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We apply generic order parameter equations for the emergence of retinotopy between manifolds of different
geometry to one- and two-dimensional Euclidean and spherical manifolds. To this end we elaborate both
a linear and a nonlinear synergetic analysis which results in order parameter equations for the dynamics
of connection weights between two cell sheets. Our results for strings are analogous to those for discrete
linear chains obtained previously by Héaussler and von der Malsburg. The case of planes turns out to be
more involved as the two dimensions do not decouple in a trivial way. However, superimposing two modes
under suitable conditions provides a state with a pronounced retinotopic character. In the case of spherical
manifolds we show that the order parameter equations provide stable stationary solutions which correspond to
retinotopic modes. A further analysis of higher modes furnishes proof that our model describes the emergence
of a perfect one-to-one retinotopy between two spheres.

© 2007 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

1 Introduction

In a preceding paper [1] we have analyzed a general model for the formation of retinotopic projections
which is independent of geometry and dimension. In this paper we present applications of the general
model, viz Euclidean and spherical geometries in one and two dimensions. To put these investigations into
perspective we briefly recall their physiological motivations. But let us stress at the outset that our primary
objective is not the biological modelling of retinotopic projections but the systematic analysis of a particular
model thereof from a nonlinear dynamics point of view. In the course of ontogenesis of vertebrate animals
well-ordered neural connections are established between retina and tectum, a part of the brain which plays
an important role in processing optical information. At an initial stage of ontogenesis, the ganglion cells of
the retina have random synaptic contacts with the tectum. In the adult animal, however, neighbouring retinal
cells project onto neighbouring cells of the tectum [2]. A detailed analytical treatment by Hiussler and von
der Malsburg was able to describe the generation of such retinotopic states from an undifferentiated initial
state as a self-organization process [3]. In that work retina and tectum were treated as one-dimensional
discrete cell arrays. The dynamics of the connection weights between retina and tectum was assumed to be
governed by the Hiussler-von der Malsburg equations which are based on modelling the interplay between
cooperative and competitive interactions of the individual synaptic contacts. The nonlinear analysis was
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My

w(t,r)

Fig. 1 (online colour at: www.ann-phys.org) Retina and tectum are represented as manifolds Mg and
M, respectively, which are connected by positive connection weights w(t, ). The connectivity within
each manifold is represented by cooperativity functions cg(r, r’) and cr (¢,t').

performed using the methods of synergetics, which provides effective analytical methods to study self-
organization processes in complex systems [4,5].

Obviously, the description of cell sheets as linear chains with the same number of cells is an inadequate
approach to the real biological situation. In a preceding paper we generalized the underlying Haussler-von
der Malsburg equations to continuous manifolds of arbitrary geometry and dimension [1]. We performed
an extensive synergetic analysis of these generalized Héussler-von der Malsburg equations. The resulting
generic order parameter equations represented a central new result, and can now serve as a starting point to
analyze in detail the self-organized emergence of one-to-one mappings in cell arrays of different geometries.
A short review of our generalization of the Hiussler-von der Malsburg equations and the results of the
corresponding synergetic analysis is provided in Sect.2. In the subsequent two Sections we focus on one-
and two-dimensional Euclidean manifolds. We show in Sect. 3 that the treatment of strings yields results
which are analogous to those obtained for discrete linear chains in [3], i.e. our model includes the special
case discussed by Haussler and von der Malsburg. However, our synergetic analysis is more general. Instead
of discrete cell arrays with the same number of cells, we consider continuously distributed cells on strings
of different lengths [6]. Furthermore, we do not restrict our investigations to monotonically decreasing
cooperativity functions of strings. We investigate under what circumstances non-retinotopic modes become
unstable and destroy retinotopic order. We show in Sect.4 that our generic order parameter equations
also provide a suitable framework to describe the emergence of retinotopy between planes. For a certain
superposition of two modes we demonstrate that taking into account the contribution of the higher modes
leads to a sharpening of the retinotopic character of the projection between the two cell sheets. Finally,
we analyse in Sect.5 the formation of retinotopic projections for the biologically relevant situation of
spherical geometries, i.e. manifolds with positive constant curvature. It turns out that the case of spheres
exhibits remarkable similarities with the analysis of strings, especially regarding the generation of 1-1-
retinotopic projections.

2 The general model

To make the present paper self-contained, we briefly review the essential results of our general model for the
self-organized emergence of retinotopic projections between manifolds of different geometry in [1]. The
two cell sheets, retina and tectum, are represented by general manifolds M g and M, respectively. Every
ordered pair (¢, r) with t € My, r € Mg is connected by a connection weight w(t, r) as is illustrated in
Fig. 1. The equations of evolution of these connection weights are assumed to be given by a generalization
of the Hdussler-von der Malsburg equations

it = Serw) = S Lo g ) - S8 [ g, (M
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where the first term on the right-hand side describes cooperative synaptic growth processes and the other
terms stand for corresponding competitive growth processes. Here My , My denote the magnitudes of the
manifolds, the total growth rates are defined by

ft,r,w) =a+w(t,r) /dt’ /dr’cT(t,t') cr(r, 7wt r'), )

and « is the global growth rate of new synapses onto the tectum which represents the control parameter of
our system. The cooperativity functions cr(t,t’), cg(r,r’) represent the neural connectivity within each
manifold. We assume that they are positive, symmetric with respect to their arguments and normalized. The
cooperation strength depends on the distance between two points of the manifold. This requires a measure of
distance, i.e. metrics, which in turn define Laplace-Beltrami operators on the manifolds. Their eigenvalue
problems yield a complete orthonormal system . (t) , %, (r), and the generalized Hiussler-von der
Malsburg equations are most conveniently transformed to this new basis. For example, the cooperativity
functions are expanded in terms of these functions as follows:

=Y hatar (93, (1), Z Fantan (M)¥3, (1) . 3)

A1

The initial state of ontogenesis with randomly distributed synaptic contacts is described by the stationary
uniform solution of the generalized Hiussler-von der Malsburg equations wg(¢,7) = 1. Its stability is
analyzed by linearizing the Haussler-von der Malsburg equations (1) with respect to the deviation v(¢,r) =
w(t, ) — wo(t, ). The resulting linearized equations read ©(¢,) = L(¢, r,v) with the linear operator

L(t,r,v) = —aw(t, ) + /dt’ /dr’ er(t,t) er(r, ) v(t',r")

" 1 // 1 1
2MT/dt[ (t',r) /dt /dr er(t' ") er(r,r" ) v(t r)}

~ o, /dr [v (t,7") /dt” /dr” er(t,t") er(r', 7" v(t”, r”)] . 4)

The eigenvalue problem of the linear operator (4) is solved by the eigenfunctions

UXr AR (t,T) = ¢AT (t)¢AR(T) 5)

and the following spectrum of eigenvalues:

—a—1 )\T = )\R =0
Marxe =9 —a+ 3L -1 A =0 r#0Ar =0, 0 #0 (6)
—a+ fAT fAR otherwise.
The eigenvalue with the largest real part is given by Ap.x = —a+ f/\T% f /@?, where A%, A% denote all those

eigenvalues which could become unstable simultaneously. Thus, the instability takes place when the global
growth rate reaches its critical value oo = Re (f :{T f fR ).

