
Heiko Dumlich November 13, 20074 Task Theoretical Physics VI - Statistics4.1 (Spin lattice)At each site of a isolated lattice an unpaired electron with spin 1/2 is localized.External magnetic �eld ~B = B~ez, spins parallel or anti-parallel to magnetic �eld
(
sz,i = ± 1

2

). Energy of state r given by:
Er (B) = −2µBB
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sz,i(a)
n spins parallel to magnetic �eld ⇒ N −n spins anti-parallel. Energy in depan-dance of n:
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ln Ωn (En) = N lnN − n lnn − (N − n) ln (N − n)inserting n (En):
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�4.2 (Mixture of ideal gases)Mixture of ideal gases with Ni particles of the kind i (i = 1, . . . , m) in a vesselof volume V .De�nition of entropy:
S = −kB lnW (E)with W (E) = Ω(E)

N !h3N , for indistingushable particles with cN = 1
N !h3N .For the total system we can write:

Ω (N1, . . . , Nm) =
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Ni

iInserting this into de�nition of the Entropie:2



S = −kB ln
Ω (N1, . . . , Nm)
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= SMix + SEntropy of an ideal gas (Sackur-Tetrode-equation):
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kBNDe�nition of pressure: 3



p = T
∂S

∂V

∣
∣
∣
E,Ninserting S:

p = kBT
1

V
N =

1

β

N

V
=

ρ

β
⇔ pV = NkBT4.3 (Ideal gas in a centrifuge)Radius= R, height= L, centrifuge frequency= ω and mass of particle= m. The

z-axis is parallel to the axis of the centrifuge. One particle Hamiltonian:
H =

p2

2m
− ω (xpy − ypx)(a)To show:

Z1 =

(
2πm

h2β

)3/2
2πL

mβω2

(

emβω2R2/2 − 1
)partition function for one particle of the gas.De�nition of partition function:

ZN = cN

∫

d3Nq d3Np e−βH(~qN ,~pN )with cN = 1
N !h3N for identical particles.Inserting Hamiltonian:
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+βω(xpy−ypx)Integrating over momentum:
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∞
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Momentum integration:
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)N(c)De�nition of free energy: 6



F (T, V, N) = − 1

β
lnZN (T, V )inserting ZN from (b):

F (T, V, N) = − 1

β
ln
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1
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(
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]
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[
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(

emβω2R2/2 − 1
)](d)De�nition:

p = −∂F

∂VVolume of a cylinder:
V = πR2LSince there is no direct V dependance in F and pressure is going to vary independance of R and L we calculate two di�erent pressures pR and pL. Thereforeone of them stays in as a variable.

pR = −∂F

∂V

∣
∣
∣
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∂R
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∣
∣
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∣
∣
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∂R

∣
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Linserting F from (c) L = const.:

pR = − 1
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∂

∂R

(

− 1

β

[

− lnN ! +
3

2
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[
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]
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[
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]
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(
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)])

=
1
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{

N
∂

∂R
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)]}

=
N
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(
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emβω2R2/2 − 1
· mβω2

2
· 2R

)

=
N
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(
mω2

1 − e−mβω2R2/2

)This converges to pRV = NkBT for ω → 0, this can be seen using L'Hospital.
pL:

pR = −∂F

∂V

∣
∣
∣
R

= −∂F

∂L

∂L

∂V

∣
∣
∣
R

= − 1

πR2

∂F

∂L

∣
∣
∣
Rwith F , R = const.: 7



pL = − 1

πR2

∂

∂L

{

− 1

β
− N

β
ln

[
L
√

m

h3ω2N
·
(

emβω2R2/2 − 1
)]

− 5N

2β
ln

[
2π

β

]}

=
N

βπR2

∂

∂L

(

ln
L
√

m

h3ω2N

)

=
N

βπR2L

=
1

β

N

VThis is the ideal gas relation pLV = NkBT , which seems likely for the z-axis,since there is no reason for any other dependance there (especially there is nodependance of ω).Total force at outer walls:
F = p · Awith

FR = pRAR

=
N

2πL

(
mω2

1 − e−mβω2R2/2

)

πR2

FR =
N

2L

(
mω2R2

1 − e−mβω2R2/2

)and
FL = pLAL

=
1

β

N

πR2L
2πRL

FL =
2N

Rβ4.4 (Doppler broadening)Atoms with mass m, temperature T emit light in x-direction, moving with vxleads to doppler e�ect:
ν = ν0

(

1 +
vx

c

)Using vx = px

m and Hamiltonian for free particle H =
∑N

i=1
p2

i

2m :
ν = ν0

(

1 +
px

mc

)(a)De�nition:
〈A〉 =

∫
d3N q

∫
d3Np A (~qN , ~pN ) e−βH(~qN ,~pN )

