q|>b(y

where eq. (A.5) was used and ¢_(q) is given by eq. (5.16). Using the perturbative
solution of eq. (5.21) given in ref. [20] one finds from eq. (5.32)

L(0)= b m - [1+002) + O] (53)

In the calculation we drop a term — Jiyx since this represents a contribution to the
partition function equal to one. Now, setting y =2/N and renormalizing L,(9)
according to eq. (5.28) yields

™=y
N2

L(0)= +0( ! —1—) (5.34)

F > N2tdv/(m—y)

According to conformal field theory arguments (eq. (1.14)) this corresponds to an
operator of conformal dimension

x=;(1— 1). (5.35)
T
It can be identified with an “electric field” [21].
Let us finally indicate how the properties for the XXZ Heisenberg chain follow
from the previous results. The XXZ hamiltonian is related to the transfer matrix of
the six-vertex model by

ad
Hyy, = —siny—log 7(8) (5.36)

a6

=0

So one finds for the ground state energy of the XXZ chain from egs. (5.8), (5.23)
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and (5.30) [22, 23]

E,—E siny _7” hi d 5.37
— — __—+ . .
N - Y gher orders ( )

In the same way the expression (5.35) for the conformal dimension of an electric
operator holds in the XXZ model [23].
Appendix

The function J(g) is an even meromorphic function of ¢ defined by eq. (5.11)
(see also ref. [19] and [20]). It fulfils the properties

J(q)=J(-9q), (A1)
. . 1 3 q Y
J(q—w)+J(q+w)=ﬁ—églogf(l_y/w,1_W) (A2)
1 y e~ lal/a-wm
J Do = t

1 72
+ —tg| — |e " "19/27 + smaller terms.  (A.3)

2y T\ 2y

This last equation holds when 7 /(7 — v) is not a rational number.

f_:" dgJ(q) = - % 7;__2: : (A4)
[T a0 p () +p(V) = g+ 2arcig(e ). (AS)
When y= i7
Ha)=- % shq%q '
J(q) is analytic for |Img| < 2y.
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