The linear stability analysis motivates to treat the nonlinear Haussler-von der Malsburg equations (1) near

the instability by decomposing the deviation v (¢, ) = w(¢, ) —wo (¢, ) in unstable and stable contributions
according to v(t,r) = U(t,r) + S(t, r). With Einstein’s sum convention we have for the unstable modes

U(t,r) = Unpantoau (£)an (1), @)

www.ann-phys.org (© 2007 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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and, correspondingly,

S(t7 ’I“) = S/\TAR ’(/J)\T (t),(/J/\R (T) (8)

represents the contribution of the stable modes. Note that the summation in (8) is performed over all
parameters (Ap; Ar) except for (A; A%), i.e. from now on the parameters (Ar; Ar) stand for the stable
modes alone. With the help of the slaving principle of synergetics the original high-dimensional system can
be reduced to a low-dimensional one which only contains the unstable amplitudes. The general form of the
resulting order parameter equations is independent of the geometry of the problem and reads

. A’LL)A‘LL/A‘U. 1"
Ungage = Mg Ungngy + AN N0 Ungoag Ungog

w o oyu/yu i yu
/\T!)‘T )‘T )‘T

+B/\7%’/\7%/)‘E“/\7%W UA%’X}“%’ U)\?%II}\?}L%N U)\z%/ll)\z}%/// . (9)

It contains, as is typical, a linear, a quadratic, and a cubic term of the order parameters. The corresponding
coefficients can be expressed in terms of the expansion coefficients fy,., fi, of the cooperativity functions
(3) and integrals over products of the eigenfunctions ¢5 . (¢), P, (1):

A _ *
i@ am = /dm X)) Vao) (2) Yre (T) - oo (2), (10)
Joa@ . am = /dil? Ao (2) Yr () - Pyon (@) - (1D
The quadratic coefficients read
Au7)\u/)\u 1" A’u. )\/u.
Aka};,kg’)\é" - f)\flﬂ// f}ﬂé” I}\é{/)\%u IX;:’)\}‘{” B (12)
whereas the cubic coefficients are
g L Lo Sy nus J + Ik 5
P = — - w u I _— P P P u uw/ wuIr\Nuw 1 _— P u u /
)\1;%7)\1;.%/)\%//)\1;%/// 2 )\T AR MR )\%/)\1741//)\1741/// )\R)\R AR )\R MT )\1}43/)\11%//)\1;%/// )\T)\T
J I S N NI N NP I E A co SV NI N NUNNCEE N ¢
NN Ar JARr AR IR AL AT TN AR 9 \/m AT0 O ALY AR PYADYS
LI N R | YN
+ \/m ArO )\}‘%)\'I"%' (1+f>\T) A&/ A PNV SN RION I (13)

As is common in synergetics, the cubic coefficients (13) consist in general of two parts, one stemming from
the order parameters themselves and the other representing the influence of the center manifold H on the
order parameter dynamics according to

— [gATAR
S)\T)\R = HA})\}%,X’T‘;/A}%' UA;X}%UA%’)\E/ . (14)
Here the center manifold coefficients HyZ v2 ./, are defined by
T7R7T 7R

Iagr Pay

Az + Axuonw — Aoy

H)\T)\R

= I
AL AL\

IR
AL EXE N

1 1 N 1 N

_5 (\/MiTJA%)\%/Ig)\Elé)\TO—’—,\/MiRJ)\}J%)\E,I%TA%,éARO) . (]5)
The order parameter equations (9) for the generalized Haussler-von der Malsburg equations (1) can now
serve as a starting point for analysing the self-organized formation of retinotopic projections between
manifolds of different geometry.

(© 2007 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.ann-phys.org
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3 Strings

In this section we specialize the generic order parameter equations (9) to one-dimensional Euclidean mani-
folds of strings with different lengths L1 and L. We start with introducing the eigenfunctions in Sect.3.1.
In Sect.3.2 we observe that the quadratic term vanishes and derive selection rules for the appearance of
cubic terms. In this way we essentially simplify the calculation of order parameter equations as compared
with [3]. Furthermore, we show that the order parameter equations represent a potential dynamics, and
determine the underlying potential in Sect.3.3. A subsequent transformation from complex to real order
parameters in Sect. 3.4 leads to constant phase-shift angles. Thus, in Sect. 3.5 we reduce the order parameter
dynamics to two variables which correspond to the amplitudes of two diagonal modes. These two modes
compete with each other, until one of them vanishes. Within the potential picture this means that the stable
uniform state becomes unstable and the system settles in one of the two potential minima, as is discussed
in Sect. 3.7. After one of the diagonal modes has won, only such modes are excited which contribute to the
sharpening of the diagonal. Approximately solving the Héussler-von der Malsburg equations in Sect. 3.8
leads to the following scenario: Above a critical global growth rate «.. the uniform state wq(t,r) = 1 is
stable. By decreasing the control parameter «, the projection gets sharper and sharper. Finally, if there is no
global growth rate of new synapses any more, i.e. & = 0, the connection weights are given by Dirac’s delta
function. Thus, a perfect one-to-one retinotopic state is realized. We conclude this discussion of strings with
comparing our results with the corresponding analysis of discrete linear chains in Sect.3.9.

3.1 Eigenfunctions

The magnitudes of the manifolds M7 and My are given by My = L and M = Lg, respectively.
To avoid problems at the boundaries, we assume periodic boundary conditions, i.e. we consider retina and
tectum to be rings with circumferences L1 and Ly, respectively. The eigenvalue problem of the Laplace-
Beltrami operator for both manifolds reads

32
922 a(x) = xavva(z), (16)

with z = ¢, r, respectively. Using the boundary condition 1) (x) = 1 (x + L), this is solved by the eigen-
functions

1 2
a(z) = ﬁ exp (zf)@‘) , 17

where the eigenvalues are given by y, = —472\?/L?, with z € [0, L) and A\ = 0,41,42,.... Every
eigenvalue X, apart from the special case yo = 0, is two-fold degenerate. The eigenfunctions form a
complete orthonormal system:

L

Jarin@us@ =t 3 @) = e -a). (18)

0 A=—00

Note that the orthonormality relation in (18) follows directly by inserting (17), whereas the completeness
relation is proven by taking into account the Poisson formula [7]. The cooperativity functions only depend
on the distance, which is given by the Euclidean distance |z — 2’|, i.e. ¢(z, 2’) = ¢(x —z’). Their expansion
in terms of the eigenfunctions (17) corresponds to the Fourier series

c(ac—x’):% Z frexp {iQLﬂ)\(m—x’)] ) (19)

A=—00

The expansion coefficients f) are independent of the sign of the parameters A, i.e. fy = f_», as the
cooperativity functions are symmetric with respect to their arguments: c¢(x — z’) = ¢(a’ — ).

www.ann-phys.org (© 2007 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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3.2 Synergetic analysis

To specialize the order parameter equations (9) to the case of strings, we have to determine the integrals
(10) and (11) of products of eigenfunctions. With (17) we obtain

n—1
1
Ii\(l))\@),,,A(") = (\E) OND4AG) 4. £ AW A 5 (20)
1 n—2
Jmr@  am = VI OAD4A) .4 A 0 - 2D

From these results one can immediately read off the special cases

1 1
Ly = Vi Sxanrns IR amam = T Ovxrexrxs I = Ox - (22)

In (12) the first integral of (22) occurs only with unstable values of A. As they can only differ by their sign, it
follows X'+ )" % X.Thus, we have I:\\, v = 0,1.e. the quadratic term (12) in (9) vanishes: Aiiii,ii,, =0.
To arrive at a more concise representation, we split the cubic contribution in (9) in two terms according to

Azi"—, A%,A?]‘/—‘IIA%I,/
B)\E,)\E/)\%”AE/”U)‘;‘IA}L%I U/\v%///\v;%// U/\%///A/Iu{u/ = Kl’/\g‘)‘}‘% + KZ)\%)\% . (23)

The first term K takes into account the contribution of the order parameters themselves, while the second
term K5 represents the influence of the center manifold on the order parameter dynamics. Applying the
integrals (22) leads to selection rules for the appearance of cubic terms. It turns out that only those sums
lead to non-vanishing contributions where the sum of three unstable modes A e e coincides with
another unstable mode A . Thus, both for retina and tectum only the following combinations are allowed:
(N XY = (XA =X (A, =A% M) (=A%, A%, A%) . With this selection rule the first cubic
term is given by

Py I3
Kigap = = 1ot Uy Uy Uy i 8
LAEAR 2LrLg ARAR TAR AR T =ARAR

1"

u,’ ‘U,” u u
AR AR AR AR

—‘,—U ! uU w!! u//[] ! u//(s w! w!! w!!! u:| 24
T)\R )\T /\R )\T 7/\R )\T +)\T +)\T ’)\T ( )

and the second cubic term reads

H 1"

w’yu!! yu "
)‘,TAIR’)‘T /\R )‘T )‘R

— T ¢R T ¢R
Ko auxy = VIrLn UA;’,\;;{/ A UA;’”A;,"” {(f,\’TfA;% + fA;fA;)‘S,\;’JrXT,A;

1"

1 R T
XOr s~ 3 [(1 + 1800 x anOxp00xsxs (L4 S )00 30 3 Ox0030aa } } .25
The latter depends on the center manifold, which follows from (15), and (22) to be

