
Heiko Dumlih, Max Ho�mann 11. Juni 2007Quantenmehanik 2 Übung 7Aufgabe 9a) Sei
(Ji)jk = −iεijk,zeige:
[Ji, Jj ] = iεijkJk.Wir berehnen zuerst ein typishes Element der rehten Seite

(iεijkJk)mn
= iεijk (−i) εkmn

= δimδjn − δinδjm.Und jetzt ein typishes Element der linken Seite. Bei den Indies muss auf Matrixmulti-plikation geahet werden:
[Ji, Jj ]mn

= (JiJj − JjJi)mn

= (JiJj)mn
− (JjJi)mn

= (Ji)ml (Jj)ln − (Jj)ml
(Ji)ln

= (−iεiml) (−iεjln) − (−iεjml) (−iεiln)

= −εimlεlnj + εjmlεlni

= −δinδmj +
�

�
��δmnδij + δjnδim −

�
�

��δijδmn

= δimδjn − δinδjm.Der Vergleih zeigt, dass beide Seiten gleih sind.b)1. Es ist zu zeigen, dass
σjσk = δjk + iεjklσlwobei wir, mit [Sj, Sk] = iεjklSl und Sj = ~

2
σj folgt, [σj , σk] = 2iεjklσl und {σj, σk} =

2δjk benutzen können. Wir gehen aus vom Kommutator:
[σj, σk] = σjσk − σkσj

2iεjklσl = σjσk − σkσj

σjσk = 2iεjklσl + σkσj

2σjσk = 2iεjklσl + σjσk + σkσj

2σjσk = 2iεjklσl + {σj , σk}

2σjσk = 2iεjklσl + 2δjk

σjσk = iεjklσl + δjk1



�2. Zeige, dass (σ ·A) (σ ·B) = A · B + iσ (A× B) .Jede Komponente von A,B ist stets eine Zahl, vertausht daher mit σi. Mit der ebenbewiesenen Identität folgt in Komponenten:
(σ · A) (σ · B) σiAiσjBj

σiAiσjBj = AiσiσjBj

= Ai (δij + iεijkσk)Bj

= AiδijBj + iσkAiBjεijk

= AiBi + iσk (A × B)k

 A ·B + iσ · (A ×B)

�) Betrahte
M =

{

M ∈ GL {2, C} : M = M †; Sp M = 0
}Daraus folgt, dass für alle

M =

(

a b

c d

)

∈ M a, b, c, d ∈ Cgilt
(

a b

c d

)

=

(

a∗ c∗

b∗ d∗

) und a = −d.Aus der ersten Bedingung, folgt,
a, d ∈ R und b = c∗.Damit ist der Vektorraumisomorphismus f gegeben durh

f : R
3 → M

f :





ξ

η

ζ



 7→

(

ξ η + iζ

η − iζ −ξ

)

�d) Betrahte M =
{

M ∈ GL {2, C} : M = M †; Sp M = 0
}

RU : M → M

RU : M 7→ UMU−1

2



wobei U ∈ SU (2) . Zeige, dass RU (M) hermitesh ist, dass also
RU (M) = RU (M)†.Für alle U ∈ SU (N) gilt U †U = 1.Multipliziert man dies von reht mit U−1 folgt

U † = U−1.Nun gilt aber wegen (AB)† = B†A† für alle A,B ∈ GL {N, K} :

RU (M)† =
(

UMU−1
)†

=
(

MU−1
)†

U †

=
(

U−1
)†

M †U †

= UMU−1 = RU (M) .

�

RU (M) ist also hermitesh. Nun gilt aberSp UMU−1 = Sp M für alle U ∈ GL {2, C}denn die Spur ist der Koe�zienten der zweithöhsten Potenz des harakteristishen Po-lynoms (Beweis per Induktion) und
detUMU−1 = detU detM det U−1 = det MJetzt gilt, wie oben gesehen,

SU (2) ∼= R
3aber SO (3) kann treu dargestellt werden durh die Menge aller Rotationsmatrizen imdreidimensionalen R (α, β, γ) . Hier gilt aber

R (α, β, γ) = R (α + i2π, β + j2π, γ + k2π) i, j, k ∈ Z;α, β, γ ∈ RDer Homomorphismus ist also niht injektiv und somit kein Isomorphismus.Aufgabe 10Die Gell-Mann Matrizen lauten:
λ1 =





