The Bootstrap program for 1+1 dimensional field theoretic models with soliton behaviour

M. Karowski

Institut für Theoretische Physik Freie Universität Berlin, Arnimallee 3, D-1000 Berlin 33, Germany

Abstract

A review is given of the present status of the bootstrap program for 1+1 dimensional field theoretic models with soliton behaviour. From the existence of infinitely many conservation laws, unitarity, crossing, “minimality”, internal symmetry, and some assumptions on the particle spectrum the exact S-matrix is derived explicitly. We repeat the procedure for the massive Thirring-model (alias Sine-Gordon) S-matrix, starting with two fermion (alias soliton) scattering and then derive the bound state (alias breather) S-matrix. The same complete S-matrix is obtained by starting with the determination of the boson (breather) S-matrix and then deriving the boson-soliton and soliton-soliton scattering from the assumption that the soliton is a soliton-boson bound state. By means of the same procedure we obtain the Gross-Neveu S-matrix including the kink scattering. Then for some models generalized form factors and Green’s functions for the Z(2)-Ising model in the scaling limit are calculated.

1 The S-matrix

For some field theoretic models we calculate exactly S-matrix elements [1] like out⟨ p^′_1, . . . , p^′_n | p_1, . . . , p_n ⟩^{in} for the scattering of any number and kinds of particles appearing in the models.

1.1 Introduction: The models

i) The Sine-Gordon (SG) model defined by the relativistic wave equation

2 ϕ +^α_β sin βϕ = 0 (1)

is on the classical level completely integrable by means of the inverse scattering method [2]. There are solutions called soliton (antisoliton) ϕ_{sol}(x, t) = ϕ_{antisol}(−x, t) = 4 β tan^{−1} e^{√αx} (2) and breathers which may be considered as soliton-antisoliton bound states. On the semiclassical level there is a sequence of breathers b_k with masses [3] m_k = 2m sin kπ 2λ , k = 1, 2, . . . < λ (3) where m is the soliton mass and λ is a parameter related to the coupling constant: λ = 8π β^2

− 1. (4) The soliton is a coherent state | sol ⟩ = exp ∫ dx ϕ(x) ↔ i∂_t ϕ_{sol}(x) | 0 ⟩ (5) or ⟨ sol | ϕ(x) | sol ⟩ = ϕ_{sol}(x) which means that the soliton is an eigenstate of the annihilation operator ϕ^{(+)}(x) | sol ⟩ = | sol ⟩ ϕ^{(+)}_{sol} (x) . (6) On the quantum level the fundamental boson corresponding to the field ϕ(x) is the lowest breather b_1. Equation (6) means that the soliton is a soliton-breather bound state.

ii) The massive Thirring model (MT) model defined by the Lagrangian L = ψ̄(iγ∂ − m)ψ − g 2 (ψ̄γ^μψ)^2 (7) describes the interaction of fermions f and f̄. For g > 0 there exist fermionantifermion bound states b_k.

The famous equivalence of the quantum Sine-Gordon and the massive Thirring model due to Coleman [4] says: identify the SG-solitons and breathers with the MT-fermions and bound states, respectively, relate the SG-field to the MT-current by βϵ^{μν} ∂_ν ϕ = −2πψ̄γ^μψ and the coupling constants by λ = 8π β^2

− 1 = 1 + 2g π . (8) iii) The Gross-Neveu (GN) model [5] defined by the Lagrangian L = N∑ I=1 ψ̄_iiγ∂ψ − g^2 2 (_N ∑ i=1 ψ̄_iψ_i )_2

describes an O(N)-symmetric interaction of N (even) selfconjugate fermions f_i with a dynamically generated mass m_1. There are 2^{N/2} states k_α which are O(N)- isospinors [6]. The kink-kink bound states (i_1 . . . i_j )_k (j = 0, 2, . . . , k, for even k, j = 1, 3, . . . , k, for odd k) which are antisymmetric tensors, have the spectrum eq. (3) with λ =^N_2 − 1 [7]. The lowest bound states (k = 1) are the fundamental fermions f_i, the higher ones may also (as for the SG model) be considered as bound states of k fundamental fermions.

iv) There are further models to which the method used in this paper can be applied, e.g. the O(N)-nonlinear σ-model [8], a chiral SU(N) model [9], a Z(N)-Ising model in the scaling limit T → T_c [10].

1.2 Infinitely many conservation laws

The models presented in the introduction are in some sense simple because they have soliton behaviour, this means they possess infinitely many conservation laws.