T rR
f)\%f)\E

H/\TXR,X%”)\%”)\}I‘J”/\}‘%”/ = L L (ZAA A A)\ R ) |:5)‘}1L~”+)\}1L~/”7/\T5)‘1;3“+)\1}§”/7/\R
vVLrLR wAy — Aapag
1
_5 (6}\%//#7)\%1// 6}\?{//4"»)\%///’)\}?6)\,1—‘0 + 6)\?'{//,7)\7'&”, 5)\%,/+)\%/”,AT5)\RO> . (26)
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3.3 Complex order parameters

We can therefore conclude that the order parameter equations for strings have the form
U = hawrw (U, UY) @7
with the complex function
Paue (U, U*) = Ay xw Unenw + Ay Ufp; U_xz—aw +Baeay Une e U_yu e Uxe —xu . (28)

Here we have introduced the coefficients

. oy PN 2AR
Axpay = — 2— (29)
s LrLg ( 2A5uxn — Agau oan |

Bare = -1 |42 QP0 1)z 4 (PR —1)/2 30)
o LrLg 2M5uan — Aaxu o 2M5uan — Aoy
with the abbreviations Y% = fT' fF and y := M Ak = fAT% ff%% . Now we turn to the question

whether the order parameter equations (27) represent a potential dynamics. To this end we derived in [8] a
condition for the order parameter equations which allows one to conclude whether or not such a potential
exists. The potential criterion reads

Ohyuxy (U U™) ah:g»}g([]’ Ur) a1
PV O3

which is, indeed, fulfilled for (28). Furthermore, we derived in [8] the following conditions for determining
the underlying potential:

19V(U,U")

Ungag = — . (32)
2 U3, ,,
Integrating (32) yields the potential
VU, U") = =2Axzxy (UA;/\}QUf)\;f/\}g + UfA;A%UA;fA}%)
—Axpay (UAQ%A;UEA%A; + UEA%AﬁUf%fAss)
—2Bxuxy Unpaw U_xu—xu U_xuxu Unu _xu . (33)

3.4 Real order parameters

For technical purposes it has turned out to be useful to work with complex order parameters so far. However,
in order to investigate their contribution to a one-to-one mapping between the strings, we have to transform
them to real variables. We construct at first the real modes from the eigenfunctions (5), (17) of the linear
operator L according to

1 1 2w 27
CATAR(t7T) = 5 [UATAR(t7T) + ’U*/\T*)\R(tvr)] = \/ﬁ CO8 (LT)\Tt + LRART> ) (34)
1 . 27 27
S>\T)\R(t7r) = —5 [UAT)\R (t,?") —V-Xp—Agr (t,T)] = \/TTR S1n <LT)\Tt + _LRART) . (35)
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These two modes span a real subspace. If we set
a=pcosy, b=psing; p>0, e (—mnal, (36)
the following relation results:

2

T z/}) . (37)

2
acxean(t, ) +bsapag (t,7) = pcos (L At +
T

Thus, the subspace consists of all phase-shifted functions of pcy, .z, (¢, 7). Then the modes belonging to
the unstable eigenvalue (A}, A},) are given by the modes cxu xu (t,7) and cxu —\u (2, 7) as well as all phase-
shifted functions. Rewriting the unstable part (7)

U(t,r) = Unzawvauas (8,7) + U_xe_xuwv_xu_xu(t,7)
FUxs—an Az -2y (8,7) + U_xganv_xuay (¢,7) (38)
to real modes (34), (35), leads to
U(t,r) = ureawan (8,7) + uzsawaw (,7) + uzeaw —au (8,7) + ugsyw —au (t,7), 39)
with real variables wu;:
Unpay = (ur — tug)/2, U_xg—au = (ug + tug)/2,
Uns—xe = (u — tua) /2, U—_xsxs = (us + iug)/2. (40)

Inserting the transformations (40) into the complex potential (33), we obtain the following real potential

Ajuyu Axuu
V() = = =5 @ 4+ + ) — SEE [ 4 u3)” + (u + )]
Byuyu
- IR} ud) (o + ). @1

The corresponding equations of evolution for the real order parameters are determined from (41) according
to 4; = —0V (u;)/0u; . They read explicitly

U1 = |Axuay + ~i 2k (uf +u3) + i (u3 + “421) uy,
o = [Angag + 28 (02 +0) + 25 (03 4 08|
iy = [Aagy + Akiw“ (u5 +ul) + BA:IA% (3 +13)| s,
Uy = -Aw;a + AAiN;‘ (u3 +uf) + Bxix’% (uf + u%)- U . 42)

3.5 Constant phase shift angles

According to eq.(37) the unstable part (39) can be written as a superposition of two diagonal modes of
different orientation
2m 2m

2r ., w 2r ., “
U(t,r) = £ cos L—T)\Tt—i-L—R Rr—w}—l—ncos [LT)\Tt—LR Lr— @ (43)

(© 2007 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.ann-phys.org
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(/\11‘7)‘?{) = (171) (/\11‘7/\7[;’) (1771>

N
XN\
N
\\\;:il 5/

Fig.2 Diagonal modes of different orientation according to (43) for the case (A%, A%) = (1,1)and (1, —1),
respectively. Here the phase shifts are set to ¢ = ¢ = 0.

as is illustrated in Fig.2. With (36) and (37) we have u; = {cosy,us = €siny,us = ncosy,uy =
nsin ¢ . Then the amplitudes of the phase-shift diagonal modes read

E=\Jul+u3, n=/ui+ui (44)

and the phase angles are given by tan ¢ = w1 /us , tan ¢ = ug/u4 . From the order parameter equations (42)
it follows 11 /te = w1 /ug, U3/0s = ug/ug . Thus, performing a separation of variables and a subsequent
integration leads to the relation uy /us = const, ug/us = const. Consequently, the four real equations
(42) are reduced to two equations for the mode amplitudes & and #:

. A/\u}\u B}\u}\u
§=(A>\;A’;{+ LR ¢2 4 TRWQ)§7

4 4
. Axua By
n= (AA;A; + Z Lo? + Z = 52> (45)
The corresponding potential is
A)\u A\ A)\u A\ Bku A%
Vign) = -2 () - DR (g gty - 2Ry, (46)

Thus, we have reduced the four complex order parameter equations (27), (28) to two real order parameter
equations (45) with the potential (46).

3.6 Monotonous cooperativity functions

So far our considerations are valid for arbitrary unstable modes (A%, A\%) . According to the eigenvalue
spectrum (6) the unstable modes are determined by the expansion coefficients f) of the cooperativity
functions. We therefore derive in this subsection some basic properties of these coefficients. In particular,
we investigate the consequences of monotonically decreasing cooperativity functions for their expansion
coefficients fy. As c¢(x) is positive and normalized, we conclude |fy| < 1. Using the Euler formula, the
symmetry c(x) = ¢(—x), and integrating by parts, the expansion coefficients can be written in the form

L2

L 2

fr= -— / ¢'(z) sin (;)\aj> dz, 47)
0
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N
0

3

Fig. 3 (online colour at: www.ann-phys.org) The potential V' (&, n) according to eq. (49) with A > 0. The
originally stable state £ = 77 = 0 becomes unstable. The system settles into one of the two minima, i.e. one
of the two modes vanishes. The right plot shows the equipotential lines. Dark grey values correspond to small
values of the potential V.

which makes the symmetry f) = f_, manifest. If we assume monotonically decreasing cooperativity
functions, i.e. de/dx < 0 for x € [0, L/2], we obtain f; > 0. Furthermore, we can show that f; is the
largest expansion coefficient by considering the expression

L/2
fi—fi= - / c'(z) {sm (Lx> — 5 sin <L)\x>] dx . (48)
0

Because of ¢’(z) < 0 it follows indeed f; — fx > 0 VA # 0, +1. Together with | f5| < 1 the maximum
eigenvalue of (6) results to be Apax = —a + flT flR. Hence in this case there are four unstable modes
(A%, A%) = (1, +1), which corresponds to the result obtained in [3]. However, the most fundamental
insight of our more general analysis is that the real order parameter equations (45) are also valid in the case
where the cooperativity functions are not monotonic so that any mode (A}, A%,) can become unstable. It is
plausible that there is a pathological development in animals which corresponds to this case.