0 1 0
1 0 0
0 0 0



 λ2 =





0 −i 0
i 0 0
0 0 0





λ3 =





1 0 0
0 −1 0
0 0 0



 λ4 =





0 0 1
0 0 0
1 0 0





λ5 =





0 0 −i

0 0 0
i 0 0



 λ6 =





0 0 0
0 0 1
0 1 0





λ7 =





0 0 0
0 0 −i

0 i 0



 λ8 =





1 0 0
0 1 0
0 0 −2
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Für die Kommutatoren gilt
[λi, λj ] = 2ifijkλk.Um die fijk zu berehnen müssen wir also jede Menge Kommutatoren ausrehnen, da wirnoh keine weiteren Eigenshaften der Matrizen kennen. Bei 8 Matrizen gibt es insgesamt:

(

8
2

)

= 28untershiedlihe fijk, welhe sih niht durh Permutation in einander überführen lassen.Wovon aber niht alle ausgerehnet werden müssen, da wir bereits wissen, dass fijk anti-symmetrish ist. Die λi für i = 1, 2, 3 sind auh bereits bekannt, da sie sih untereinandergenau verhalten wie Pauli-Matrizen:
f123 = 1Auÿerdem fällt shnell ins Auge, dass λ8mit den λ1, λ2, λ3vertaushen, da

(

σi 0
0 0

)

·

(

I 0
0 2

)

=

(

I 0
0 2

)

·

(

σi 0
0 0

)

=

(

σi 0
0 0

)

⇒ f18k = f28k = f38k = 0 k ∈ {1, . . . , 8}Bei den anderen muss man einfah ausrehnen.
[λ1 , λ2] =





