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A Higher Conserved Current in the Quantized Massive 
Thirring Model ('). 
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Institut ]i& Theoretische Physik der Freien Universitdt Berlin - Berli.n, Germany 

(ricevuto il 22 Novembre 1976) 

Summary. - -  A higher conserved currcIlt in the quantized m~ssive 
Thirring model is explicitly constructed. 

I n  the classical l imit  of the massive Thirr ing model  (i.e. in the tree approx-  

imation) the fields are elements  of a Grassmann  algebra. Recently,  higher 
conserved  currents (corresponding to higher powers of particle moment~)  
were found  for this classical model  (1,2). 

Wi th  the field equat ion 

which reads, in te rms of l ight-cone variables x ~ =  (1/V/'])(xO± xl), 

i V~_~I= m~2÷ ~g~,l~+~, 

an infinite set j ' =  ~s~j~ of conserved currents,  due to KULISH and NIs- 
0 

s I ~ o w  (~), is given by  

(2) ~,j~---- ~_(iy~+X ÷ h.c.) ÷ 3+(smyJ+~:~ ÷ h.c.) = 0 ,  

(*) To speed up publication, the authors of this paper have agreed to not receive the 
proofs for correction. 
(1) B. BERG, IV[. KAROWSKI and H. J. THus:  Phys. Left., 64 B, 286 (1976); R. FLUME, 
P. K. MITT]~R and N. PAPANICOLAOU: Phys. Lett., 64 B, 289 (1976). 
(2) P. KuzISH and E. NIssI•ow: preprint (June 1976) (submitted to JETP Lett.). 
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where g = ~e~x,~ is defined by  the equat ion 
o 

(3) e ~/20 + Z --  g ÷ 2iegzY~ ~f~ ÷ 4ieg~z+ g ÷ ~ = 0 .  

By means of the field equat ion (1) one obtains 

(4) ~/2~_)~ ÷ m ~ z  ÷ 2igz~f+~ y ~ ÷  4~gmy~,,Z+ ~ ÷ i m ~ =  0 .  

The conservat ion (2) follows f rom (1), (3) and (4). 

Fo r  the  massive Thirr ing model  in the B P t t Z  renormalizat ion scheme (~) 
the effective Lagrangian  is 

= (1 ÷ b) :j ~ --  (m --  a) ~v/--  ½ (g - -  c) v ~ y , ~ 7 , ~ ,  

where a, b, c are finite renormalizut ion constants  which are de termined by  the  

usual normal izat ion conditions. The q u a n t u m  equat ion of mot ion inside of 
a normal  p roduc t  reads (4) 

(5) ( TN~+.I [Q@~] (x) X } == (TN~+t[{Q}(m -- a) ~] (x) X } ÷ 

+ (T2%÷~[Q(--bi~ ÷ (g--c),~¢,~)](x)X}+i(T~%[Q](x)~(x)X } , 

where Q is an a rb i t r a ry  opera tor  of dimension d and X a produc t  of basic fields 
v~, ~. The first t e rm on the r.h.s, of eq. (5) is an anisotropic normal  p roduc t  (~), 
i.e. subgraphs  which do not  contain the line ~p are subt rac ted  minimal ly  and  
those which contain the line yJ are subt rac ted  according to d -k ~. '~ In  general,  
anisotropies m a y  destroy the conservat ion of a classical current.  The equiv- 

alence (5) to the sine-Gordon theory  and known results (6) for the sine-Gordon 

theory ,  however,  suggest the existence of conserved currents in the quant ized 
Thirr ing model.  We t rea t  an explicit example  by  the me thod  explained in the  
following. 

Anisotropic normal  products  can be evalua ted  in te rms of ordinary ones 

by  the Z i m m e r m a n n  ident i ty  

(6) 
i 

(a) W. Z1MMERMANN: Ann. o] Phys., 77, 536 (1973). 
(4) M. GOM]~s ~ d  J. H. LOW~NSTEIN: Phys. Rev. D, 7, 550 (1973). 
(s) S. COLEMAN: Phys. Rev. D, l l ,  2088 (1975). A nonperturbative proof has been 
given by B. SCImOnR aad T. TRUONG: FUB-preprint, HEP 6 (1976); R. SEIL~:~ ~md 
D. UHL:ENBROCK : ~e8 m~thodes math~matiques de la thdorie quantiq~e des champs. No. 248, 
p. 363, FUB/HEP 8/76, to ~ppcar in Ann. o] Phys. 
(e) l °. KULISH ~nd E. NISSIMOV: to appear in Teor. Math. Phyz. (1976); E. l~issiMov: 
to appcax in Bulg. Journ. Phys. (1976); R. FLU~E: Phys. Lett., 62 B, 93 (1976), and 
Erratum, Phys. Lett., B, to bc published. 