3.7 Potential properties

We now analyze the properties of the potential (46). For this purpose we restrict ourselves from now on to
the unstable modes (A}, A%,) = (£1, £1), whose indices will be discarded for the sake of simplicity. Then
the potential (46) reads

A A B
V(Em) = =5 (& +n’) = (€ +n') - 2, (49)

where the coefficients A, B follow from (29), (30) to be

___ " e e
A= LTLR <2 2A — A272 > ’ (50)
2,0 _ 0,2 _
g 0 [y 2t -D/2 v+ (y v/2) 51)
LTLR 2A — AQ’O 2A — AO’Q

From the condition VV = 0 we determine the extrema of V(£,n) and assign them to a minimum, a
maximum, or a saddle point. In the unstable region with A > 0 the potential V' (£, 1), which is depicted in
Fig.3, has
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e arelative maximum at P;(0,0),

e two relative minima at P (0, \/—4A/A) and P3(1/—4A/A,0),

e asaddle pointat Py(y/—4A/(A+ B),/—4A/(A+ B)).

In the stable region with A < 0 only the relative minimum £ = n = 0 does exist. Initially, the system is in
the stable uniform state wq(t, ) = 1. This state becomes unstable if the control parameter « is decreased
to the critical value a. = f{ f&. The eigenvalue A, = —a+ f f{¥ becomes positive, and the minimum
passes into a maximum. The system settles into one of the two equivalent minima, i.e. a symmetry breaking
takes place. Thereby the two modes compete with each other and, subsequently, one of the two modes
vanishes. Which of them vanishes depends on the initial conditions of £ and 7. If the condition (0) > £(0)
is fulfilled, the £-mode vanishes, and vice versa.

3.8 One-to-one retinotopy

In the following we assume that, according to the potential dynamics discussed above, only one of the two
modes remains. These two modes show a pronounced maximum for ¢ = —r and ¢ = r, respectively, as
is shown in Fig. 2. To assess the influence of higher modes, we calculate the center manifold S(U) for the
case £ = 0 and 1 # 0 and set u4 = 0 without loss of generality. Then it follows from (44) that n = us, and
we obtain for the unstable part (39)

2m 2m
U(t,r) = ncos (LTt— LRT) . (52)

With the center manifold (26) the stable part (8), (14) reads explicitly

2y 5 <47r 4 >
S\U) = cos | —t— —r| . 53
)= JTitn @A —hpa) Ly Ing 43

Thus, those modes are excited which strengthen the retinotopic character of the projection. With the help
of the complex modes it can be seen that this is also the case for higher modes, i.e. for (A%, A\};) = (1,1)
exclusively the modes (2, 2), (3, 3) etc. are excited, which are depicted in Fig.4. Therefore, we follow [3]
and use an ansatz which contains only diagonal modes and insert it into the Haussler-von der Malsburg
equations (1). If we restrict ourselves to special cooperativity functions, the resulting recursion relations can
be solved analytically by using the method of generating function. Note that our derivation of the solution
of the recursion relations corresponds to the gravitating chain in [3].

3.8.1 Recursion relations

Motivated by the above remarks we investigate the Haussler-von der Malsburg equations for strings with
the ansatz

w(t,r) = \/LTLR Z UJ)\’U)\’_)\(t,T), (54)

A=—00

where vy _x(t,7) is defined by (5) and (17). Thus, taking into account the decomposition (19) of the
cooperativity functions, the Haussler-von der Malsburg equations (1) can be written as

w(t,r) = —afw(t,r) — 1] + w(t,r)/LrLg Z wafy fFuxn a(t,r) — pw)w(t,r), (55)

A=—00
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(A, AR) = (3,3)

Fig. 4 Higher diagonal modes, which are excited by the unstable mode (A7, A%) = (1, 1) of Fig.2. They
amplify the retinotopic character of the (1, 1)-mode.

where we have introduced the abbreviation
A=—o00

Inserting the ansatz (54) into (55) and comparing the coefficients of the linearely independent functions
va,—a (¢, 7) yields

o = —[a + p(w)] (wo — 1), 67
Wy = — [a+ p(w)] wy + Z wr—jw; ] i, A#0. (58)
Jj=—0o0

As w(t,r) is positive [1], we obtain that p(w) > 0 and o + p(w) > 0. Therefore, the stationary state is
determined from (57) to be wg = 1.

3.8.2 Special cooperativity functions

We restrict our further considerations to the following form of the cooperativity functions (19): fo =
1,f1 #0,f; =0 for j # 0,+1. With the abbreviation y := f{ f{* the previous result (56) can be written
as p(w) = 1 + 2ywyw_1, so that the egs. (58) for the stationary case reduce to the recursion relation

(a4 2ywi)wy = ywi(wr—1 + wrs1), A#O0. (59)

3.8.3 Generating Function

To solve the recursion relation (59), we define the generating function

i wyz . (60)

A=—00

Multiplying (59) with 2* 4 2~* and performing the sum from A = 1 up to infinity yields to a linear algebraic
equation which is solved by

a
a+2yw? —ywy (z4+271)

B(z) = ©1)
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L wo (LT + L) ag < g <

Fig. 5 Decreasing the control parameter « to smaller val-
ues, we read off from (64) and (65) that the connection weight
converges to Dirac’s delta function (66).

O Li7'

Lr — In
To determine the coefficients wy we expand the generating function (61) into a Taylor series:

a - _ _
E(z)=-— ) Zz{‘(z)‘ +2 N1, Jal <zl <|a™t (62)
A=1

(o + 2yw?) w (21 — 27
with the abbreviations

1
T 2 21:%(14'\/1—4102). (63)

B o+ 2ywy

Comparing (62) with (60) by taking into account wy = 1 determines w; to be

wy = (64)

v
Thus, together with (63) it follows z; = w1, and the remaining coefficients turn out to be wy = w‘l’\l, which
is valid not only for A # 0 but also for A = 0 due to wy = 1.

3.8.4 Limiting cases

By inserting the latter result into (54) we obtain

2
1 —wy

'w(](t, 7") = (65)

1 — 2w cos (E—;t - z—’;r) +w?

For wy = 0 the stationary uniform state reduces to wq(t,r) = 1Vt € [0, Lr), r € [0, Lg). In the case
wy = 1,1.e. wy = 1 VA, we find with the help of the Poisson formula [7]

t r

Hence we have a situation which is illustrated in Fig. 5: If the control parameter « is in the neighborhood of v,
the connection weight is essentially uniform with a small maximum for ¢/ Lt = +r /L. Further decreasing
of o leads to a sharpening of the projection. In the case @ — 0 the projection becomes Dirac’s delta function,
i.e. a perfect one-to-one retinotopy is achieved. This means that the undifferentiated growth of new synaptic
contacts comes to an end when the ordered projection between retina and tectum is fully developed.
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Fig. 6 (online colour at: www.ann-phys.org) Bifurcation in the vicinity of the instability point for the linear
chain as analyzed in [3]. The quadratic arrangement of the two linear chains allows a concise representation
of the connection weights. Dark gray means high connection weights between the corresponding cells ¢ and
r. At the uniform initial state all connection weights are equal. The bifurcation drives the system into one of
the two possible states, which differ in their orientation. Decreasing the control parameter « to zero leads
to a one-to-one retinotopy. Instead of a delta function in the continuous case, here the retinotopic order is
described by Kronecker deltas.

3.9 Comparison with linear chains

Finally, we compare our results for strings with those of [3] where retina and tectum were treated as linear
chains consisting of N cells, respectively. In that reference, the order parameter equations read

Uij = [A — ’}/(2 — a)UijU,i,j + (4 b — b”)Ui,jU,ij}Uij 67)
with the abbreviations

2,2
a=-2FT" o

2,0 _ 0,2 _

Aso ’ Aoga

The comparison of the coefficients A, B according to (50), (51) with v(2 — a), v(4 — b’ — b"") exhibits two
differences: the factor 1/Lp L in A and B as well as the term 2A in the denominator. The absence of the
corresponding factor 1/N? in [3] stems from the circumstance that the eigenfunctions were not normalized
there. Physically more interesting is the appearance of the term 2A in the denominator of A, B. The reason
for this is that we have used the mathematically correct equation for determining the center manifold (15)
according to [1,9], whereas in [3] the center manifold is adiabatically approximated by S =0. However,
this ad-hoc method for implementing the adiabatic approximation, which is frequently used in the literature,
is only justified for real eigenvalues. As the eigenvalues of the strings are real, we deduce for the vicinity
of the instability point the relation A = —a + v = 0. Thus, the coefficients (50), (51) turn into those of [3]
and the adiabatic approximation S =0 can be applied here.