0 1 0
1 0 0
0 0 0



 ·





0 −i 0
i 0 0
0 0 0



 −





0 −i 0
i 0 0
0 0 0



 ·





0 1 0
1 0 0
0 0 0





=





i 0 0
0 −i 0
0 0 0



 −





−i 0 0
0 i 0
0 0 0





=





2i 0 0
0 −2i 0
0 0 0



 = 2iλ3

{λ1 , λ2} =





0 1 0
1 0 0
0 0 0



 ·





0 −i 0
i 0 0
0 0 0



 +





0 −i 0
i 0 0
0 0 0



 ·





0 1 0
1 0 0
0 0 0





=





i 0 0
0 −i 0
0 0 0



 +





−i 0 0
0 i 0
0 0 0





=





0 0 0
0 0 0
0 0 0



 = 0 4



[λ1 , λ3] =





0 1 0
1 0 0
0 0 0



 ·





1 0 0
0 −1 0
0 0 0



 −





1 0 0
0 −1 0
0 0 0



 ·





0 1 0
1 0 0
0 0 0





=





0 −1 0
1 0 0
0 0 0



 −





0 1 0
−1 0 0
0 0 0





=





0 −2 0
2 0 0
0 0 0



 = −2iλ2

{λ1 , λ3} =





0 1 0
1 0 0
0 0 0



 ·





1 0 0
0 −1 0
0 0 0



 +





1 0 0
0 −1 0
0 0 0



 ·





0 1 0
1 0 0
0 0 0





=





0 −1 0
1 0 0
0 0 0



 +





0 1 0
−1 0 0
0 0 0





=





0 0 0
0 0 0
0 0 0



 = 0

[λ1 , λ4] =





0 1 0
1 0 0
0 0 0



 ·





0 0 1
0 0 0
1 0 0



 −





0 0 1
0 0 0
1 0 0



 ·





0 1 0
1 0 0
0 0 0





=





0 0 0
0 0 1
0 0 0



 −





0 0 0
0 0 0
0 1 0





=





0 0 0
0 0 1
0 −1 0



 = iλ7

{λ1 , λ4} =





0 1 0
1 0 0
0 0 0



 ·





0 0 1
0 0 0
1 0 0



 +





0 0 1
0 0 0
1 0 0



 ·





0 1 0
1 0 0
0 0 0





=





0 0 0
0 0 1
0 0 0



 +





0 0 0
0 0 0
0 1 0





=





0 0 0
0 0 1
0 1 0



 = λ6 5



[λ1 , λ5] =





0 1 0
1 0 0
0 0 0



 ·





0 0 −i

0 0 0
i 0 0



 −





0 0 −i

0 0 0
i 0 0



 ·





0 1 0
1 0 0
0 0 0





=





0 0 0
0 0 −i

0 0 0



 −





0 0 0
0 0 0
0 i 0





=





0 0 0
0 0 −i

0 −i 0



 = −iλ6

{λ1 , λ5} =





0 1 0
1 0 0
0 0 0



 ·





0 0 −i

0 0 0
i 0 0



 +





0 0 −i

0 0 0
i 0 0



 ·





0 1 0
1 0 0
0 0 0





=





0 0 0
0 0 −i

0 0 0



 +





0 0 0
0 0 0
0 i 0





=





0 0 0
0 0 −i

0 i 0



 = λ7

[λ1 , λ6] =





0 1 0
1 0 0
0 0 0



 ·





0 0 0
0 0 1
0 1 0



 −





0 0 0
0 0 1
0 1 0



 ·





0 1 0
1 0 0
0 0 0





=





0 0 1
0 0 0
0 0 0



 −





0 0 0
0 0 0
1 0 0





=





0 0 1
0 0 0
−1 0 0



 = iλ5

{λ1 , λ6} =





0 1 0
1 0 0
0 0 0



 ·





0 0 0
0 0 1
0 1 0



 +





0 0 0
0 0 1
0 1 0



 ·





0 1 0
1 0 0
0 0 0





=





0 0 1
0 0 0
0 0 0



 +





0 0 0
0 0 0
1 0 0





=





0 0 1
0 0 0
1 0 0



 = λ4 6



[λ1 , λ7] =





0 1 0
1 0 0
0 0 0



 ·





0 0 0
0 0 −i

0 i 0



 −





0 0 0
0 0 −i

0 i 0



 ·





0 1 0
1 0 0
0 0 0





=





0 0 −i

0 0 0
0 0 0



 −





0 0 0
0 0 0
i 0 0





=





0 0 −i

0 0 0
−i 0 0



 = −iλ4

{λ1 , λ7} =





0 1 0
1 0 0
0 0 0



 ·





0 0 0
0 0 −i

0 i 0



 +





0 0 0
0 0 −i

0 i 0



 ·





0 1 0
1 0 0
0 0 0





=