1.2.1 The classical case [11]

Let us take the SG-model as an example. There exist an infinite set of local local conservations laws ∂_μJ^μ_k (x) = 0 , k = 1, 3, 5, . . . (9)

This can be seen as follows: Define recursively as a formal power series σ(x, ϵ) = ∞∑ k=1 ϵ^kσ_k(x) = ( 1 − ϵ ∂_+ − ϵ 2 σ∂_+ ϕ )_{−1} ϵ 2 ∂ϕ and (J_+, J_−) = ∞∑ k=1 ϵ^k (J_{k+}J_{k −}) = (σ ∂_+ϕ, ϵ(σ sin ϕ − cos ϕ))

where ∂_± = ∂_0 ± ∂_1 , J_± = J_0 ± J_1.

Then for any solution of the SG-equation 2ϕ + sin ϕ = 0 eq. (9) is fulfilled and the quantities Q_k = ∫ dx J^0_k = ∫ dx ( i∂_0ϕ ∂_kϕ + O(ϕ^3) ) (10) are conserved, Q̇_k = 0. The contribution O(ϕ^3) vanishes on asymptotic states. If we consider the classical theory as the tree approximation of the quantum theory we obtain Q_k | p_1, . . . , p_n ⟩^{in} = n∑ i=1 (p_+)^k | p_1, . . . , p_n ⟩^{in} (11)

for n = 1, 3, 5, . . . (for n=even Q_n vanishes).

Since the S-matrix commutes with Q and eq. (11) holds for any k for a scattering process the set of incoming and outgoing momenta are equal {p_1, . . . , p_n}^{in} = {p^′_1, . . . , p^′_n}^{out} (12) This means absence of particle production and only momenta exchange. For some models there exist also non local conservation laws [12] with similar consequences.

1.2.2 Quantization

The BPHZ-quantization [13] of the conservation laws (9) apparently produce anomalies which cancel after redefinition of the currents J^μ_k [14]. The nonlocal charges are also conserved in the quantized models [15]. In summary we can say the infinitely many conservation laws survive quantization.

1.2.3 Consequences for scattering

Since eqs. (11) and (12) are also true for the quantum models we have absence of particle production and only momentum exchange between particles with the same mass. Furthermore one can show [16] that the n-particle S-matrix factorizes into a product of two-particle S-matrices S^{(n)}(p_1, . . . , p_n) = ∑ i<j S^{(2)}(p_i, p_j ) (13)

For non-vanishing reflection the factors on the r.h.s. do not commute and we have to specify the order. For n = 3 and p^1 > p^1_2 > p^1_3 there are two possible orders (with S^{(2)}(p_i, p_j ) = S_{ij} ) S^{(3)} = S_{12} S_{13} S_{23} = S_{23} S_{13} S_{12} (14) This so called factorization equation give relations between the two-particle scattering amplitudes which allow to calculate the S-matrix exactly [1].

1.3 Construction of the S-matrix

1.3.1 General procedure

We calculate the S-matrix from the assumptions:

i) Factorization

ii) Qualitative knowledge of the one-particle spectrum; i.e. we assume e.g. for the MTmodel the existence of a coupling region with no bound states, for the SG-model the existence of a (b_1-b_1) bound state and the soliton to be a (soliton-b_1 bound state.

iii) “Minimality”, i.e. absence of redundant poles and zeros in the physical sheet of the transmission amplitudes (this is true for potential scattering [17]).

iv) Unitarity, crossing, internal symmetry (O(N), U(N), Z(N)), e.g. for the MT-model:

f, f̄ = fundamental representation of U(1); for the SG-model: b_1 = selfconjugate isosinglett.

v) Asymptotically good behaviour for p_1p_2 → ∞

S^{(2)} = o ( exp p_1p_2 m^2 ) . By these assumptions the S-matrix is “uniquely” determined. “Uniquely” means we have

for U(1) ≡ O(2) a one-parametric set of solutions [1], for O(N), (n > 2) two solutions [1], [18], for U(N), (N > 1) five solutions [18], for Z(N) one solution [10].

A sketch of the proof [1]:

1. The factorization equation (14) implies e.g. for the MT-model fermion-antifermion amplitudes h(α + β) = h(iπ + α) h(β) + hα) h(iπ − β) (15) where h(θ) is the ration of transmission and reflection amplitudes and θ is the rapidity difference defined by p_1p_2 = m^2 cosh θ. The solution of eq. (15) is h(θ) = sinh λθ sinh λiπ (16)

where λ is a free parameter.