Furthermore, our results for the continuous case are analogous to the results for discrete cell arrays.
Also the transition to a perfect one-to-one retinotopy takes place in a corresponding way, as is illustrated in
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Fig. 6. Thus, we conclude that our geometry-independent model for the emergence of retinotopic projections
developed in [1] contains as a special case the results of [3]. In addition, we have extended the range of
validity, i.e. the domain around the instability with A = 0, where the order parameter equations represent
a quantitatively good approximation, as we have derived a more precise form of the center manifold (15).

4 Planes

In this section we extend our discussion to two dimensions where the cell sheets are assumed to be planes
of side lengths LT LT and LE, L¥, respectively. To obtain a consistent solution we assume again periodic
boundary conditions, i.e. the cell sheets are modelled as surfaces of tori. We start with presenting the linear
analysis in Sects.4.1 and 4.2. Afterwards, in Sects.4.3 and 4.4 it turns out that we have to calculate in
total sixteen order parameter equations where the quadratic term vanishes, as in the case of strings, and
where again selection rules reduce the number of cubic terms. This order parameter dynamics turns out to
be complicated as the two dimensions do not decouple in a trivial way. Therefore, we have to restrict our
analytical discussion of the order parameter dynamics to physiologically interesting special cases. If we set
all modes to zero except for one, we find retinotopy only in one dimension, which is shown in Sect.4.5. In
a next step we consider the superposition of two retinotopic modes and investigate the necessary conditions
for their coexistence. Such a situation occurs, for instance, when the cooperativity function of the tectum
is monotonically decreasing, whereas the cooperativity function of the retina is not monotonic. In Sect. 4.6
we show that taking into account the center manifold contribution or higher modes leads to a sharpening of
the retinotopic character of the projection between planar retina and tectum.

4.1 Eigenfunctions

In the following we consider both retina and tectum to be planes with side lenghts L; and L». The points
on the plane are represented by Cartesian coordinates © = (x1,22),21 € [0,L1), 22 € [0, L2). The
magnitude of the plane is given by M = L; L. The corresponding eigenvalue equation A (x) = x(z)
is solved for periodic boundary conditions, i.e. ¥;(x;) = ¥;(z; + L) by the complete orthonormal system
of eigenfunctions

1 A A

= 2 - 69

ale) = i exp fami (S5 - 222 (©9)
where A = (A1, \2). The cooperativity function c(x — ') is expanded according to (3) in this basis:
1 Al —21)  As(w —a5)

n—

clr —a') = Tl )\z}; T hs) €XP {2771 { I — T . (70)
1,72

Note that again the expansion coefficients f(, »,) of the cooperativity functions are independent of the signs
of the parameters A1, A2, as the cooperativity functions should be symmetric with respect to their arguments:
c(x — 2') = ¢(2’ — x). This requirement and the linear independence of the exponential functions leads to
Joau2e) = f(#21,4£2,). From now on we assume that the cooperativity functions decouple with respect to
the two dimensions: ¢(x — ') = ¢1(x1 — 2 )ca(x2 — 25). As the individual cooperativity functions can be
expanded according to

1 2w .
Cj(JJj - ,Tj) = L— Z'f)‘j exp |:ZL>\j(l‘j - l‘;):| , J= 1,27 (71)
J A J

the decoupling amounts to a factorization of the expansion coefficients: f(x, x,) = fx, f,. With this we
allow for both isotropic and certain anisotropic cooperativity functions. This is an interesting feature as it
is reasonable to assume that real cell sheets have a preferential direction.
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4.2 Instability point

We analyze which modes become unstable. According to (6) this depends on the expansion coefficients and
the maximum eigenvalues are given by Ajyu s = —a + fATT fﬁé. By doing so we require that all unstable
modes become unstable simultaneously. This requirement is due to the fact that the order parameter equations
should be approximately valid in the vicinity of the instability point. If the eigenvalues of the corresponding
unstable modes would differ significantly, the situation that all modes are in the unstable region would have
the consequence that the maximum eigenvalue would be larger than zero, i.e. far away from the instability
point. Thus, the order parameter equations would be no adequate approximation. Consequently, we only
: _ © oy ; T _ ¢T ¢R _
consider the case that Ayuxy = A)\%,/\% YAE, A%, M, A%, from which follows fA% = Fa f)\,ju;z =
/@%, VAL NL S A% However, it is possible that fAT% # ff%. From now on the unstable modes are

assumed to be given by
AY = (1,0),(-1,0),(0,1),(0,-1). (72)

This occurs, for instance, for monotonically decreasing cooperativity functions where we obtain the relation
> fI (A # 0,£1), by analogy with strings (see Sect.3.6). Then the maximum expansion coefficient
is given by fau = fowaw) = fazfoy for AY = 0,A5 = £1 and A} = £1,A\j = 0, respectively. Note,
however, that the unstable modes (72) could also arise for non-monotonic cooperativity functions as we
will see below.

4.3 Order parameter equations

We specialize the order parameter equations (9) to planes. At first we determine the integrals (10), (11) of
products of eigenfunctions (69), which read

. 1\ (D2
I{ae  am = <L1L2> N LA@ 4. 42 N (73)
1 (n—2)/2
Jwa@ . am = <L 7 ) I\ 4A@ 4. 42 0 - (74
1L

For the order parameter equations (9) we need in (12), (13), (15) the special cases

1 1

Iy = ——— ON NN s I sy = —— ON AN A7 N5 Iarar = Onr . (75)
AT m +A, PPN L1L2 +A+ ) s
Note that the unstable modes (72) have the property PN # A\“. Thus, the quadratic coefficient
(12) vanishes due to the first integral of (75): A:\\éj\\g,:\\ﬁ,, = 0. To yield a concise calculation of the

order parameter equations, we introduce modes \* which are complementary to the unstable modes \* by
permuting the two components:

- {(O,j:l) if A = (£1,0), (76)

AU =
(£1,0) if A% = (0,+1).

The integrals (75) involve selection rules for the appearance of cubic terms (13) which are analogous to
those for strings. This condition turns out to be A 2w A" = X for (72), which leads to the following
nine possibilities:

()\u’)/\u”’ /\u/”) = ()\u, /\u’ _)‘u)v ()\u’ _/\u7 )\u), (_)‘u’ )‘u? /\u)’ ()\u, ;\u’ _5\u)7 (j\u’ /\uv _S\u),
(%, =A%), (A, =X XYY, (=A% A AY), (=A% A, AY) . (77)
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In this way it can be shown that in total 14 possible cubic terms have to be taken into account. The resulting
order parameter equations read

U)\’j't)\lé = Cl(U)\;)\%)QUf)\;—/\';L + CQU)\%)\}%U,)\%)\I&U)\%,)\% + C;g[])\%)\'}'ﬁ2 (U;\%)\%Uij\%f)\ﬁ
+UK%—A%U—X%A;;) FeaUspng Ung 2 Uospng + osUnpag (UA%X%U—A%—X% +U—A%X%UA%—X%)
teeUxpa Ungsp Ung -3y + erUxniog (UX%X;U—X%—X; + UX%—X;U—X%X;@)

+es (UX%A;UA%X;UJ%J; U g Unixg Usy 3y

"‘US\;,\;&‘UA;J\%UfX;X’;{ + UfX;A’;%U,\;fﬂchf\gj;{) . (78)

The coefficients ¢;—cg are fully determined by the expansion coefficients f of the cooperativity functions
and the control parameter «, as is documented in [8].