0 0 −i

0 0 0
0 0 0



 +





0 0 0
0 0 0
i 0 0





=





0 0 −i

0 0 0
i 0 0



 = λ5

[λ1 , λ8] =





0 1 0
1 0 0
0 0 0



 ·





1 0 0
0 1 0
0 0 −2



 −





1 0 0
0 1 0
0 0 −2



 ·





0 1 0
1 0 0
0 0 0





=





0 1 0
1 0 0
0 0 0



 −





0 1 0
1 0 0
0 0 0





=





0 0 0
0 0 0
0 0 0



 = 0

{λ1 , λ8} =





0 1 0
1 0 0
0 0 0



 ·





1 0 0
0 1 0
0 0 −2



 +





1 0 0
0 1 0
0 0 −2



 ·





0 1 0
1 0 0
0 0 0





=





0 1 0
1 0 0
0 0 0



 +





0 1 0
1 0 0
0 0 0





=





0 2 0
2 0 0
0 0 0



 = 2λ1 7



[λ2 , λ3] =





0 −i 0
i 0 0
0 0 0



 ·





1 0 0
0 −1 0
0 0 0



 −





1 0 0
0 −1 0
0 0 0



 ·





0 −i 0
i 0 0
0 0 0





=





0 i 0
i 0 0
0 0 0



 −





0 −i 0
−i 0 0
0 0 0





=





0 2i 0
2i 0 0
0 0 0



 = 2iλ1

{λ2 , λ3} =





0 −i 0
i 0 0
0 0 0



 ·





1 0 0
0 −1 0
0 0 0



 +





1 0 0
0 −1 0
0 0 0



 ·





0 −i 0
i 0 0
0 0 0





=





0 i 0
i 0 0
0 0 0



 +





0 −i 0
−i 0 0
0 0 0





=





0 0 0
0 0 0
0 0 0



 = 0

[λ2 , λ4] =





0 −i 0
i 0 0
0 0 0



 ·





0 0 1
0 0 0
1 0 0



 −





0 0 1
0 0 0
1 0 0



 ·





0 −i 0
i 0 0
0 0 0





=





0 0 0
0 0 i

0 0 0



 −





0 0 0
0 0 0
0 −i 0





=





0 0 0
0 0 i

0 i 0



 = iλ6

{λ2 , λ4} =





0 −i 0
i 0 0
0 0 0



 ·





0 0 1
0 0 0
1 0 0



 +





0 0 1
0 0 0
1 0 0



 ·





0 −i 0
i 0 0
0 0 0





=





0 0 0
0 0 i

0 0 0



 +





0 0 0
0 0 0
0 −i 0





=





0 0 0
0 0 i

0 −i 0



 = −iλ7 8



[λ2 , λ5] =





0 −i 0
i 0 0
0 0 0



 ·





0 0 −i

0 0 0
i 0 0



 −





0 0 −i

0 0 0
i 0 0



 ·





0 −i 0
i 0 0
0 0 0





=





0 0 0
0 0 1
0 0 0



 −





0 0 0
0 0 0
0 1 0





=





0 0 0
0 0 1
0 −1 0



 = iλ7

{λ2 , λ5} =





0 −i 0
i 0 0
0 0 0



 ·





0 0 −i

0 0 0
i 0 0



 +





0 0 −i

0 0 0
i 0 0



 ·





0 −i 0
i 0 0
0 0 0





=





0 0 0
0 0 1
0 0 0



 +





0 0 0
0 0 0
0 1 0





=





0 0 0
0 0 1
0 1 0



 = λ6

[λ2 , λ6] =





0 −i 0
i 0 0
0 0 0



 ·





0 0 0
0 0 1
0 1 0



 −





0 0 0
0 0 1
0 1 0



 ·





0 −i 0
i 0 0
0 0 0





=





0 0 −i

0 0 0
0 0 0



 −





0 0 0
0 0 0
i 0 0





=





0 0 −i

0 0 0
−i 0 0



 = −iλ4

{λ2 , λ6} =





0 −i 0
i 0 0
0 0 0



 ·





0 0 0
0 0 1
0 1 0



 +





0 0 0
0 0 1
0 1 0



 ·





0 −i 0
i 0 0
0 0 0





=





0 0 −i

0 0 0
0 0 0



 +





0 0 0
0 0 0
i 0 0





=





0 0 −i

0 0 0
i 0 0



 = λ5 9



[λ2 , λ7] =





0 −i 0
i 0 0
0 0 0



 ·





0 0 0
0 0 −i

0 i 0



 −





0 0 0
0 0 −i

0 i 0



 ·





0 −i 0
i 0 0
0 0 0





=





0 0 −1
0 0 0
0 0 0



 −





0 0 0
0 0 0
−1 0 0





=





0 0 −1
0 0 0
1 0 0



 = −iλ5

{λ2 , λ7} =





