
Heiko Dumlich 14. November 20072 Exercise - Introduction to Group Theory2.1 (groups from adding or deleting a symmetry operati-on)
C3 plus i leads to S6 S6 minus i leads to C3 D3d minus S6 leads to D3

C3v plus i leads to D3h Td plus i leads to Oh S4 plus i leads to C4h

C5v plus σh leads to D5h C3 plus S6 leads to S6 C3h minus S6
5 leads to C3hLooking at C3h we don't �nd S6

5, that's why it won't change the point groupto subtract it. If we were meant to subtract S3
5 we get the point group C3.2.2 (Decomposition of the reducible representations of D4)

D4 E 2C4 C2 2C′

2
2C′′

2

Γ1 3 −1 −1 1 −1
Γ2 2 2 2 0 0
Γ3 8 0 0 0 0
Γ4 4 −2 0 −2 2We �rst have to check if the representations are reducible, therefore we checkthe condition for irreducible representations:
∑

R

χ [Γi (R)]
∗

χ [Γj (R)] = hδijwith i = j this leads to the condition:
∑

i

l2i = hwith li being the dimension of the i-th irreducible representation of a groupof order h. Using the character table of D4:
D4 E 2C4 C2 2C′

2
2C′′

2

A1 1 1 1 1 1
A2 1 1 1 −1 −1
B1 1 −1 1 1 −1
B2 1 −1 1 −1 1
E 2 0 −2 0 0we �nd the order of h:

∑

i

l2i = 12 + 12 + 12 + 12 + 22 = 8 = hTherefore the representation will be reducible if ∑
i l2i = 8.1



Γ1 : 1 · |3|2 + 2 · |−1|2 + 1 · |−1|2 + 2 · |1|2 + 2 · |−1|2 = 16 > 8, reducible
Γ2 : 1 · |2|

2
+ 2 · |2|

2
+ 1 · |2|

2
+ 2 · |0|

2
+ 2 · |0|

2
= 16 > 8, reducible

Γ3 : 1 · |8|
2
+ 2 · |2|

2
+ 1 · |0|

2
+ 2 · |0|

2
+ 2 · |0|

2
= 72 > 8, reducible

Γ4 : 1 · |4|
2

+ 2 · |−2|
2
+ 1 · |0|

2
+ 2 · |−2|

2
+ 2 · |2|

2
= 40 > 8, reducibleWe can now decompose the reducible representations using the formula:

mi =
1

h

∑

i

ciχ [Γi (R)]∗ χ [Γi (R)]wheremi stands for the irreducible representations (m1 = A1, m2 = A2, m3 =
B1, m4 = B2, m5 = E). We now decompose, starting from Γ1:
A1 =

1

8
[1 · 1 · 3 + 2 · 1 · (−1) + 1 · 1 · (−1) + 2 · 1 · 1 + 2 · 1 · (−1)] =

1

8
(3 − 2 − 1 + 2 − 2) = 0

A2 =
1

8
[1 · 1 · 3 + 2 · 1 · (−1) + 1 · 1 · (−1) + 2 · (−1) · 1 + 2 · (−1) · (−1)] =

1

8
(3 − 2 − 1 − 2 + 2) = 0

B1 =
1

8
[1 · 1 · 3 + 2 · (−1) · (−1) + 1 · 1 · (−1) + 2 · 1 · 1 + 2 · (−1) · (−1)] =

1

8
(3 + 2 − 1 + 2 + 2) = 1

B2 =
1

8
[1 · 1 · 3 + 2 · (−1) · (−1) + 1 · 1 · (−1) + 2 · (−1) · 1 + 2 · 1 · (−1)] =

1

8
(3 + 2 − 1 − 2 − 2) = 0

E =
1

8
[1 · 2 · 3 + 2 · 0 · (−1) + 1 · (−2) · (−1) + 2 · 0 · 1 + 2 · 0 · (−1)] =

1

8
(6 + 2) = 1now Γ2:

A1 =
1

8
[1 · 1 · 2 + 2 · 1 · 2 + 1 · 1 · 2 + 2 · 1 · 0 + 2 · 1 · 0] =

1

8
(2 + 4 + 2 + 0 + 0) = 1

A2 =
1

8
[1 · 1 · 2 + 2 · 1 · 2 + 1 · 1 · 2 + 2 · (−1) · 0 + 2 · (−1) · 0] =

1

8
(2 + 4 + 2 + 0 + 0) = 1

B1 =
1

8
[1 · 1 · 2 + 2 · (−1) · 2 + 1 · 1 · 2 + 2 · 1 · 0 + 2 · (−1) · 0] =

1

8
(2 − 4 + 2 + 0 + 0) = 0

B2 =
1

8
[1 · 1 · 2 + 2 · (−1) · 2 + 1 · 1 · 2 + 2 · (−1) · 0 + 2 · 1 · 0] =

1

8
(2 − 4 + 2 + 0 + 0) = 0

E =
1

8
[1 · 2 · 2 + 2 · 0 · 2 + 1 · (−2) · 2 + 2 · 0 · 0 + 2 · 0 · 0] =

1

8
(4 + 0 − 4 + 0 + 0) = 0for Γ3:

A1 =
1

8
[1 · 1 · 8 + 2 · 1 · 0 + 1 · 1 · 0 + 2 · 1 · 0 + 2 · 1 · 0] =

1

8
(8 + 0 + 0 + 0 + 0) = 1

A2 =
1

8
[1 · 1 · 8 + 2 · 1 · 0 + 1 · 1 · 0 + 2 · (−1) · 0 + 2 · (−1) · 0] =

1

8
(8 + 0 + 0 + 0 + 0) = 1

B1 =
1

8
[1 · 1 · 8 + 2 · (−1) · 0 + 1 · 1 · 0 + 2 · 1 · 0 + 2 · (−1) · 0] =

1

8
(8 + 0 + 0 + 0 + 0) = 1

B2 =
1

8
[1 · 1 · 8 + 2 · (−1) · 0 + 1 · 1 · 0 + 2 · (−1) · 0 + 2 · 1 · 0] =

1

8
(8 + 0 + 0 + 0 + 0) = 1

E =
1

8
[1 · 2 · 8 + 2 · 0 · 0 + 1 · (−2) · 0 + 2 · 0 · 0 + 2 · 0 · 0] =

1

8
(16 + 0 + 0 + 0 + 0) = 22



and �nally Γ4:
A1 =

1

8
[1 · 1 · 4 + 2 · 1 · (−2) + 1 · 1 · 0 + 2 · 1 · (−2) + 2 · 1 · 2] =

1

8
(4 − 4 + 0 − 4 + 4) = 0

A2 =
1

8
[1 · 1 · 4 + 2 · 1 · (−2) + 1 · 1 · 0 + 2 · (−1) · (−2) + 2 · (−1) · 2] =

1

8
(4 − 4 + 0 + 4 − 4) = 0

B1 =
1

8
[1 · 1 · 4 + 2 · (−1) · (−2) + 1 · 1 · 0 + 2 · 1 · (−2) + 2 · (−1) · 2] =

1

8
(4 + 4 + 0 − 4 − 4) = 0

B2 =
1

8
[1 · 1 · 4 + 2 · (−1) · (−2) + 1 · 1 · 0 + 2 · (−1) · (−2) + 2 · 1 · 2] =

1

8
(4 + 4 + 0 + 4 + 4) = 2

E =
1

8
[1 · 2 · 4 + 2 · 0 · (−2) + 1 · (−2) · 0 + 2 · 0 · (−2) + 2 · 0 · 2] =

1

8
(8 + 0 + 0 + 0 + 0) = 1We can write this in short form:

Γ1 = B1 + E

Γ2 = A1 + A2

Γ3 = A1 + A2 + B1 + B2 + 2 · E

Γ4 = 2 · B1 + EThis �nally can be written in a nice matrixform of:
Γ1 Γ2 Γ3 Γ4

A1 0 1 1 0
A2 0 1 1 0
B1 1 0 1 0
B2 0 0 1 2
E 1 0 2 12.3 (Point groups of substituted cyclobutanes)a. CSb. C2vc. CSd. C2e. C2vf. C2hg. CSh. C4vi. D2hk. C2hl. D2dm. S2 3