4.4 Real variables

To investigate how the complex order parameters contribute to the one-to-one-retinotopy between the planes,
we have to transform them to real variables. To this end we introduce the transformation

ungy, = Unpag +Uxm—ng, ey = 4(Uasay — U_xuoan). (719)
Thus, with the help of the function

h %y Wy yu yu (U, V) = U )\ Uy yu! Uyu yu — UL Uyu/ yu! Uy yu!!
AT ARAT AR AT AR ( ’ ) Ar AR AT AR TAD AR N AR AT AR AT AR
FUNENGE Unw! nw Onu” xw” F UNENGE Upa! gu! Uyu?” yu” (80)

the complex order parameter equations (78) are transformed to real ones as follows:
- 2 2 2 2
Uxere = Upurw (€1 | URuyu + Vyu yu Co | Uxu_yu + Vyu_u
ABAYL = Uz { 1 ( Aaw + >\T,\R> + 2( Ae—aw ,\T—,\R>
2 2 2 2 2 2 2 2
e (W + 08 + 3y T 0Be ) o5 (s + R TR a R ag)

2 2 2 2
+c (ufu su T Vfusu +USu _5u + Viu fu)} + cehyu _yu yuye yu_xu (U, U
T\ TRy PYON =Xy, e =Xy 6N — A% ALY AL ,\R( ,v)

€8 [Pxu s xuaw yuxe (U, 0) + Axu _yu yuxe xu_3u (U, v
+ 8[ oaw xeaw auan (U V) +hxe _xw awxe xu 3w (U v)

Fhiu xu e 5w uaw (U V) + g _xw ae 3w Ko ke (U ”)] ) 81)

The equations for the amplitudes (VYA have an identical structure as they are obtained from (81) by
exchanging the variables v and v. It can be shown that the order parameter dynamics (81) is governed by
a potential [8]. However, as the corresponding expression for the potential is lengthy, we will not discuss
it here explicitly. Instead, we investigate different analytical cases which depend on the number of non-
vanishing modes. In particular, we are interested in the emergence of retinotopical ordered projections
between the planes.

4.5 Retinotopic projections: non-vanishing modes

We start with the assumption that only the amplitudes u;, v; of one mode are different from zero. We
consider the case j = 2, but the other cases yield analogous results. The unstable part (7) reads

. t1 ™ . tq (a1
U(t,r) = Uyg,—10€xXp [z27r (L{ - L?)} +U_10,10€xp {—z27r (LlT - L?)} , (82)
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which is equivalent to

t t
U(t,r) = ug cos [%(LIT —%)] + vg sin {27 (ﬁ‘%)} . (83)

The real order parameter equations (81) reduce to

¢ c
= Aus + Zlug(ug—i—vg), U9 = Avg + Zlvg(u%—i—v%). (84)

We obtain constant phase-shift angles, which was already discussed in the case of strings (see Sect. 3.5). With

= JuZ + vZitfollows £ = A&+ (¢1/4)€3. For the stationary case this leads to £ = 0 or £ = \/—4A/cy.
We are only interested in the case £ # 0. This case corresponds to a retinotopy between r; and ¢1, respec-
tively. Thus, we have a retinotopic order only in one dimension and not in the whole plane.

Now we examine the question, if two modes are able to generate a retinotopic state in the plane. As a

typical example we consider the case that us, vo as well as ug, vg remain. Thus, the unstable part (7) has
the complex decomposition

. t1 r1 . tq 1
U(t,r) = Ul().,fl() exp |:Z2’/T (D{ — [1{2>:| + Ufl(),l() exp |:_Z2’/T (E{ — [1{2>:|
FUtorexp |i2m (22 = 2V | £ Uy o exp | —iom (22— 12 (85)
_1€ex T = — —% _ Xp | —127 | —= — —=
01,0—1 €Xp LQT L§ 0—1,01 €XpP )

which due to (79) corresponds to the real decomposition

t t
U(t,r) = ug cos [27r (LlT - ;%)] + vg sin {27r (LIT - %)}

lo T2 . l2 2
~+ug cos {2# (Lg — [é%)] + vg sin {2% (Lg — L§>} . (86)

The real order parameter equations (81) read

:[A+%(U§+U§) U8+U8}U2,
c
v2=[A+Zl(u§+v§) }’Ug,
€1, 2 2
[A+4( +02) + +03)] s,
A+ 2 (] +v§)+ﬁ(u§+u§) vg . 87)
4

Again we obtain constant phase-shift angles. With the amplitudes £ = \/u3 +v3,n = /u + vZ the
following coupled equations result

é=(a+Ze+Tn)e, a=(A+Fr+ L) (83)

We investigate under which conditions the two retinotopic modes coexist. If £, # 0, we obtain from
€ = 1 = 0 the relation (£2 — n?)(c; — ¢7) = 0. As we should minimize the restrictions for the coefficients
c1, ¢7, we have in general ¢; # c7, so we conclude £ = 7. Inserting this result in (88) for the stationary
case leads to

4A
c14cr

(89)
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Fig.7 (online colour at: www.ann-phys.org) Cooperativity functions for retina and tectum according to the
special cases (92). The restriction to monotonically decreasing cooperativity functions has to be abandoned.

0 §

Fig. 8 (online colour at: www.ann-phys.org) The potential (90) for two coexistent retinotopic modes. Ac-
cording to (89) there is a maximum at £ = n = 0 and a minimum at & = 7. The right plot shows the
equipotential lines, which pronounces the extrema of V.

As the amplitudes &, have to be real and A > 0, the coefficients ¢y, c; have to fulfill the condition
c1 + ¢y < 0. Furthermore, we require that the coexistence of both modes is stable. To this end we consider
the potential

__é 2 2y G4 4y €742 2
VIEm) = =5 (& +n7) = o€ +n7) — &, (90)
which reproduces according to
§= Toe 0 T T Ty oD

the amplitude equations (88). A stable state corresponds to a minimum of the potential (90), which leads
to the condition ¢; < c7. With the explicit form of the coefficients c¢; and ¢; derived in [8] these consider-
ations lead to the result, that either v2%20 or 4!1:1! could vanish. If ¥29:20 = 0, the stability is guaranteed
by —5y1111/3 < 4 < =741 whereas 1! = (0 demands 57%020/3 < v < —2920, As an ex-
ample we consider the first case and assume a special form of the cooperativity functions (70) with the
expansion coefficients

Fho = foxr = fHho = foe = 0.1, fL,ﬂ =0.05, ffl,:l:l =-0.1, 92)
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Fig. 9 (online colour at: www.ann-phys.org) The contribution of the center manifold S(U) leads to a more
distinct concentration of the connection weight w(t,r) ~ 1+ U(t,r) + S(U(t,r)) around ¢t = r, as
compared with the approximation w(t,r) = 1+ U(t, 7).

thus it follows v = 0.01 and v'1'!! = —0.005. However, although the cooperativity function of the tectum
is monotonically decreasing, the cooperativity function of the retina is not monotonic in this case, as is
illustrated in Fig. 7. The corresponding potential (90) is shown in Fig. 8.

4.6 Center manifold

In the next step we analyze the influence of the center manifold S (U ) for the special case (92). The connection
weight can be represented as w(t,r) = 1+ U(t,r) + S(U(t,r)) (see Sect.2). Using the relations (14)
and (15) the stable part is approximated in the second order. We rewrite the result to real variables and
eigenfunctions, where we set L™ = L2"® = 2. In this way we compare U (, ) with U (t,7) + S(U(t, 7))
in Fig.9. It is evident that the retinotopic projection gets sharper due to the contribution of the center
manifold, i.e. the projection is maximal around the point ¢ = r. This corresponds to the situation found in
the case of linear strings; the contribution of the higher modes have the tendency to support the emergence
of retinotopic order.

5 Spheres

In this Section we apply our general model [1] again to projections between two-dimensional manifolds.
Now, however, we consider manifolds with constant positive curvature. Typically, the retina represents
approximately a hemisphere, whereas the tectum has an oval form [2,8]. Thus, it is biologically reasonable
to model both cell sheets by spherical manifolds. Without loss of generality we assume that the two cell
sheets for retina and tectum are represented by the surfaces of two unit spheres, respectively. Thus, in
our model, the corresponding continuously distributed cells are represented by unit vectors 7 and . Every
ordered pair (#,7) is connected by a positive connection weight w(Z,#) as is illustrated in Fig. 10. The
generalized Héussler-von der Malsburg equations (1) for these connection weights are specified as follows

w(t,7) = fE 7 w) — w(&rr) /th, F@E 7 w) — wg:) /dQT/ FE, 7 w), (93)

where the total growth rate is defined by

ft, 7, w)=a+ w(A, 7) /th/ /dQT/cT(f . f’) GRS w(f’, 7). (94)

The integrations in (93) and (94) are performed over all points #, 7 on the spheres, where d);, dS), represent
the differential solid angles of the corresponding unit spheres. Note that the factors 87 in eq. (93) are twice the
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Fig. 10 The cells of retina and tectum,
which are assumed to be continuously dis-
tributed on unit spheres, are represented by
their unit vectors # and #, respectively. The
two cell sheets are connected by positive con-
retina tectum nection weights w(E, 7).

measure of the unit sphere. After discussing the linear stability analysis around the homogeneous solution of
the generalized Héussler-von der Malsburg equations (93) in Sect. 5.1, we perform the nonlinear synergetic
analysis in Sect. 5.2, which yields the underlying order parameter equations in the vicinity of the bifurcation.
As in the case of Euclidean manifolds, we show that they have no quadratic terms, represent a potential
dynamics, and allow for retinotopic modes. In Sect.5.3 we include the influence of higher modes upon
the connection weights, which leads to recursion relations for the corresponding amplitudes. If we restrict
ourselves to special cooperativity functions, the resulting recursion relations can be solved analytically by
using again the method of generating functions, which was already applied in the case of strings. As a result
of our analysis we obtain a perfect one-to-one retinotopy if the global growth rate « is decreased to zero.