A H I G I I E R  C O N S E R V E D  C U R R E N T  IN THE QiTANTIZED MASSIVE T I I I I ~ R I N G  M O D E L  2 3  

where the operators  Qi of dimension d --  I und the coefficients are those which 
appear  in the Z i m m e r m a n n  ident i ty  

N,,[Q] = N,~+I[Q l -~- ~ z+Nd+l[Q+] . 
i 

After  appl icat ion of the field equat ion (5) to the r.h.s, of (6), one obtains a 

sys tem of equations for the anisotropies. For  the current  Ja we show explic- 
i t ly tha t  all anisotropies can be expressed ~s divergences and  contact  terms.  

For  simplicity, we rewrite the field equat ion (6) ns 

(7a) 

where 

(TN, ,+~[{Q}FJ(x)X)= i Na[Q](x) ~Q(x)X , 

F ~ - -  i ~ + ~ -  ~i-- ~2 Y~: ~fl , 

are obtained by  the subst i tut ion 

m - - a  i m - - a  
2 ( g - -  c) ~ 

and F 

To construct  the current  j3, we consider the opera tor  

(8) D = Do " ~:ID~ + ~D2 + $3 D:,, 

where 

(9) 

Do---- ~ N ~ [ - - i y J + ~ l ] - p - h . c . ,  

D 1 ~-- ~_£-Va[-- ~+~p+y)l+lfll~+~l] Jr- h . e . ,  

(m--  a)t F .  
(2(g-c))~ 

- -  2011 • 2~1A9 - -  4~1Alo -- $3A'+ D4 -- D5 + 08 + 2~iD7 + ~ e D l :  ) X ~  -~ 

+ contac t  t e r m s .  

(s0) 

and El, ~2 and ~3 are real constants  which finally will be chosen such t ha t  one 
obtains a conserved current .  

Making use of the field equat ion (7) we obtain 
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The operators B~ are given by 

(ii) 

~v2 +~vd -{- h.c.  

B2---- N5 [i~v2+ ~+ ~v~+~vl ~+ ~v~] -{- h.c. ,  

B~= N~[iW~+~vi~,] + h.c., 

and the operators B~ are obtained from B~ by replacing the normal product 
N 5 by  N~. The operators A ~, A~, 0~, 04, D~ are listed in the appendix. There 
we also prove by means of Zimmermann identities (6) and further application 
of the field equation (7) that  the operators A', A~ 0~ and Oe can be expressed as 
linear combinations of the operator B~ and the total derivatives D~. 

Therefore, (apart from contact terms) we obtain 

(12) (T~,j~(x)X} : <T (D -- ~. d,D,) X }  ---- ~ b,(TB~X> . 

The coefficients b~, de are rational functions of Zimmermann coefficients. The 
requirement 

(13) b ~  0 for i ~ 1, 2, 3 

is a system of linear equations for the coefficients ~1, ~ and 23. In the tree 
approximation, where no anisotropies arise, the solution ~ '  of the above system 
of equations (13) leads to a current which is (up to total divergencies) identical 
with the classical current j3 as given by eq. (2). 

The quantized solution differs from $~" by  terms of higher order in the 
coupling constant and in ~. 

For another recent discussion of this conservation law see (~). 

We thank B. SCHROER for his continuous interest and encouragment. 

A P P E N D I X  

In this appendix we prove that all operators occurring in eq. (10) can 
be expressed in terms of the three operators Be and of the total derivatives 
D~. Let  us first give the definition of the operators A',  A,, O~, 0, ,  D~. The op- 
erator A' is a normal product of degree 4: 

(A.1) . 2 ~ 1  4- -t- N, [~+ ~i ~i ~ 61] + h.c. 

(7) R. FLUME and S. MEYER: CERN preprint TH 2243. 



