
Heiko Dumlich, Max Ho�mann 13. Mai 20073 Übungsblatt Theoretische Physik V3.1 (Lorentz-Gruppe)Die Basisgeneratoren Lαβ der Lorentz-Gruppe sind im Minkowski-Raum durch die Dar-stellungsmatrizen
(

Lαβ
)µ

ν = i
(

gαµgβ
ν − gβµgα

ν

) (1)gegeben.a)Es ist zu zeigen, dass die Symmetrieeigenschaften gelten:
(

Lαβ
)µ

ν +
(

Lαβ
)

ν

µ = 0 (2)
(

Lαβ
)µ

ν +
(

Lβα
)µ

ν = 0 (3)Wir überprüfen durch einsetzen von (1) in (2) bzw. (3):
(2) : i

(

gαµgβ
ν − gβµgα

ν

)

+ i
(

gα
νg

βµ
− gβ

νgαµ
)

= 0
(

gαµgβ
ν − gβ

νg
αµ

)

︸ ︷︷ ︸

=0

+
(

gα
νg

βµ
− gβµgα

ν

)

︸ ︷︷ ︸

=0

= 0und
(3) : i

(

gαµgβ
ν − gβµgα

ν

)

+ i
(

gβµgα
ν − gαµgβ

ν

)

= 0
(

gαµgβ
ν − gαµgβ

ν

)

︸ ︷︷ ︸

=0

+
(

gβµgα
ν − gβµgα

ν

)

︸ ︷︷ ︸

=0

= 0.

�und der Kommutator der Basisgeneratoren zu veri�zieren:
[

Lαβ, Lγδ
]

= i
(

gαδLβγ + gβγLαδ
− gαγLβδ

− gβδLαγ
)

. (4)Wir berechnen den Kommutator:
[

Lαβ, Lγδ
]

= LαβLγδ
− LγδLαβ .
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Wir betrachten das Element µν des Kommutators:
[

Lαβ , Lγδ
]µ

ν
=

(

Lαβ
)µλ (

Lγδ
)

λν
−

(

Lγδ
)µλ (

Lαβ
)

λν

= (ii)
(

gaµgβλ
− gβµgαλ

) (

g
γ
λgδ

ν − gδ
λgγ

ν

)

− (ii)
(

gγµgδλ
− gδµgγλ

) (

gα
λgβ

ν − g
β
λgα

ν

)

= −

(

gaµgβγgδ
ν − gαµgβδgγ

ν − gβµgαγgδ
ν + gβµgαδgγ

ν

)

+
(

gγµgδαgβ
ν − gγµgδβgα

ν − gδµgγαgβ
ν + gδµgγβgα

ν

)

= gβγ
(

gδµgα
ν − gαµgδ

ν

)

− gβδ (gγµgα
ν − gαµgγ

ν )

−gαγ
(

gδµgβ
ν − gβµgδ

ν

)

+ gαδ
(

gβµgγ
ν − gγµgβ

ν

)

= i
(

gβγLαδ
− gβδLaγ

− gαγLβδ + gαδLβγ
)µ

ν

�b)Die Basisgeneratoren können in zwei Klassen eingeteilt werden:
Mk = L0k (5)
Lk =

1

2
εklmLlm (6)Es sind folgende Kommutatoren zu veri�zieren:

[Li, Lj ] = iεijkLk (7)
[Li,Mj ] = iεijkMk (8)
[Mi,Mj ] = −iεijkLk (9)Wir setzen (6) in (7) ein und erhalten:

[Li, Lj ] =
1

4

[

εiαβLαβ, εjγδL
γδ

]

=
1

4
εiαβεjγδ

[

LαβLγδ
− LγδLαβ

]

=
1

4
εiαβεjγδ

[

Lαβ, Lγδ
]Einsetzen von (4) liefert:

[Li, Lj ] =
1

2
iεiαβ

1

2
εjγδ

(

gαδLβγ + gβγLαδ
− gαγLβδ

− gβδLαγ
)