0 −i 0
i 0 0
0 0 0



 ·





0 0 0
0 0 −i

0 i 0



 +





0 0 0
0 0 −i

0 i 0



 ·





0 −i 0
i 0 0
0 0 0





=





0 0 −1
0 0 0
0 0 0



 +





0 0 0
0 0 0
−1 0 0





=





0 0 −1
0 0 0
−1 0 0



 = −λ4

[λ2 , λ8] =





0 −i 0
i 0 0
0 0 0



 ·





1 0 0
0 1 0
0 0 −2



 −





1 0 0
0 1 0
0 0 −2



 ·





0 −i 0
i 0 0
0 0 0





=





0 −i 0
i 0 0
0 0 0



 −





0 −i 0
i 0 0
0 0 0





=





0 0 0
0 0 0
0 0 0



 = 0

{λ2 , λ8} =





0 −i 0
i 0 0
0 0 0



 ·





1 0 0
0 1 0
0 0 −2



 +





1 0 0
0 1 0
0 0 −2



 ·





0 −i 0
i 0 0
0 0 0





=





0 −i 0
i 0 0
0 0 0



 +





0 −i 0
i 0 0
0 0 0





=





0 −2i 0
2i 0 0
0 0 0



 = 2λ2 10



[λ3 , λ4] =





1 0 0
0 −1 0
0 0 0



 ·





0 0 1
0 0 0
1 0 0



 −





0 0 1
0 0 0
1 0 0



 ·





1 0 0
0 −1 0
0 0 0





=





0 0 1
0 0 0
0 0 0



 −





0 0 0
0 0 0
1 0 0





=





0 0 1
0 0 0
−1 0 0



 = iλ5

{λ3 , λ4} =





1 0 0
0 −1 0
0 0 0



 ·





0 0 1
0 0 0
1 0 0



 +





0 0 1
0 0 0
1 0 0



 ·





1 0 0
0 −1 0
0 0 0





=





0 0 1
0 0 0
0 0 0



 +





0 0 0
0 0 0
1 0 0





=





0 0 1
0 0 0
1 0 0



 = λ4

[λ3 , λ5] =





1 0 0
0 −1 0
0 0 0



 ·





0 0 −i

0 0 0
i 0 0



 −





0 0 −i

0 0 0
i 0 0



 ·





1 0 0
0 −1 0
0 0 0





=





0 0 −i

0 0 0
0 0 0



 −





0 0 0
0 0 0
i 0 0





=





0 0 −i

0 0 0
−i 0 0



 = −iλ4

{λ3 , λ5} =





1 0 0
0 −1 0
0 0 0



 ·





0 0 −i

0 0 0
i 0 0



 +





0 0 −i

0 0 0
i 0 0



 ·





1 0 0
0 −1 0
0 0 0





=





0 0 −i

0 0 0
0 0 0



 +





0 0 0
0 0 0
i 0 0





=





0 0 −i

0 0 0
i 0 0



 = λ5 11



[λ3 , λ6] =





1 0 0
0 −1 0
0 0 0



 ·





0 0 0
0 0 1
0 1 0



 −





0 0 0
0 0 1
0 1 0



 ·





1 0 0
0 −1 0
0 0 0





=





0 0 0
0 0 −1
0 0 0



 −





0 0 0
0 0 0
0 −1 0





=





0 0 0
0 0 −1
0 1 0



 = −iλ7

{λ3 , λ6} =





1 0 0
0 −1 0
0 0 0



 ·





0 0 0
0 0 1
0 1 0



 +





0 0 0
0 0 1
0 1 0



 ·





1 0 0
0 −1 0
0 0 0





=





0 0 0
0 0 −1
0 0 0



 +





0 0 0
0 0 0
0 −1 0





=





0 0 0
0 0 −1
0 −1 0



 = −λ6

[λ3 , λ7] =





1 0 0
0 −1 0
0 0 0



 ·





0 0 0
0 0 −i

0 i 0



 −





0 0 0
0 0 −i

0 i 0



 ·





1 0 0
0 −1 0
0 0 0





=





0 0 0
0 0 i

0 0 0



 −





0 0 0
0 0 0
0 −i 0





=





0 0 0
0 0 i

0 i 0



 = iλ6

{λ3 , λ7} =





1 0 0
0 −1 0
0 0 0



 ·





0 0 0
0 0 −i

0 i 0



 +





0 0 0
0 0 −i

0 i 0



 ·





1 0 0
0 −1 0
0 0 0





=





0 0 0
0 0 i

0 0 0



 +





0 0 0
0 0 0
0 −i 0





=





0 0 0
0 0 i

0 −i 0



 = λ7 12



[λ3 , λ8] =





1 0 0
0 −1 0
0 0 0



 ·





1 0 0
0 1 0
0 0 −2



 −





1 0 0
0 1 0
0 0 −2