2. Unitarity, crossing, “minimality” and eq. (16) imply uniquely the two particle Smatrix.

1.3.2 Bound state scattering [19,20]

Let b be a bound state with mass m_b of two particles α and β, then the two particle S-matrix has a pole at θ = ia where a is given by

m^2_b = m^2_α + m^2_β + 2m_αm_β cos a . (17)

The S-matrix for the scattering of the bound state b with a particle γ is obtained by considering the three-particle S-matrix for the scattering of α(p_1), β(p_2), γ(p_3) at the pole θ_{12} = ia. Factorization and unitarity imply [20]

S_{1+2,3} = |R_{12}|^{−1/2}S_{23}S_{13}|R_{12}|^{1/2} (18)

where R_{12} = Res_{θ=ia} S_{12} .

1.3.3 Examples

i) Massive Thirring model

All states of two particles with momenta p_1 and p_2 are ff, ff̄ , f̄f, f̄f̄, fb_1, . . . , b_1b_1, . . .. Since reflection can only appear for two different particles with the same mass, the twoparticle S-matrix has the form

S_{12} = u t r r t u S_{f b1} ... S_{b1b1} ...

. (19)

For g < 0 there are no bound states. The U(1)-S-matrix obtained from factorization, unitarity, crossing and minimality of section 3.1 has no pole in the physical sheet 0 < Im θ < π for 0 < λ < 1. Thus we propose first in this coupling region (u, t, r) = ( 1, sinh λθ sinh λ(iπ − θ) , sinh λiπ sinh λ(iπ − θ) ) exp ∫_∞ 0 dx x sinh^x_2 (1 − 1/λ) sinh^x_{2λ} cosh^x_2 sinh x θ iπ . (20)

For λ > 1 the ff̄ -transmission amplitude t(θ) has poles at θ = iπ(1 − kλ) , k = 1, 2, . . . < λ. (21)

These poles correspond to ff̄-bound states b_k with masses

m_k = 2m sin kπ 2λ . (22)

This agrees with the WKB-spectrum eq. (3) for the SG-model if we identify λ = 8π β^2

− 1 = 1 + 2g π . The amplitudes given by eq. (20) have been first proposed by Zamolodchikov [21] by different arguments. They have been checked in perturbation theory at g → 0 and β → 0 [21,22].

The scattering of fermions and bound states b_k can be calculated by means of eq. (18) [19]. E.g. for b_1 we obtain S_{f b1} (θ, λ) = sinh θ + i sin^π_2 (1 + 1/λ) sinh θ − i sin^π_2 (1 + 1/λ)

. (23)

The pole at θ =^1_2 iπ(1+1/λ) correspond to the bound state f = (fb_1) which is anticipated by eq. (6).

The scattering of two bound states can be derived from eqs. (18) and (23). The result is e.g. for b_1-b_1: S_{b1b1} (θ, λ) = sinh θ + i sin^π_λ sinh θ − i sin^π_λ

. (24)

The pole at θ = iπ/λ correspond to the bound state b_2 = (b_1b_1). (The generalization of this formula is b_{i+j+k+...} = (b_i + b_j + b_k + . . .).) The amplitudes can be checked in SG-perturbation theory at β → 0.

ii) Sine-Gordon model

In the last section we have derived the complete S-matrix of the MT-model alias the SGmodel by starting with the soliton S-matrix and then calculating the breather scattering. Now we will do it the other way round without using directly the factorization equation (15) but the property (6) that the soliton is a bound state of itself and a breather.

For the breather-breather S-matrix the absence of particle production, unitarity, crossing, “minimality” and the existence of a (b_1b_1)-bound sate imply for the scattering of the selfconjugate iso-singlett b_1 the S-matrix (24). The existence of a two particle bound state b_2 = (b_1b_1) with mass m_2 = m_1 sin(π/λ) and factorization imply the existence of a k-particle bound state

b_k = (b_1 . . . b_1) = . . . = (b_{i1} . . . b_{ij} ) = (b_{k−1}b_1) with i_1 + . . . + i_j = k and the spectrum (3) [23]. This can be seen inductively as follows: The S-matrix of b_{k−1} and b_1 is given by eq. (18) to be