= iεijkLkWir de�nieren folgende Darstellungen 2



L1 =







0 0 0 0
0 0 0 0
0 0 0 −i

0 0 i 0







L2 =







0 0 0 0
0 0 0 i

0 0 0 0
0 −i 0 0







L3 =







0 0 0 0
0 0 −i 0
0 i 0 0
0 0 0 0







M1 =







0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0







M2 =







0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0







M3 =







0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0





und rechnen damit nach

[L1, L2] =







0 0 0 0
0 0 0 0
0 0 0 −i

0 0 i 0













0 0 0 0
0 0 0 i

0 0 0 0
0 −i 0 0







−







0 0 0 0
0 0 0 i

0 0 0 0
0 −i 0 0













0 0 0 0
0 0 0 0
0 0 0 −i

0 0 i 0







=







0 0 0 0
0 0 0 0
0 −1 0 0
0 0 0 0







−







0 0 0 0
0 0 −1 0
0 0 0 0
0 0 0 0







=







0 0 0 0
0 0 1 0
0 −1 0 0
0 0 0 0







= i







0 0 0 0
0 0 −i 0
0 i 0 0
0 0 0 0







= iL3

[L2, L3] =







0 0 0 0
0 0 0 i

0 0 0 0
0 −i 0 0













0 0 0 0
0 0 −i 0
0 i 0 0
0 0 0 0







−







0 0 0 0
0 0 −i 0
0 i 0 0
0 0 0 0













0 0 0 0
0 0 0 i

0 0 0 0
0 −i 0 0







=







0 0 0 0
0 0 0 0
0 0 0 0
0 0 −1 0







−







0 0 0 0
0 0 0 0
0 0 0 −1
0 0 0 0







=







0 0 0 0
0 0 0 0
0 0 0 1
0 0 −1 0







= i







0 0 0 0
0 0 0 −i

0 0 i 0
0 0 0 0







= iL1

[L3, L1] =







0 0 0 0
0 0 −i 0
0 i 0 0
0 0 0 0













0 0 0 0
0 0 0 0
0 0 0 −i

0 0 i 0







−







0 0 0 0
0 0 0 0
0 0 0 −i

0 0 i 0













0 0 0 0
0 0 −i 0
0 i 0 0
0 0 0 0
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=







0 0 0 0
0 0 0 −1
0 0 0 0
0 0 0 0







−







0 0 0 0
0 0 0 0
0 0 0 0
0 −1 0 0







=







0 0 0 0
0 0 0 −1
0 0 0 0
0 1 0 0







= i







0 0 0 0
0 0 0 i

0 0 0 0
0 −i 0 0







= iL2

[L1,M2] =







0 0 0 0
0 0 0 0
0 0 0 −i

0 0 i 0













0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0







−







0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0













0 0 0 0
0 0 0 0
0 0 0 −i

0 0 i 0







=







0 0 0 0
0 0 0 0
0 0 0 0
i 0 0 0







−







0 0 0 −i

0 0 0 0
0 0 0 0
0 0 0 0







=







0 0 0 i

0 0 0 0
0 0 0 0
i 0 0 0







= iM3

[L2,M3] =







0 0 0 0
0 0 0 i

0 0 0 0
0 −i 0 0













0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0







−







0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0













0 0 0 0
0 0 0 i

0 0 0 0
0 −i 0 0







=







0 0 0 0
i 0 0 0
0 0 0 0
0 0 0 0







−







0 −i 0 0
0 0 0 0
0 0 0 0
0 0 0 0







=







0 i 0 0
i 0 0 0
0 0 0 0
0 0 0 0







= iM1

[L3,M1] =







0 0 0 0
0 0 −i 0
0 i 0 0
0 0 0 0













0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0







−







0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0













0 0 0 0
0 0 −i 0
0 i 0 0
0 0 0 0







=







0 0 0 0
0 0 0 0
i 0 0 0
0 0 0 0







−







0 0 −i 0
0 0 0 0
0 0 0 0
0 0 0 0







=







0 0 i 0
0 0 0 0
i 0 0 0
0 0 0 0







= iM2

[M1,M2] =







0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0













0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0







−







0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0













0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0
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=







0 0 0 0
0 0 1 0
0 0 0 0
0 0 0 0







−







0 0 0 0
0 0 0 0
0 1 0 0
0 0 0 0







=







0 0 0 0
0 0 1 0
0 −1 0 0
0 0 0 0







= −iL3

[M2,M3] =







0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0













0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0







−







0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0













0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0







=







0 0 0 0
0 0 0 0
0 0 0 1
0 0 0 0







−







0 0 0 0
0 0 0 0
0 0 0 0
0 0 1 0







=







0 0 0 0
0 0 0 0
0 0 0 1
0 0 −1 0







= −iL1

[M3,M1] =







0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0













0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0







−







0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0













0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0







=







0 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0







−







0 0 0 0
0 0 0 1
0 0 0 0
0 0 0 0







=







0 0 0 0
0 0 0 −1
0 0 0 0
0 1 0 0







= −iL2
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