 ·





1 0 0
0 −1 0
0 0 0





=





1 0 0
0 −1 0
0 0 0



 −





1 0 0
0 −1 0
0 0 0





=





0 0 0
0 0 0
0 0 0



 = 0

{λ3 , λ8} =





1 0 0
0 −1 0
0 0 0



 ·





1 0 0
0 1 0
0 0 −2



 +





1 0 0
0 1 0
0 0 −2



 ·





1 0 0
0 −1 0
0 0 0





=





1 0 0
0 −1 0
0 0 0



 +





1 0 0
0 −1 0
0 0 0





=





2 0 0
0 −2 0
0 0 0



 = 2λ3

[λ4 , λ5] =





0 0 1
0 0 0
1 0 0



 ·





0 0 −i

0 0 0
i 0 0



 −





0 0 −i

0 0 0
i 0 0



 ·





0 0 1
0 0 0
1 0 0





=





i 0 0
0 0 0
0 0 −i



 −





−i 0 0
0 0 0
0 0 i





=





2i 0 0
0 0 0
0 0 −2i



 = iλ3 + iλ8

{λ4 , λ5} =





0 0 1
0 0 0
1 0 0



 ·





0 0 −i

0 0 0
i 0 0



 +





0 0 −i

0 0 0
i 0 0



 ·





0 0 1
0 0 0
1 0 0





=





i 0 0
0 0 0
0 0 −i



 +





−i 0 0
0 0 0
0 0 i





=





0 0 0
0 0 0
0 0 0



 = 0 13



[λ4 , λ6] =





0 0 1
0 0 0
1 0 0



 ·





0 0 0
0 0 1
0 1 0



 −





0 0 0
0 0 1
0 1 0



 ·





0 0 1
0 0 0
1 0 0





=





0 1 0
0 0 0
0 0 0



 −





0 0 0
1 0 0
0 0 0





=





0 1 0
−1 0 0
0 0 0



 = iλ2

{λ4 , λ6} =





0 0 1
0 0 0
1 0 0



 ·





0 0 0
0 0 1
0 1 0



 +





0 0 0
0 0 1
0 1 0



 ·





0 0 1
0 0 0
1 0 0





=





0 1 0
0 0 0
0 0 0



 +





0 0 0
1 0 0
0 0 0





=





0 1 0
1 0 0
0 0 0



 = λ1

[λ4 , λ7] =





0 0 1
0 0 0
1 0 0



 ·





0 0 0
0 0 −i

0 i 0



 −





0 0 0
0 0 −i

0 i 0



 ·





0 0 1
0 0 0
1 0 0





=





0 i 0
0 0 0
0 0 0



 −





0 0 0
−i 0 0
0 0 0





=





0 i 0
i 0 0
0 0 0



 = iλ1

{λ4 , λ7} =





0 0 1
0 0 0
1 0 0



 ·





0 0 0
0 0 −i

0 i 0



 +





0 0 0
0 0 −i

0 i 0



 ·





0 0 1
0 0 0
1 0 0





=





0 i 0
0 0 0
0 0 0



 +





0 0 0
−i 0 0
0 0 0





=





0 i 0
−i 0 0
0 0 0



 = −λ2 14



[λ4 , λ8] =





0 0 1
0 0 0
1 0 0



 ·





1 0 0
0 1 0
0 0 −2



 −





1 0 0
0 1 0
0 0 −2



 ·





0 0 1
0 0 0
1 0 0





=





0 0 −2
0 0 0
1 0 0



 −





0 0 1
0 0 0
−2 0 0





=





0 0 −3
0 0 0
3 0 0



 = −i3λ5

{λ4 , λ8} =





0 0 1
0 0 0
1 0 0



 ·





1 0 0
0 1 0
0 0 −2



 +





1 0 0
0 1 0
0 0 −2



 ·





0 0 1
0 0 0
1 0 0





=





0 0 −2
0 0 0
1 0 0



 +





0 0 1
0 0 0
−2 0 0





=





0 0 −1
0 0 0
−1 0 0



 = −λ4

[λ5 , λ6] =





0 0 −i

0 0 0
i 0 0



 ·





0 0 0
0 0 1
0 1 0



 −





0 0 0
0 0 1
0 1 0



 ·





0 0 −i

0 0 0
i 0 0





=





0 −i 0
0 0 0
0 0 0



 −





0 0 0
i 0 0
0 0 0





=





0 −i 0
−i 0 0
0 0 0



 = −iλ1

{λ5 , λ6} =





0 0 −i

0 0 0
i 0 0



 ·





0 0 0
0 0 1
0 1 0



 +





0 0 0
0 0 1
0 1 0



 ·





0 0 −i

0 0 0
i 0 0





=





0 −i 0
0 0 0
0 0 0



 +





0 0 0
i 0 0
0 0 0





=





0 −i 0