∫
d3N q

∫
d3Np e−βH(~qN ,~pN )8



inserting given problem conditions:
〈ν〉 = ν0

∫
d3Nq

∫
d3Np

(
1 + px

mc

)
e−β

∑N
i=1

p2

i
2m

∫
d3N q

∫
d3Np e−β

∑
N
i=1

p2
i

2m

= ν0

∫
d3Nq

∫
d3Np e−β

∑
N
i=1

p2

i
2m

∫
d3Nq

∫
d3Np e−β

∑
N
i=1

p2
i

2m

+
ν0

mc

∫
d3N q

∫
d3Np pxe−β

∑
N
i=1

p2

i
2m

∫
d3N q

∫
d3Np e−β

∑
N
i=1

p2
i

2m

= ν0second term vanishes because of symmetry reasons (integrating over sym-metric intervall, but px is odd, while exponent (p2 = p2
x + p2

y + p2
z) p2

x is even).(b)De�nition:
∆ν =

√
〈

(ν − 〈ν〉)2
〉

=

√
〈

ν2 − 2ν 〈ν〉 + 〈ν〉2
〉

=

√

〈ν2〉 − 〈ν〉2

〈
ν2
〉 calculation:

〈
ν2
〉

= ν2
0

∫
d3N q

∫
d3Np

(
1 + px

mc

)2
e−β

∑N
i=1

p2

i
2m

∫
d3Nq

∫
d3Np e−β

∑
N
i=1

p2
i

2m

= ν2
0 +

ν2
0

(mc)
2

∫
d3N q

∫
d3Np p2

x e−β
∑

N
i=1

p2

i
2m

∫
d3Nq

∫
d3Np e−β

∑
N
i=1

p2
i

2m

(
1 + px

mc

)2
=
(

1 + 2 px

mc +
(

px

mc

)2
), �rst term leads to ν2

0 , while numerator anddenominator integrals are the same, second term cancels because of symmetry.Integrals of last term have to be calculated:denominator:
∫

d3Nq

∫

d3Np e−β
∑

N
i=1

p2

i
2m =

∫

d3N q

[∫
∞

−∞

dp e−β p2

2m

]3N

=

[√
2mπ

β

]3N ∫

d3N qnumerator:
∫

d3Nq

∫

d3Np p2
x e−β

∑N
i=1

p2

i
2m =

∫

d3Nq

∫
∞

−∞

dpx p2
x e−

β
2m

∑N
i=1

p2

x,i

[∫
∞

−∞

dp e−
β

2m
p2

]2N

=

[√
2mπ

β

]2N ∫

d3Nq

[∫
∞

−∞

dpx p2
x e−

β
2m

p2

x

]Nsolving one dimensional integral:
9



∫
∞

−∞

dpx p2
x e−

β
2m

p2

x =

∫
∞

−∞

dpx px · pxe−
β

2m
p2

x

=

[

−px · m

β
e−

β
2m

p2

x

]
∞

−∞

+
m

β

∫
∞

−∞

dpx e−
β

2m
p2

x

=
m

β

√
2mπ

βinserting in numerator integral:
∫

d3Nq

∫

d3Np p2
x e−β

∑
N
i=1

p2

i
2m =

[√
2mπ

β

]2N [
m

β

√
2mπ

β

]N ∫

d3Nq

=

[√
2mπ

β

]3N (
m

β

)N ∫

d3Nqinserting numerator and denominator integral:
〈
ν2
〉

= ν2
0 +

ν2
0

(mc)
2

[√
2mπ

β

]3N (
m
β

)N ∫
d3Nq

[√
2mπ

β

]3N ∫
d3N q

= ν2
0 ·
(

1 +
mN

(mc)
2
βN

)This leads to:
∆ν =

√

〈ν2〉 − 〈ν〉2 =

√

ν2
0 +

mN

(mc)2 βN
· ν2

0 − ν2
0 =

m
N
2

mcβ
N
2

· ν0with N = 1, this is what we need, since we only have a look at one �average�-particle:
∆ν =

√

kBT

mc2
· ν0(c)Using Maxwell velocity distribution:

w (~v) d3v =

(
mβ

2π

) 3

2

exp

(

−βmv2

2

)

d3vwe get the velocity distribution for vx:
w (vx) dvx =

(
mβ

2π

) 3

2

exp

(

−βmv2
x

2

)∫
∞

−∞

dvy exp

(

−
βmv2

y

2

)
∫

∞

−∞

dvz exp

(

−βmv2
z

2

)10



=

(
mβ

2π

) 3

2

exp

(

−βmv2
x

2

)[∫
∞

−∞

dv exp

(

−βm

2
v2

)]2

=

(
mβ

2π

) 3

2

exp

(

−βmv2
x

2

)[√
2π

βm

]2

=

(
mβ

2π

) 1

2

exp

(

−βmv2
x

2

)while we got the direct correlation I (ν) dν = w (vx) dvx with
vx =

c

ν0
(ν − ν0) and dvx =

c

ν0
dνwe get:

I (ν) dν =
1√
π

(
mc2β

2ν2
0

) 1

2

exp

(

−βmc2 (ν − ν0)
2

2ν2
0

)

dνFor the non relativistic case kBT � mc2, with β = 1
kBT , we have to consider,that βmc2 → ∞. While the squareroot term will diverge the exponential termwill converge to zero. Substituting x =

√
mc2β
2ν2

0

we get:
I (ν) =

x√
π

exp
(

−x2 (ν − ν0)
2
)which is a representation of the delta function for x → ∞:

lim
x→∞

I (ν) = δ (ν − ν0)This means, we only get an intensity at ν0 = ν, while ν0 is the emittedfrequency of the atoms. This means, the velocity of the atoms doesn't have anye�ect and the doppler e�ect doesn't occur. Meaning vx � c:
ν = ν0







1 +
vx

c
︸︷︷︸

→0







≈ ν0
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