S_{bk}�_{1b1} (p_1 + . . . + p_{k−1}, p_k ) = S_{b1b1} (p_1, p_k) . . . S_{b1b1} (p_{k−1}, p_k ) (25)

where (for suitable ordered momenta) the rapidity differences are θ_{jj+1} = iπ/λ (j = 1, . . . , k − 2) . The bound state pole of S_{bk}�_{1b1} is again at θ_{k−1,k} = iπ/λ. Therefore the mass of b_k is

m_k = m_1 | | | | | k−1∑ j=1 e^{iπj/λ} | | | | | = m_1 sin^{kπ}_{2λ} sin^π_{2λ}

(26)

which agrees with eq. (3). Note that there are two cases:

a) there exist kinks with mass

m = m_1/ (2 sin π/(2λ))

then k = 1, 2, . . . < λ as for the massive Thirring model and the Gross-Neveu model or b) there exist no kinks then k = 1, 2, . . . < 2λ as for the chiral SU(N) model [9] and a Z(N)-Ising model [10].

For the scattering of a soliton and a breather the property that the soliton is a bound state of itself and a breather together with eq. (18) and unitarity implies

S_{f b1} (θ) = S_{f b1} (θ + iπ/λ) S_{b1b1} (θ − i^π_2 (1 − 1/λ)) = S_{b1b1} (θ + i^π_2 (1 − 1/λ)) S_{f b1} (θ − iπ/λ)

(27)

These equations have the unique “minimal” solution (23). For the soliton-soliton scattering the same arguments lead to

u(θ) = u(θ + iπ/λ) S_{f b1} (θ − i^π_2 (1 − 1/λ)) = S_{f b1} (θ + i^π_2 (1 − 1/λ)) u(θ − iπ/λ)

(28)

The “minimal” solution (with u(0) = 1) is obtained as follows:

u(θ) = exp 1 2πi ∫ C dz sinh(z − λθ) sinh λθ sinh z ln u(z/λ) = exp 1 2πi ∫_∞ −∞ dz cosh(z − λθ) sinh λθ cosh z ln u(z/λ − i^π_{2λ} ) u(z/λ + i^π_{2λ}) (29) where C encloses the strip −π/2 ≤ Im z ≤ π/2.

Using eq.(28) we can express u(·) in terms of S_{f b1} (·). The result agrees with eq. (20) which can be understood as another proof of Coleman’s equivalence.

iii) Gross-Neveu model

The same approach as in ii) can be used to calculate the fermion-kink and kink-kink scattering for the GN-model. The direct method using factorization is complicated because of group theoretical problems [6]. From factorization, unitarity, crossing, “minimality” and the existence of an (ff)-bound state in the O(N)-isoscalar and antisymmetric tensor channel one obtains for the scattering of fundamental fermions [24]

f_i(p_1) + f_j (p_2) −→ f_k(p_1) + f_l(p_2) klS_{ij} (θ) = ( δ_{ik}δ_{jl} −^{N −2}_{2πi} (iπ − θ) δ_{il}δ_{jk} −^{N −2}_{2πi} θ δ_{ij} δ_{kl} )

×S_{b1b1} (θ, λ = N/2 − 1) exp ∫_∞ 0 dx x e^{−2x/(N −2)} − 1 cosh^x_2 cosh x(^θ_{iπ} −^1_2 )

(30)

where S_{b1b1} (θ, λ) is given by eq. (24). Analogously to the SG-case we obtain for the fermion-kink scattering^1

f_i(p_1) + k_α(p_2) −→ f_j (p_1) + k_β (p_2) jβ S_{iα}(θ) = − ( δ_{ij} δ_{αβ} −^1_N γ^j_β γ^i_α −^{2(N −2)θ−iπN} 2(N −2)θ+iπN 1 N γ^i_β γ^j_α )

×S_{f b1} (θ, λ = N/2 − 1) exp ∫_∞ 0 dx x e^{−x(1+1/(N −2))} cosh^x_2 sinh x^θ_{iπ}

(31)

where S_{f b1} (θ, λ) is given by eq. (23) and the γ^i_α are the usual γ matrices of O(N), satisfying

γ^iγ^j + γ^j γ^i = δ_{ij} .