5.1 Linear analysis

According to the general reasoning in [1] we start with fixing the metric on the manifolds and determine the
eigenfunctions of the corresponding Laplace-Beltrami operator. Afterwards, we expand the cooperativity
functions with respect to these eigenfunctions and perform a linear analysis of the stationary uniform state.

5.1.1 Laplace-Beltrami operator

For the time being we neglect the distinction between retina and tectum, because the following considerations
are valid for both manifolds. Using spherical coordinates, we write the unit vector on the sphere as & =
(sin ¥ cos ¢, sin ¥ sin ¢, cos ). The Laplace-Beltrami operator for the sphere has the well-known form

1 0 0 1 92
Ayp=—— = |sind— —— 95
72 = Sing 00 (“n &9) T 9 92 ©)
whose eigenfunctions are known to be given by spherical harmonics Y;,, (%), i.e.

Aﬁ,qj Ylm('i) = _l(l + 1)Ylm(i‘) ) (96)

which form a complete orthonormal system on the unit sphere.

5.1.2 Cooperativity functions

The argument of the cooperativity functions ¢(& - 2) is the scalar product & - &’ which takes values between
—1 and +1. Therefore the cooperativity functions can be expanded in terms of Legendre functions P;(&-1'),
which form a complete orthogonal system on this interval [10, 7.221.1]:

oo

20+1
(i)=Y T fiRE ). ©7)
=0
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Using the Legendre addition theorem [13] we arrive, for each manifold, at the expansion (3)

) L o] l

er(t-1) =" > fIYIOYLA), er(-#) =3 Y FYLEYVEE). 98)
L=0M=—-L =0 m=—1

Note that the normalization of the cooperativity functions and the orthonormality relations lead to the

constraints fI = fff = 1.

5.1.3 Eigenvalues

According to Sect.2, a linear stability analysis around the stationary uniform state leads to the eigenvalue
problem of the linear operator (4). It has the eigenfunctions vM™ (£, #) = Y1, ,(£ )Y, (#) and the spectrum
of eigenvalues (6). By changing the uniform growth rate v in a suitable way, the real parts of some eigenvalues
(6) become positive and the system can be driven to the neighborhood of an instability. Which eigenvalues
(6) become unstable in general depends on the respective values of the given expansion coefficients f7,
f{%. If we assume monotonically decreasing expansion coefficients f7, f/, i.e.

l=fo=fl2f>..20 1=fi>2f>f>...2>0, (99)
the maximum eigenvalue in (6) is given by A = AM™ = —a + fI f. Thus, the instability occurs

when the global growth rate reaches its critical value a.. = f{ f{¥. At this instability point all nine modes
with (L*,{*) = (1,1) and M* = 0,41, m™ = 0,£1 become unstable, where we have introduced the
index u for the unstable modes.

5.2 Nonlinear analysis

In this subsection we specialize the generic order parameter equations of [1] to unit spheres. We observe that
the quadratic term vanishes and derive selection rules for the appearance of cubic terms. Furthermore, we
essentially simplify the calculation of the order parameter equations by taking into account the symmetry
properties of the cubic terms. We show that the order parameter equations represent a potential dynamics,
and determine the underlying potential.

5.2.1 General structure of order parameter equations
The expansion of the unstable modes (7) reads U (£, #) = UM "™ Y/} . (£ )Y{,. (7 ) and, correspondingly,
the contribution of the stable modes (8) is given by S(f,7) = SM™Y[T, (£)Y;E (7). Note that the latter
summation is performed over all parameters (L,[) except for (L*,1*) = (1,1), i.e. from now on the
parameters (L, ) stand for the stable modes alone. The resulting order parameter equations (9) read

ultl u/ u

U]\ m¥’ UMu,//m

. u u/’
UA 71,mu _ A UM’U,m’u, + Am ’m m wrr
= M, M/ M
’ ull’ wrr

muymulmu 'm, MY my’ MY My
+BM'U.7J\/[ul]\/I’u./IM'u,///U m U m U m . (100)

With the integrals (10)

(1),,(2) (n) ~ A - 2,
ey e = /de Y (2) Yoy i) (2) Vi) 2 () -+ Yo e (2) (101)

D@ () . . R
l(ni)l(glml{;{)m = /dQ$ )fl(l)m(l)(x) Y}(z) m2) (.T) . Yi(n)m(n)(aj) (102)
u u/ wll u u/ ulr u u/’ wll
the quadratic coefficients (12) read A7yt v = f R LMV o lm ™ m™ Whereas the cubic
coefficients (13) are

wrr, o wlll

BTYL”,WLu/mu”WLuW —_ifoR iju,Mu/Mu//Mu/// Jmu”m Im“,m“'m m
Mu Mw! Mw! Muw' = 87 1J1 1,111 m¥m*’ J1 1 1,111

wrrr
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MU e T rR T R Mu,Mu'M m“',m“"m ]_
X Oppungur JM )+{{fL FR 4 fTf }IML L™ = 177 Broduodarear

R muymu/m T Mu,MU/,Al J\/]m71\4u//m1b//z‘/j’u///m’u///
x (1+fl )Iw +010 OB (14 1) 1ML Jog C o (103)
. . Z\/I M'U/ 'U/M'll/ w/’
The center manifold coefficients H,, ™" ™ ™" read
w_wpgul,wl TfR w s w, ur 1 . 4 wr,wrr
HMm,M m*M* ' m* 1J1 M,M*M Jmemtm*t (JM“]L[’“Im,m m 6L0
Ll 9N — Ay, | Bl 111 1/r 1 111
u u/’ M’J\IUM'U//
M 510)] . (104)

5.2.2 Integrals

amem'm” pmem'm” pmom m m’”
e T T

For the first integral one easily obtains .J. {’{/m” = (—l)mldmg,mn. Integrals over three and four spherical
harmonics can be calculated using the Wigner-Eckart-theorem,

The order parameter equations contain the following integrals: J{’}/m

20+ 1)(20" +1
I :\/( 4?(2)5(+1)+ ) o007, 00,0) C( ! 1 |1 m) (105)

whence for I’ = [ = 1 it follows

’o 1 3
™ = = C(1,0,1,0]1,0) C(1,m/, 1,m"|l,m). (106)

VAn (20 + 1)

As the Clebsch-Gordan coefficients C(11, 0, l2, 0|l3, 0) vanish if the sum Iy + I3 + I3 is odd [11], we obtain
I {n 1’71"/7”” = 0. Thus, the quadratic contribution to the order parameter equations (100) vanishes, by analogy
with Euclidean manifolds. Non-vanishing integrals (106) can only occur for [ = 0 and [ = 2. Furthermore,
the integrals If?l’;n/m” follow from I{'fl’;n/m” = ()™ lfﬂ’”’*m ™ Integrals over four spherical
harmonics can also be calculated using the Wigner-Eckart-theorem, and the result is

l”Jrl/” Is

m,m'm' m'"’ (21/’ + 1)(21/,/ + 1) " "
1 T - Cl,o,l 701,0
l,ll l Z Z 47'('(213 + 1) ( | 3 )
l3:|l”—l’”| m3:_13
><(;v(l//7 m/l7 l///7 ,',nll/‘l37 md)Ilfrle;ZL'mS . (107)
Specialyzing (107) to ] = I’ = " = I’ = 1 and taking into account (105) leads to IT{T;m”mW o

O’ 4m? +m' m. Thus, we obtain the selection rule that the nonvanishing integrals 7;';7,"™ ™ fulfill the
condition m' + m” +m" =m.

