
Heiko Dumlich February 5, 200813 Task Theoretical Physics VI - Statistics13.1 (Exact solution of the Ising model in d = 1)a)We �rst want to show, that the partition function can be written as:
ZN (T, B0) =

∑

S1,S2,...,SN

eβ
∑

i(gµBB0Si+JSiSi+1)

=
∑

S1,S2,...,SN

τ (S1, S2) τ (S2, S3) . . . τ (SN , S1)the Hamiltonian is given with
Ĥ = −J

N−1
∑

i=1

ŜiŜi+1 − gµBB0

N
∑

i=1

ŜiUsing the de�nition of partition function ():
ZN = Tr(e−βH)

=
∑

S1,S2,...,SN

eβ
∑

i(gµBB0Si+JSiSi+1)

=
∑

S1,S2,...,SN

eβ(gµBB0S1+JS1S2)+β(gµBB0S2+JS2S3)+...+(gµBB0SN+JSN SN+1)

=
∑

S1,S2,...,SN

eβ( 1
2

gµBB0(S1+S2)+JS1S2)+β( 1
2
gµBB0(S2+S3)+JS2S3)+...+( 1

2
gµBB0(SN+S1)+JSN SN+1)This rearrangement will prove to be useful. Now we want to use the periodicboundary condition ŜN+1 = Ŝ1 and we further de�ne the function:

τ (Si, Si+1) = exp

[

β

(

JSiSi+1 +
1

2
gµBB0 (Si + Si+1)

)]which leads us directly to:
ZN =

∑

S1,S2,...,SN

eβ
∑

i(gµBB0Si+JSiSi+1)

=
∑

S1,S2,...,SN

eβ( 1
2

gµBB0(S1+S2)+JS1S2)+β( 1
2
gµBB0(S2+S3)+JS2S3)+...+( 1

2
gµBB0(SN+S1)+JSN S1)

=
∑

S1,S2,...,SN

τ (S1, S2) τ (S2, S3) . . . τ (SN , S1)
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b)The Transfermatix is de�ned with:
T =

(

τ
(

1
2 , 1

2

)

τ
(

− 1
2 , 1

2

)

τ
(

1
2 ,− 1

2

)

τ
(

− 1
2 ,− 1

2

)

)this follows from the 4 possible spin combinations, which every Si, Si+1 canhave.We are meant to show, that
∑

Si,Sj ,Sk

τ (Si, Sj) τ (Sj , Sk) =
∑

Si,Sj

(

T 2
)

Si,Skwith (T 2
)

Si,Sk
=
∑

Sj
τ (Si, Sj) τ (Sj , Sk). We can simply write:

∑

Si,Sj,Sk

τ (Si, Sj) τ (Sj , Sk) =
∑

Sj

∑

Si,Sk

τ (Si, Sj) τ (Sj , Sk)

=
∑

Si,Sj

(

T 2
)

Si,Skc)We can de�ne the spin states
|Si =

1

2
〉 =

(

1
0

)

|Si = −
1

2
〉 =

(

0
1

)and with those we get:
〈

1

2
|T | −

1

2

〉

=
(

1 0
)

(

τ
(

1
2 , 1

2

)

τ
(

1
2 ,− 1

2

)

τ
(

1
2 ,− 1

2

)

τ
(

− 1
2 ,− 1

2

)

)(

0
1

)

= τ

(

1

2
,−

1

2

)or generally
〈Si|T |Si+1〉 = τ (S, Si+1)This can be inserted in the partition function:

ZN =
∑

S1,S2,...,SN

τ (S1, S2) τ (S2, S3) . . . τ (SN , S1)

=
∑

S1,S2,...,SN

〈S1|T |S2〉 〈S2|T |S3〉 . . . 〈SN |T |S1〉using ∑Si
|Si〉〈Si| = 1 (Vollständigkeit) this leads to:2



ZN =
∑

S1

〈

S1|T
N |S1

〉

= Tr
(

T N
)the trace de�nition. While the trace is the sum of the eigenvalues of amatrix and this one is 2x2 we get two di�erent eigenvalues λ1,2 for T , using themultiplicity this leads to

ZN = Tr
(

T N
)

= λN
1 + λN

2

�To get the eigenvalues of T , we �rst write T in full form:
T =

(

exp
[

β
(

J
4 + 1

2gµBB0

)]

exp
[

β
(

−J
4

)]

exp
[

β
(

−J
4

)]

exp
[

β
(

J
4 − 1

2gµBB0

)]

)Calculating the eigenvalues λ1,2 of the transfer matrix
det |T − λE| = 0 =

∣

∣

∣

∣

exp
[

β
(

J
4 + 1

2gµBB0

)]