Again analogously to the SG-case we obtain for kink-kink scattering^1

k_α(p_1) + k_β (p_2) −→ k_γ (p_1) + k_δ (p_2) γδS_{αβ} (θ) N∑ n=0 1 n!2^{N/2} σ^{(n)}_{δα} ⊗ σ^{(n)}_{γβ} u_n(θ) (32)

where u_n(θ) = (−1)^{N/2} u_{N −n}(θ) and

u_n(θ) = u(θ, λ = N/2 − 1) exp ∫_∞ 0 dx x e^{−x(1+1/(N −2))} cosh^x_2 sinh x^2_{N −2} × ( sinh^x_2 (1 +^2_{N −2} ) − 2 e^{x(n−1/(N −2))} cosh^x_2 sinh x^n_{N −2} ) sinh x(^θ_{iπ} − 1)

(32a)

1More details will be published elsewhere [24].

for n even ≤ N/2,

u_n(θ) = u(θ, λ = N/2 − 1) exp ∫_∞ 0 dx x e^{−x(1+1/(N −2))} cosh^x_2 sinh x^2_{N −2} × ( sinh^x_2 (1 −^2_{N −2} ) − 2 e^{x(n/(N −2))} cosh^x_2 sinh x^{n−1}_{N −2} ) sinh x(^θ_{iπ} − 1)

(32b)

for n odd ≤ N/2 and

σ^{(n)}_{δα} ⊗ σ^{(n)}_{γβ} = 1 n! ∑ π∈Sn (−1)^π ( γ^{π(i1)} . . . γ^{π(in)} ) δα ⊗ 1 n! ∑ π0_{∈Sn} (−1)^π 0 ( γ^π 0_{(i1)} . . . γ^π 0_{(in)}) γβ . The SG-amplitude u(θ, λ) is given by eq. (20).

2 The fields

We will calculate “generalized form factors” out⟨ p^′_1, . . . | O(x) | p_1, . . . ⟩^{in} for local operators and Green’s functions ⟨ T ϕ(x_1) . . . ϕ(x_n) ⟩ . These problems are up to now only solved for special simple cases.

2.1 Introduction

The form factor problem is simple for the Z(N)-Ising model mentioned in chap. 1.1. It is completely solved for N = 2. We will give a short introduction to these models.

Z(N)-symmetry means that the order variable fulfills

σ^N = 1 or σ^† = σN − 1 .

If b_1 is the fundamental particle to the field σ(x) and there exist a two particle bound state b_2 = (b_1b_1) then σ^† = σ^{N −1} implies that the anti-particle is an N − 1 bound state

b̄_1 = (b_1 . . . b_1) .

This fact together with factorization, unitarity, crossing and “minimality” leads to the S-matrix [10] S_{b1b1} (θ) = sinh^1_2 (θ + 2πi/2) sinh^1_2 (θ − 2πi/2)

(33) and the mass spectrum for the particles b_k = b̄_{N −k} is m_k = m_1 sinh(kπ/N) sinh(π/N) . (34) For the Z(2)-Ising model we get a self conjugate isosinglett b_1 = b̄_1 and S_{bb} = −1 . (35)

2.2 Watson’s Theorem

We derive a set of equations for matrix elements of local operators which follow from general principles of quantum field theory, “maximal” analyticity and the S-matrix factorization. For simplicity we first consider the case where we have only one kind of boson in the model and a hermitian operator O(x). If we define (with p_1p_2 = m^2 cosh θ) ⟨ 0 | O(0) | p_1 , p_2 ⟩^{in} = F (θ) (36) it follows from

• CTP-invariance: ⟨ 0 | O(0) | p_1 , p_2 ⟩^{out} = F (−θ) • unitarity and factorization: F (θ) = ⟨ 0 | O(0) | p_1 , p_2 ⟩^{out} S(θ) • and crossing: ⟨ p_1 | O(0) | p_2 ⟩ = F (iπ − θ).

Hence we have Watson’s equations F (θ) = F (−θ) S(θ) F (iπ − θ) = F (iπ + θ) . (37)

The corresponding equations for the general case where α_i denote different kinds of particles read F_{α1...αn} (θ_{ij} , iπ − θ_{rs}, θ_{kl}) =^{out}⟨ α_1(p_1), . . . , α_m(p_m) | O(0) | . . . , α_n(p_n) ⟩^{in} =_{α1...αm} S^{(m)}_α0_{1...α}0_m (θ_{ij} )F_α0_{1...α}0_n (−θ_{ij} , iπ + θ_{rs}, −θ_{kl})_α0_{m+1...α}0_n S^{(n−m)}_{αm+1...αn} (θ_{kl}) (38)

where 1 ≤ i < j ≤ m, 1 ≤ r ≤ m < s ≤ n, m < k < l ≤ n and 0 ≤ m ≤ n. Solutions of these equations are only known for simple cases.