HIGHER CONSlgRVED CURRENT IN TIIE QUANTIZIgD MASSIVE THINNING MODEL 

The set {A~} consists of 

(A.2) 

15 

10 operators which are normal products  of degree 5: 

A t  = N~[iO+~o~f+t yh 6~] ~- h .c . ,  

Az = N~[iO+v~+~+~p~+V~dt] + h .c . ,  

Aa = N~[i~+ ~o~ F~+O+~Add + h .c . ,  

In  eqs. (A.1) and (A.2) 

• + 2 + 
N ~  [ ~ v ~  ~A_~/)I ~/)t 6 t ]  ~- h.c. , 

N~ [iw~ + 0+ ~7 ~+ Wt (}t] + h .c . ,  

A 4 = 

As = 

A~ = 

As = N~[iO+~v+~l~+~6t] + h.c . ,  
• 2 + + d~ = N~[~+W ~ W~ W~]  + h . e . ,  

A to=  N~ [ib+~p+~v~-O+~t d~] + h.c. 

the symbol 6~ is defined by  the relation 

(A.3) Ne [Q6~] = Ne [{Q}~vk] -- N~ [Q~o~], 

i.e. A '  and As are differences of anisotropic operators and of the corresponding 
isotropic ones. They  vanish in the classical limit. The set {0~} contains 4 iso- 
tropic operators of degree 4: 

0'1 = N4[iw+a+W+0+~vtV1] -~ h . c . ,  

O~ = N4[ia~v+~f+V2~Ol] + h .c . ,  
(A.4) 

0;  = N4[ia+~v+W+a+V~,ft] + h . c . ,  

04 = N4 [-- ~ + ' ~+F~ ~t] @ h.c. , 

whereas the set {01} consists of 21 isotropic operators of degree 5: 

01 = Ns[a_a+W+W~+a+WtWt] + h .c . ,  

Oz = Ns[O_g,+O+y,+~+WtWt] q- h . c . ,  

(A.5) 

0 3  _ _  + + 2 - -  N ~  [ ~ - ~ 1  ~f~ ~+~vllvl] 
~ + +~ 

05 N5  + + ~ 

Os N 5  3 + + = [~+~f~ Y'l ~v~ ~vl] 

N ~0~ +~ + 

0 8  2 + + = N 5  [~+ ~ ~vl ~+ ~'~ ~Ol] 

o ,  = No [a+ w~ + aS w~ + ~ ,  w,] 

@ h.c. ~ 

+ h.c. , 

+ h.c. , 

÷ h . c . ,  

-+- h.c. , 

+ b.c. , 

+ b . c . ,  

olo = N~ [a+ v,, + a+ v,, + a+ v,, v,1] + h .c . ,  



16 B. B]~RG, M. KAI~OWSKI ~nd [{. d. THUN 

(A.5) 

Finally there is a set 

(A.6) 

O n =  N~ [~v+~v+~p`2~ol] + h .c . ,  

012 "~-'- N5 [~o~+~)1+~+~)2]/)1] + h . c . ,  

0,3= 2¢~[~f+~+~o+~+v~d + h.e., 

014 = + + 

0 ~ :  N~ [y~+~p+ ~+~f~p2] + h .c . ,  

0 1 e =  N~ [ i ~ -  ~]-~P+y)I] ~- h .c . ,  

017= Ns[iO~_~p+2 y~̀2] + h .c . ,  

0~s---- N~ [i ~_ ~ ~p+ b+ ~p~] + h .e . ,  

019 ~--- N 5 [i~_~+ + 2 y~ ~+Yl] + h.e. , 

O~o= N~[iO_~o+O~+~o~] + h.c . ,  

"21 = " 3 + N~ [*~+~p~ ~+ ~p̀2] + h.e. 

{D;} of 20 total  derivatives: 

Do = ~_N,[i~]-y~+y~] + h . c . ,  

D`2 = O+N~[-- ~+b~-W] + h .c . ,  

D3 ---- ~+N3[i~o2+~v+~vl~+~vl] + h .e . ,  

D4 = O+N4[-- i~o+O~O_y~l] + h .c . ,  

D~ = ~+N4[-- i~+y~+~+~-~f~] + h . c . ,  

D7 = ~+N,[--~_~p~+~p~+~p~b+~o~] + h .e . ,  

D~ ~+N~[--i ~ + = ~+~o~ ~P2] + h.c. 