i 0 0
0 0 0



 = λ2 15



[λ5 , λ7] =





0 0 −i

0 0 0
i 0 0



 ·





0 0 0
0 0 −i

0 i 0



 −





0 0 0
0 0 −i

0 i 0



 ·





0 0 −i

0 0 0
i 0 0





=





0 1 0
0 0 0
0 0 0



 −





0 0 0
1 0 0
0 0 0





=





0 1 0
−1 0 0
0 0 0



 = iλ2

{λ5 , λ7} =





0 0 −i

0 0 0
i 0 0



 ·





0 0 0
0 0 −i

0 i 0



 +





0 0 0
0 0 −i

0 i 0



 ·





0 0 −i

0 0 0
i 0 0





=





0 1 0
0 0 0
0 0 0



 +





0 0 0
1 0 0
0 0 0





=





0 1 0
1 0 0
0 0 0



 = λ1

[λ5 , λ8] =





0 0 −i

0 0 0
i 0 0



 ·





1 0 0
0 1 0
0 0 −2



 −





1 0 0
0 1 0
0 0 −2



 ·





0 0 −i

0 0 0
i 0 0





=





0 0 2i
0 0 0
i 0 0



 −





0 0 −i

0 0 0
−2i 0 0





=





0 0 3i
0 0 0
3i 0 0



 = i3λ4

{λ5 , λ8} =





0 0 −i

0 0 0
i 0 0



 ·





1 0 0
0 1 0
0 0 −2



 +





1 0 0
0 1 0
0 0 −2



 ·





0 0 −i

0 0 0
i 0 0





=





0 0 2i
0 0 0
i 0 0



 +





0 0 −i

0 0 0
−2i 0 0





=





0 0 i

0 0 0
−i 0 0



 = −λ5 16



[λ6 , λ7] =





0 0 0
0 0 1
0 1 0



 ·





0 0 0
0 0 −i

0 i 0



 −





0 0 0
0 0 −i

0 i 0



 ·





0 0 0
0 0 1
0 1 0





=





0 0 0
0 i 0
0 0 −i



 −





0 0 0
0 −i 0
0 0 i





=





0 0 0
0 2i 0
0 0 −2i



 = iλ8 − iλ3

{λ6 , λ7} =





0 0 0
0 0 1
0 1 0



 ·





0 0 0
0 0 −i

0 i 0



 +





0 0 0
0 0 −i

0 i 0



 ·





0 0 0
0 0 1
0 1 0





=





0 0 0
0 i 0
0 0 −i



 +





0 0 0
0 −i 0
0 0 i





=





0 0 0
0 0 0
0 0 0



 = 0

[λ6 , λ8] =





0 0 0
0 0 1
0 1 0



 ·





1 0 0
0 1 0
0 0 −2



 −





1 0 0
0 1 0
0 0 −2



 ·





0 0 0
0 0 1
0 1 0





=





0 0 0
0 0 −2
0 1 0



 −





0 0 0
0 0 1
0 −2 0





=





0 0 0
0 0 −3
0 3 0



 = −i3λ7

{λ6 , λ8} =





0 0 0
0 0 1
0 1 0



 ·





1 0 0
0 1 0
0 0 −2



 +





1 0 0
0 1 0
0 0 −2



 ·





0 0 0
0 0 1
0 1 0





=





0 0 0
0 0 −2
0 1 0



 +





0 0 0
0 0 1
0 −2 0





=





0 0 0
0 0 −1
0 −1 0



 = −λ617



[λ7 , λ8] =





0 0 0
0 0 −i

0 i 0



 ·





1 0 0
0 1 0
0 0 −2



 −





1 0 0
0 1 0
0 0 −2



 ·





0 0 0
0 0 −i

0 i 0





=





0 0 0
0 0 2i
0 i 0



 −





0 0 0
0 0 −i

0 −2i 0





=





0 0 0
0 0 3i
0 3i 0



 = i3λ6

{λ7 , λ8} =





0 0 0
0 0 −i

0 i 0



 ·





1 0 0
0 1 0
0 0 −2



 +





1 0 0
0 1 0
0 0 −2



 ·





0 0 0
0 0 −i

0 i 0





=





0 0 0
0 0 2i
0 i 0



 +





0 0 0
0 0 −i

0 −2i 0





=





0 0 0
0 0 i

0 −i 0



 = −λ7Ferner:
{λ1, λ1} =





2 0 0
0 2 0
0 0 0





{λ2, λ2} =





2 0 0
0 2 0
0 0 0





{λ3, λ3} =





2 0 0
0 2 0
0 0 0





{λ4, λ4} =





2 0 0
0 0 0
0 0 2





{λ5, λ5} =





2 0 0
0 0 0
0 0 2
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{λ6, λ6} =