2.3 Construction of form factors

The problem of constructing form factors has been solved for models with arbitrary number of kinds of particles for the case n = 2. This means usual form factors, i.e. one particle expectation values of local operators, are known exactly for e.g. the massive Thirring [25], the nonlinear σ-, and the Gross-Neveu model [26]. Furthermore arbitrary n-particle matrix elements are known for the Z(N)-Ising model in the scaling limit with one kind of particles and S^{(2)} = −1 [27]. There are two distinct problems:

2.3.1 The “matrix problem” The set of matrix equations (38) has not been solved for the general case. For n = 2 we diagonalize S^{(2)} and get for each eigenvalue the simple equations (37). Theorem: [26] A function F (θ) fulfilling eqs. (37) is uniquely (up to a normalization) determined by the position of poles (and zeros) at θ = ia_k in the physical strip 0 ≤ Im θ ≤ π: F (θ) = K(θ) F^{min}(θ) (39) where K(θ) = const ( ∏ k sinh 1 2 (θ − ia_k) sinh 1 2 (θ + ia_k) )_{−1} (39a) and F^{min}(θ) = exp 1 4πi ∫_∞ −∞ dz sinh^1_2 (z − θ) cosh^1_2 θ cosh^1_2 z ln S(z) (39b)

For vanishing reflection S^{(n)} is diagonal and a solution of the general equation (38) is: F_{α1...αn} (θ_{12}, . . .) = K_{α1...αn} (θ_{12}, . . .) ∏ i<j F^{min}_{αiαj} (θ_{ij} ) (40) where K is a solution of eqs. (38) with S = 1.

2.3.2 The “pole problem” The poles in the physical region of the function F_{α1...αn} (θ_{12}, . . .) = ⟨ 0 | O(0) | α_1 (p_1), . . . , α_n(p_n) ⟩^{in} which are contained in the function K are determined by one-particle states in all subchannels α_{i1} , . . . , α_{ij} . If we make the minimality assumption that there are no further so called redundant poles and no zeros in the physical region of F , we can make proposals for exact form factors, which can then be checked by perturbation theory.

2.4 Examples

2.4.1 Sine-Gordon model

The electro magnetic SG-soliton form factor is defined by

⟨ f(p_1) | j^μ(0) | f(p_2) ⟩ = ū(p_1)γ^μu(p_2) F (iπ − θ)

where p_1p_2 = m^2 cosh θ. Since there are no bound states for g < 0, we propose in this region F to be the minimal solution of Watson’s equations (37) with the negative C-parity S-matrix eigenvalue t − r given by eq. (20). For g > 0 we take the analytic continuation [25]: F (iπ − θ) = cosh^1_2 θ cosh^1_2 λθ exp ∫_∞ 0 dx x sinh^x_2 (1 − 1/λ) sinh^x_{2λ} cosh^x_2 sin^{2 xθ}_{2π} sinh x

. (41)

This formula was checked [25] in perturbation theory g → 0 and in the classical limit β → 0 for which one gets the classical soliton solution eq. (2).

2.4.2 Z(2)-Ising model

For the Z(2)-Ising model in the scaling limit the problem of calculating arbitrary matrix elements of the order variable

⟨ 0 | σ(0) | p_1 , . . . , p_n ⟩^{in} = F^{(n)}(θ_{12}, . . . , θ_{n−1,n}) (42)

has been solved completely [27]. The minimal solution of Watson’s equations with S^{(2)} = −1 is F^{min}(θ) = −i sinh θ 2 . (43)

Since there is no reflecting we can use formula (40)

F^{(n)}(θ_{12}, . . .) = K^{(n)}(θ_{12}, . . .) ∏ i<j F^{min}(θ_{ij} ) . (44)

The function K contains the poles from one-particle states in all subchannels p_{i1} +. . .+p_{ij} . For n = 3 we obtain

K^{(3)} = const (p_1 + p_2 + p_3)^2 − m^2 = Z^{(3)} cosh^1_2 θ_{12} cosh^1_2 θ_{13} cosh^1_2 θ_{23}

. (45)

The constant Z^{(3)} is determined to be Z^{(3)} = 2 by the requirement that F^{(3)} reproduces the correct S-matrix S^{(2)} = −1. For n ≥ 5 the arguments are just slightly more involved. Again the function K^{(n)} must have poles at (p_i + p_j + p_k )^2 = m^2 where any set of particles i, j, k are combined to give a one-particle intermediate state. However, the residues of

“higher poles” where more than three particles build up a one-particle state must vanish, since the presence of such poles would be in contradiction to the absence of particle production. Hence the minimality hypothesis implies that K^{(n)} has the form