− λ exp
[

β
(

−J
4

)]

exp
[

β
(

−J
4

)]

exp
[

β
(

J
4 − 1

2gµBB0

)]

− λ

∣

∣

∣

∣leading to
0 =

(

exp

[

β

(

J

4
−

1

2
gµBB0

)]

− λ

)(

exp

[

β

(

J

4
+

1

2
gµBB0

)]

− λ

)

− exp

[

2β

(

−
J

4

)]

0 = exp

[

βJ

2

]

− λ exp

[

β

(

J

4
−

1

2
gµBB0

)]

− λ exp

[

β

(

J

4
+

1

2
gµBB0

)]

+ λ2 − exp

[

−
βJ

2

]

0 = λ2 − λ exp

(

βJ

4

)(

exp

[

β

2
gµBB0

]

+ exp

[

−
β

2
gµBB0

])

+ exp

[

βJ

2

]

− exp

[

−
βJ

2

]

0 = λ2 − 2 exp

(

βJ

4

)

cosh

(

β

2
gµBB0

)

λ + 2 sinh

[

βJ

2

]meaning the eigenvalues are:
λ1,2 = exp

(

βJ

4

)

cosh

(

β

2
gµBB0

)

±

√

exp

(

βJ

2

)

cosh2

(

β

2
gµBB0

)

− 2 sinh

[

βJ

2

]

λ1,2 = exp

(

βJ

4

)

(

cosh

(

β

2
gµBB0

)

±

√

cosh2

(

β

2
gµBB0

)

− 2 exp

(

−
βJ

2

)

sinh

[

βJ

2

]

)d)We are considering the limit λ2

λ1
� 1 which means λ1 � λ2, meaning we canneglect λ2 and only need to consider λ1. Using from c)
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ZN (T, B0) = λN
1 + λN

2

≈ λN
1

=

[

exp

(

βJ

4

)

(

cosh

(

β

2
gµBB0

)

+

√

cosh2

(

β

2
gµBB0

)

− 2 exp

(

−
βJ

2

)

sinh

[

βJ

2

]

)]NDe�nition of free energy:
F (T, B0) = −kBT lnZN (T, B0)

= −N
J

4
ln

(

cosh

(

β

2
gµBB0

)

+

√

cosh2

(

β

2
gµBB0

)

− 2 exp

(

−
βJ

2

)

sinh

[

βJ

2

]

)We can look at special cases β → ∞, meaning T → 0 therefore the expo-nentialterm will vanish and we get:
F (T, B0) = −N

J

4
ln

(

cosh

(

β

2
gµBB0

)

+ cosh

(

β

2
gµBB0

))

= −N
J

4
ln

(

2 cosh

(

β

2
gµBB0

))

= −N
J

4

(

ln 2 + ln

[

cosh

(

β

2
gµBB0

)])Or the other special case B0 → 0, we then get using only �rst order taylor-expansion (cosh (x) = 1 + x2

2 + . . .):
ZN (T, 0) ≈

[

exp

(

βJ

4

)

(

1 +

√

1 − 2 exp

(

−
βJ

2

)

sinh

[

βJ

2

]

)]N

=

[

exp

(

βJ

4

)

(

1 +

√

1 − exp

(

−
βJ

2

)[

exp

(

βJ

2

)

− exp

(

−
βJ

2

)]

)]N

=

[

exp

(

βJ

4

)

(

1 +
√

1 − 1 + exp (−βJ)
)

]N

=

[

exp

(

βJ

4

)

+ exp

(

−
βJ

4

)]N

=

[

2 cosh

(

βJ

4

)]Nand a free energy of
F (T, 0) = −kBT lnZN (T, 0)

= −NkBT ln

[

2 cosh

(

βJ

4

)]4



e)Magnetization:
M (T, B0) =

1

β

(

∂

∂B0
lnZN (T, B0)

)

=
1

β

(

∂

∂B0
lnλN

1

)

=
N

β

1

λ1

∂

∂B0
λ1

=
N

βλ1
exp

(

βJ

4

)

∂

∂B0

(

cosh

(

β

2
gµBB0

)

+

√

cosh2

(

β

2
gµBB0

)

− 2 exp

(

−
βJ

2

)

sinh

[

βJ

2

]

)CAS meaning mathematica:
M (T, B0) =

β

2
gµB sinh

(

β

2
gµBB0

)



1 +
exp

(

−βJ
4

)

cosh
(

β
2 gµBB0

)

ζ
(

cosh
(

β
2 gµBB0

)

+ ζ
)



with √exp (−βJ) + cosh2
(

β
2 gµBB0

)

− 1 = ζ. While the result of M seemsto be wrong we skip the isothermal susceptibility:
χT (B0) =

∂M

∂B0skipped
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