D9 = ~+N4[-- i"* +0 (J+*?2 +~v~j + h.e. , 

~ N  ~ +~2 + D n :  + 4L--~2 +~P~Y~2] + h.e. , 

D~2:O+N4 [i~p2+~f~+~+~f~O~] + h .e . ,  

D~3:  O+N~[i~o2+O+*f~+~oxS~] + h .e . ,  

314---- ~+N4[i~+(~o~+~o~+~P~)(~] + h .c . ,  

: ' ~  i~ + + D15 G+N4[ +(~o, Y~I ~f~ 1)] + h .e . ,  

D ~ =  O+N4[i0+~o+~f+~f25~] + h .e . ,  

D1, : 0 + N  3 [i 0+~/)1+~)1] -~ h .e . ,  

D~s=~+N, [ - -  ~ + 0+y~2 ~ol] + h.e. , 

D ~ 9 =  0 + N 3 [ - -  ~+~°+0+]o~] -~ h .e .  
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Afte r  h a v i n g  defined so m a n y  opera tors ,  now we come to  the  m a i n  purpose  
of this  append ix ,  i .e.  to  p rove  t h a t  all  these opera tors  can  be expressed  l inear ly  
in t e rms  of B~ a nd  D~. L e t  us first consider  A ' ,  which  is a difference of an  
an iso t ropic  ope ra to r  and  of the  cor responding  isot ropical ly  o v e r s u b t r a c t e d  one. 
A '  is re la ted  to  the  opera tors  0~ b y  ~ Z i m m e r m a n n  ident i ty ,  cf. eq. (6): 

4 

(A.7) A '  ---- ~ z~ 0~.  
i=l 

The  opera tors  0~ in t u r n  can be expressed  in t e rms  of B~ and  to t a l  der iva t ives  D~: 

(A.8) 

o ; -  - 

B ; ,  

= - - -  - -  2 ) . ,  

0~ = - - B [  + D~s-- D ~ 9 + D 2 .  

:Next we aga in  a p p l y  Z i m m c r m a n n  identi t ies  which  express  the  opera tors  B~ 
a n d  At  in t e rms  of isotropic  no rma l  p r o d u c t s  of degree 5: 

21 
( A . 9 )  B ~  = B i - ~  ~ .  "./ ~ i ~ O t ,  

..i=1 

21 
(AA0) At---- ~ z , j O , .  

j= l  

B y  app ly ing  the  field equa t ion  (7a) the  0~ give rise to  aniso t ropic  A~'s ,  iso- 
t rop ic  Bt ' s  and  t o t a l  der iva t ives  D~: 

(A.11) 

O~ ~ A ~ o - -  I ~  ~-  D~ , 

02 ~ - -  A I o - -  B~ , 

():~ ~ A 9 - -  B~ , 

O~ ~-- - -  A 7  - -  A 8  4 -  B 2  - -  D I 6  , 

O~ ~ - - A ~ -  B ~ ,  

0~ ~ - -  A ~ --  2A2 - -  2A:~ - -  A4 --  2A~ - -  Ae -[- B3 - -  2D14 - -  D,5 , 

07 ---- - -  A3 - -  A5 --  A6 - -  Dlo. , 

0 ~  ----- - -  A 1  , 

09 ~ - - A 6 - - B 3 ,  

01o---- --  A~ , 

0 n  --~ A4 - -  A5 + A,  - -  B~ + B3 + D n  - -  D,o ,  

012 --~ - -  A4 , 

013 ---= - -  A ~  - -  A 4  - -  A 5  -t- B 2  - -  D I ~  , 

2 - I1 Nuovo  Cimento A .  
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0~4----- A s + B ~ ,  

015 = - -  A5 - -  B~ - -  Dlo , 

0xe = Do + D4 - -  D5 + D ~ ,  

(A.11) 017 = - -  Ds + Dg ,  

018 : - -  2D4 + D5 - -  Ds - -  Do , 

019 : - -  235 + 2D~ + D e + D o ,  

020 = 2D0 + 1)4 - -  D5 + De , 

021 = - -  D9 • 

F r o m  eqs.  (A.10) a n d  (A.11) we o b t a i n  a n  i n h o m o g e n e o u s  l i n e a r  s y s t e m  of 
e q u a t i o n s  for  t h e  A t  wh ich  can  be  so lved  for  s m a l l  coupl ing ,  as  t h e  d e t e r m i -  
n a n t  is 1 +  O(g, l~), a n d  f r o m  eqs.  (A.11) a n d  (A.9) we also ge t  0 ,  a n d  B~ ill 
t e r m s  of B ,  a n d  D~. 

• R I A S S U N T O  (*) 

Si costruisce esplici tamente Urla eorrente eonservat~ pih elevat~ nel modello m~s- 
sivo quantizzuto di Thirring. 

(*) Traduzione a cura della Redazione. 

Coxpanammnfic. TOg nucmero nop.~Ka n KSanToaaunof i  Macctmnofi 

Mo~e~. Tnppanra. 

Pe31oMe (*). - - -  B YIBHOM BH~e KOHCTpyrlpyeTCa coxpaHaFOl l tn~ca  TOK B b t c m e r o  IlOpa~Ira 

B KBattTOBaHHO~ MaCCHBHOI~i Mo~eYIH T H p p B H r a .  

(*) HepeseOeno peOaKque(t. 