K^{(n)} = const (∏ i<j (p_i + p_j )^2

) n�3_2 ∏ i<j<k ((pi + pj + pk ) 2 − m^2) = Z^{(n)} ∏ i<j cosh^1_2 θ_{ij}

(46)

The numerator in eq. (46) is necessary to modify the severe singularities of the denominator at p_i + p_j = 0 in the matrix element (42) into simple poles. The constant Z^{(n)} can again be determined to be Z^{(n)} = 2^{(n−1)/2} by crossing and taking the off shell leg σ(x) in eq. (42) on shell. Finally we obtain

⟨ 0 | σ(0) | p_1 , . . . , p_n ⟩^{in} = (2i)^n

�1_2 ∏ i<j tanh 1 2 θ_{ij} . (47)

By crossing only the connected part of the matrix element is given by analytic continuation. The complete matrix element can be determined as follows, e.g. for n = 3: For the transition ⟨ 0 | σ(0) | p_1 , p_2, p_3 ⟩^{in} → ⟨ p_1 | σ(0) | p_2, p_3 ⟩^{in} we have to replace θ_{1i} → iπ − θ_{1i} . This means tanh 1 2 θ_{1i} → P ( tanh 1 2 θ_{1i} )_{−1} + f δ(p_1 − p_i)

where P is the principal part and the δ-function part is determined by the disconnected part of the matrix element. It can be calculated by considering the asymptotic LSZ-limit t → ±∞: t → +∞ ⟨ p_1 | a^{out}(p) | p_2, p_3 ⟩^{in} = ( δ_{p1p2} δ_{pp3} + 2 ↔ 3 ) S^{(2)}

t → −∞ ⟨ p_1 | a^{in}(p) | p_2, p_3 ⟩^{in} = δ_{p1p2} δ_{pp3} + 2 ↔ 3 .

We find that f is proportional to 1 + S^{(2)}. Since for the Z(2)-Ising model S^{(2)} = −1 there is only the principal part term. Hence

out⟨ p_1, . . . , p_m | σ(0) | . . . , p_n ⟩^{in} = (2i)^n

�1_2 ∏ i<j≤m tanh 1 2 θ_{ij} ∏ r≤m<s P ( tanh 1 2 θ_{rs} )_{−1} ∏ m<k<l tanh 1 2 θ_{kl} (48)

is the complete matrix element of the order variable.

2.5 Green’s functions

Till now the problem of constructing Green’s functions has only been solved for the simplest field theory with soliton behaviour, the Z(2)-Ising model in the scaling limit T → T_c [27]. Having deduced all matrix elements of the σ-field, we can immediately write down expressions for Green’s functions. For example the two point function is

τ (p) = ∫ d^2x e^{ipx} ⟨ T σ(x) σ(0) ⟩ = i ∫ dκ^2 ρ(κ^2) p^2 − κ^2 + iϵ

with the spectral function ρ given by

ρ(p^2) = ∑ n odd 1 n! ∫ dθ_1 4π . . . ∫ dθ_n 4π 2π δ^{(2)} ( p − ∑ p_i ) ∏ 1≤i<j≤n tanh^2 1 2 θ_{ij} . There are similar formulae for the n-point Green’s functions which are all in agreement with those derived in ref. [28]. This agreement supports the validity of the minimality hypothesis and gives some confidence in the feasibility of the bootstrap program. The determination of correlation functions for one of the more involved soliton field theories remains, however, a challenging open problem.

Acknowledgment:

This paper is based on collaborations at the Institut für Theoretische Physik, FU-Berlin, with B. Berg, V. Kurak, B. Schroer, R. Seiler, H.J. Thun, T.T. Troung and P. Weisz, which I would like to thank for many discussions.

References

[1] M. Karowski, H.J. Thun, T.T. Troung, and P. Weisz, Phys. Lett. 67B (1977) 321;

A.B. and Al.B. Zamolodchikov, Nucl. Phys. B133 (1978) 525; Phys. Lett. 72B (1978) 481;

R. Shankar and E. Witten, Phys. Rev. D17 (1978) 2134; B. Berg and P. Weisz, Nucl. Phys. B146 (1978) 205; V. Kurak and J.A. Swieca, Phys. Lett. 82B (1979) 289;

R. Köberle and J.A. Swieca, ’Factorizable Z(N)-models’, S. Carlos preprint (1979).

[2] M. S. Ablowitz, O.J. Kaup, A.C. Newell and N. Segur, Phys. Rev. Lett. 31 (1973) 125;

L.A. Takhtadzhyan and L.D. Faddeev, Theor. Math. Phys. 21 (1975) 1046.

