Theoretical Physics VI: Statistical Physics - Theory of Heat
Problem Set 13 (optional)

due: 6. 2. 2008, 10:15 am

This is an optional problem,
i.e. its points will be added to your total homework score up to 300 pts = 12 x 25 pts.

Problem 12.3 Ezact solution of the Ising model in d = 1 (15 pts.)
The Ising model in a one-dimensional lattice is specified by the Hamiltonian,

= —JZS Sz—i—l _gILLBBOZS’L7

where B = Bye, is an external magnetic field, and S; = :I:1 J, ng and By are constant,

with J > 0. Periodic boundary conditions, S Nil = Sl, are assumed; this will not affect
results in the thermodynamic limit, N — oo.

(a) Show that the partition function can be written as

ZN (T, Bo> = Z eﬁ > i(guBBoSi+JSiS;11)
= Z 7(S1, S2)7(52,53) ... 7(SN, S1)

and determine 7(S;, Si11).

(b) The sum is evaluated by introducing the transfer matrix,

Show that

with (TQ)SZ',S;C = sz::t% T<Si7 SJ)T<S]7 Sk)

(c) Moreover, show that the partition function can be expressed in terms of the two
eigenvalues, \; o, of the transfer matrix,

Zn(T, By) = AY + A3

Consider the limit A\y/\; < 1: Calculate
(d) the free energy, F(T, By),

(e) the magnetization, M (T, By) and the isothermal susceptibility, xr(By).