0 0 0
0 2 0
0 0 2





{λ7, λ7} =





0 0 0
0 2 0
0 0 2





{λ8, λ8} =





2 0 0
0 2 0
0 0 8



Die Einträge ungleih 0 lauten also
f123 = 1 f147 = f165 = f246 = f257 = f345 = f376 =

1

2
f458 = f678 =

3

2

d146 = d157 = d256 = d344 = d355 = d377 =
1

2
d118 = d228 = d338 = 1

d247 = d366 = d448 = d558 = d668 = d778 = −
1

2b)Es sind folgende Identitäten zu zeigen:
1

2
(λ1 + iλ2) |G〉 = |R〉,

1

2
(λ1 − iλ2) |R〉 = |G〉

1

2
(λ4 + iλ5) |R〉 = |B〉,

1

2
(λ4 − iλ5) |B〉 = |R〉

1

2
(λ6 + iλ7) |G〉 = |B〉,

1

2
(λ6 − iλ7) |B〉 = |G〉wobei wir erkennen können, dass die Operatoren vor den Eigenvektoren Auf- bzw. Ab-steigeoperatoren darstellen. Wir berehnen explizit, wobei |R〉 = (1, 0, 0), |G〉 = (0, 1, 0)und |B〉 = (0, 0, 1) gilt:

1

2
(λ1 + iλ2) |G〉 =

1

2









0 1 0
1 0 0
0 0 0



 + i





0 −i 0
i 0 0
0 0 0













0
1
0





=





0 1 0
0 0 0
0 0 0









0
1
0



 =





1
0
0



 = |R〉
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1

2
(λ1 − iλ2) |R〉 =

1

2









0 1 0
1 0 0
0 0 0



 − i





0 −i 0
i 0 0
0 0 0













1
0
0





=





0 0 0
1 0 0
0 0 0









1
0
0



 =





0
1
0



 = |G〉

1

2
(λ4 + iλ5) |B〉 =

1

2









0 0 1
0 0 0
1 0 0



 + i





0 0 −i

0 0 0
i 0 0













0
0
1





=





0 0 1
0 0 0
0 0 0









0
0
1



 =





1
0
0



 = |R〉

1

2
(λ4 − iλ5) |R〉 =

1

2









0 0 1
0 0 0
1 0 0



 − i





0 0 −i

0 0 0
i 0 0













1
0
0





=





0 0 0
0 0 0
1 0 0









1
0
0



 =





0
0
1



 = |B〉

1

2
(λ6 + iλ7) |B〉 =

1

2









0 0 0
0 0 1
0 1 0



 + i





0 0 0
0 0 −i

0 i 0













0
0
1





=





0 0 0
0 0 1
0 0 0









0
0
1



 =





0
1
0



 = |G〉

1

2
(λ6 − iλ7) |G〉 =

1

2









0 0 0
0 0 1
0 1 0



 − i





0 0 0
0 0 −i

0 i 0













0
1
0





=





0 0 0
0 0 0
0 1 0









0
1
0



 =





0
0
1



 = |B〉D.h. wir �nden (wobei die Auf- und Absteiger auf dem Übungsblatt ansheinend falshangegeben waren für die 2. und 3. Zeile):
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1

2
(λ1 + iλ2) |G〉 = |R〉,

1

2
(λ1 − iλ2) |R〉 = |G〉

1

2
(λ4 − iλ5) |R〉 = |B〉,

1

2
(λ4 + iλ5) |B〉 = |R〉

1

2
(λ6 − iλ7) |G〉 = |B〉,

1

2
(λ6 + iλ7) |B〉 = |G〉

�
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