[3] R. Dashen, B. Hasslacher and A. Neveu, Phys. Rev. D10 (1974) 4114, 4130, 4138;

D11 (1975) 3424.

[4] S. Coleman, Phys. Rev. D11 (1975) 2088;

S. Mandelstam, Phys. Rev. D11 (1975) 3027; R. Seiler and D. Uhlenbrock, Ann. Phys. 105 (1977) 81; B. Schroer and T.T. Truong, Phys. Rev. D15 (1977) 1684.

[5] D. Gross and A. Neveu, Phys. Rev. D10 (1974) 3235.

[6] R. Shankar and E. Witten, Nucl. Phys. B141 (1978) 349.

[7] R. Dashen, B. Hasslacher and A. Neveu, Phys. Rev. D12 (1975) 2443.

[8] A.B. and Al.B. Zamolodchikov, c.f. ref. [1].

[9] B. Berg and P. Weisz, c.f. ref. [1];

V. Kurak and J.A. Swieca, c.f. ref. [1].

[10] R. Köberle and J.A. Swieca, c.f. ref. [1].

[11] M.D. Kruskal and D. Wiley, American Mathematical Society, Summer Seminar on Nonlinear Wave Motion, ed. A.C. Newell, Potsdam, N.Y. July 1972; B. Berg, M. Karowski and H.J. Thun, Phys. Lett. 62B (1976) 187, 64B (1976) 286; B. Yoon, Phys. Rev. D13 (1976) 3440;

R. Flume, D.K. Mitter and N. Papanicolaou, Phys.Lett. 64B (1976) 289; P.P. Kulish and E.R. Nissimov, Pisma v JETP 24 (1976) 247.

[12] K. Pohlmeyer, Commun. Math. Phys. 46 (1976) 207;

M. Lüscher and K. Pohlmeyer, Nucl. Phys. B137 (1978) 48; H. Eichenherr and M. Forger, preprint Freiburg (Germany) THEP 79/2; E. Brezin, C. Itzykson, J. Zinn-Justin and J.B. Zuber, preprint Saclay (France) DPh- T/79/1.

[13] W. Zimmermann, Ann Phys. 77 (1973) 536;

M. Gomes and J.H. Lowenstein, Phys. Rev D7 (1973) 550.

[14] R. Flume, Phys. Lett. 62B (1976) 93 and corrigendum;

B. Berg, M. Karowski and H.J. Thun, Phys. Lett. 62B (1976) 633; R. Flume and S. Meyer, Nuovo Cimento Lett. 18 (1977) 236; E.R. Nissimov, Bulg. Journ. Phys. L. 113 (1977);

J.H. Lowenstein and E.R. Speer, Commun. Math. Phys. 64 (1978) 97; preprint, New York, NYU/TR3/7.

[15] M. Lüscher, Nucl. Phys. B135 (1978) 1. [16] P.P. Kulish, Theor. Math. Phys. 26 (1976) 198;

D. Jagolnitzer, Phys. Rev. D18 (1978) 1275.

[17] B. Berg, M. Karowski, W. Theis and H.J. Thun, Phys. Rev. D17 (1978) 1172. [18] B. Berg, M. Karowski, V.Kurak and P. Weisz, Nucl. Phys. B134 (1978) 125. [19] M. Karowski and H.J. Thun, Nucl. Phys. B130 (1977) 295;

A.B. Zamolodchikov, Moscow preprint ITEP 12/1977. [20] M. Karowski, Nucl. Phys. B153 (1979) 244. [21] A.B. Zamolodchikov, Commun. Math. Phys. 55 (1977) 183. [22] P. Weisz, Nucl. Phys. B122 (1977) 1.

[23] B. Schroer, T.T. Truong and P. Weisz, Phys. Lett. 63B (1976) 422. [24] M. Karowski and H.J. Thun, to be published. [25] P. Weisz, Phys. Lett. 67B (1977) 179;

A.B. Zamolodchikov, Moscow preprint ITEP 112 (1977). [26] M. Karowski and P. Weisz, Nucl. Phys. B139 (1978) 455. [27] B. Berg, M. Karowski and P. Weisz, Phys. Rev. D19 (1979) 2477. [28] R.Z. Bariev, Phys.Lett. 55A (1976) 456;

B.M. McCoy, C.A. Tracy and T.T. Wu, Phys. Rev. Lett. 38 (1977) 793; M. Sato, T. Miwa and M. Jimbo, Proc. Japan Acad. 53A (1977) 6.