5.2.3 Order parameter equations

To simplify the calculation of the cubic coefficients (103) in the order parameter equations (100), we perform
some basic considerations which lead to helpful symmetry properties. To this end we start with replacing
m* by —m* which yields I {nlu i”fu mtmt L {nlul’_mu —m" ~=m"" Corresponding symmetry relations
can also be derived for the other terms in (103). Therefore, we conclude that the order parameter equation
for U—M"~™" i3 obtained from that of U™ "“™" by negating all indices M* and m* with unchanged fac-

tors. Thus, instead of explicitly calculating nine order parameter equations, it is sufficient to restrict oneself
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determining the order parameter equations for U%, U'0, U%! and U'!. The remaining five order parameter
equations follow instantaneously from those by applying the symmetry relations, as is further worked out
in [8].

To investigate how the complex order parameter equations contribute to the one-to-one retinotopy, we
transform them to real variables according to

=U/V2, uy = (U +UY)/2, up =i(U —U1))/2,
uz = (Ul‘1 +UTM)/2, w0 = iU —U) /2,05 = (U - U7H)/2,
ug = (U + U 1) /2, uy = (U0 —U19)/2, ug=i(U° +U10)/2. (108)

The resulting real order parameter equations turns out to follow according to

OV (H{u;
iy = —7&]}) (109)
from the potential
A 2 51 20,2 2 20,2 2 2 2
V({u;}) = D) Z 5 % — Baug(uf + ug) — Baug (uf + ug) — Baug(uf + u3 + uj + uf)
j=0
*ﬁﬂwo(’ul%u? + ugusug + Uty + UsUSUT — UTUGUS — U3USUT — U4USUS — UUGUS)
—ﬂ5(u§ - u%)(ulug + uguy) — ﬁg,(u? - ug)(ulug — uguyg) — 205urug(uiug + usug)
1 _
=205 usug (upus — urua) + 3 [Bs(ug + ug) + G (uf + u))(ul + u3 + uj + uj)
Br
=5 (ud + ) (u + ) — Bs(uf + ug) (uf + ug)
B B 6
= [+ ud)? o ()] + () + P (e ) (110)

The dependence of the coefficients 3; and 3; on the expansion coefficients f; and the control parameter
« is found in [8]. Naturally, a complete analytical determination of all stationary states of the real order
parameter equations (109) is impossible. However, we are able to demonstrate that certain stationary states
admit for retinotopic modes.

5.2.4 Special case

To this end we consider the special case where w1, uo, us, ug, U7, ug vanish. Then the order parameter
equations (109) with (110) for the non-vanishing amplitudes wug, u3, u4 reduce to

g = Aug + 2B1ud + 283(uj + ui)ug
u3 = Aus + 253U%U3 + ﬁg(’ug + ui)u;», s
Uty = Aug + 2B3udug + Bs(u3 + ul)uy . (111)

Due to the relation 3 /u3 = 4 /u4 one obtains constant phase-shift angles, i.e. it holds uz o u4. Therefore,
the system of three coupled differential equations can be reduced to two variables. To this end we introduce
the new variable

€ =/ud +ul, (112)
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which leads to

i = Aug + 2B1ud + 2838%ug, € = A&+ 2B5ud¢ + B2 . (113)
The stationary solution, which corresponds to a coexistence of the two modes, is given by

A A
2 2
= — 2= ’ (114)
0 2(83 + Bs) Bs + Bs
where we used the relation g = (1 + O3 [8]. Demanding real amplitudes ug, £ leads to the coexistence con-
dition B3+ s < 0. Furthermore, we require stability for this state. Therefore we consider the corresponding
potential V' (ug, £), which can be read off from (110) and (112):

L) - D e - Dre 115)

V(uo, &) = 9

Stable states correspond to a minimum of V', which leads to the conditions 203 — 8g > 0, (3 — (Gs > 0.
If all three inequalities are valid, both the u- and the £-mode coexist. If we set uy = 0, without loss of
generality, the solution reads in complex variables according to (112)

UOOZ _L U1—1:U—11:_ _ A

B3+ 0B’ B3+ PBs

(116)

Thus, the unstable part, specified in Sect.5.2.1, is given by

. A . . A X R
U7 =\~ 5 [VOYIEE) YRV @) - Vi V)] (117)

Using the Legendre addition theorem reduces (117) to

. A

U(t,7) = &+&HG¢) (118)

with P; (f 7)) = { - 7. Thus, the unstable part is minimal, if { and 7 are antiparallel, i.e. the distance of
the corresponding points on the unit sphere is maximum. Decreasing the angle between ¢ and 7 leads to
increasing values of U (f,#), and the maximum occurs for parallel unit vectors. This justifies calling the
mode (118) retinotopic.

5.3 One-to-one retinotopy

Now we investigate whether the generalized Héussler-von der Malsburg equations (93) describe the emer-
gence of a perfect one-to-one retinotopy between two spheres. To this end we follow the unpublished
suggestions of [12] and treat systematically the contribution of higher modes. Because the Legendre func-
tions form a complete orthogonal system for functions defined on the interval [—1, 4-1], their products can
always be written as linear combinations of Legendre functions. This motivates that the influence of higher
modes upon the connection weights, which obey the generalized Héaussler-von der Malsburg equations (93),
can be included by the ansatz

=Y (2 +1)Z,Pi(0), (119)
=0

where the amplitudes Z; are time dependent.
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5.3.1 Recursion relations

Inserting (119) into the generalized Hiussler-von der Malsburg equations (93) and performing the integrals
over the respective unit spheres leads to

Z(2z+ 1)Z,Py(o Z (2l + 1) Z,P(0)
=0 =0
+> @I+ 1)ZiP(0) Y @1 + 1) Zu £ £ [Py (o) — Zy) . (120)
=0 1'=0

The products of Legendre functions occuring in (120) can be reduced to linear combinations of single
Legendre functions according to the standard decomposition [10, 8.915]

l

Pyo)Pi(0) = AvkPir—ar(o), 1<T (121)
k=0

with the coefficients
(21/ + 20 — 4k + 1) ap A —p o (2k — 1)”
(U + 21 — 2k + 1) ajy 4, B k! '

Ay = (122)

Thus, contributions to the polynomial P;(c’) only occur iff the relation k = (I + 1’ — [)/2 is fulfilled.
Furthermore, using the orthonormality relation of the polynomials yields the following recursion relation
for the amplitudes Z;:

21+ 1)Z = ofdio — (21 + 1) 2] — (21 + 1) Zu(Z5 + 3f] 11 27)

o l "
S SCEIEA D SCTRSIEH T U T IS
I'=0 1""=0 k=0
ll
+ Z 21// + 1)Zl// 1 l// Z Al/ N k(sk (l/ +1— l)/2 . (123)
"=l'+1 k=0

Note that eq. (123) cannot be solved analytically for arbitrary expansion coefficients flT , flR of the cooper-
ativity functions. Therefore, we restrict ourselves from now on to a special case.

5.3.2 Special cooperativity functions
For simplicity we assume for the cooperativity functions (97) that fo = 1, f1 # 0, f; = 0 forl # 0, +1.
With this choice the recursion relation (123) for [ = 0 reduces to
Zo=—(a+Z2+3vZ) (%o - 1), (124)
where we have used again the abbreviation v = f{ f. For [ # 0, by taking into account (122), we obtain
IZ+ 1+ 12111
20+ 1

The long-time behavior of the system corresponds to its stationary states. They are determined by Zp = 1
from (124), whereas (125) leads to a nonlinear recursion relation for the amplitudes Z; with [ # 0. However,
by introducing the variable

a+ 3771 (u)?

RV TCR e

Zy = —(a+ Z2+ 3722 21 + Zo Z) + 372y 125)
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this nonlinear recursion relation can be formally transformed into the linear one
(+1)Zipa(u) = 2+ VuZy(u) + 12,1 (u), 1>1. (127)

Thus, determining the stationary solution of the nonlinear recursion relation (125) amounts to solving the
linear recursion relation (127) for Z; () in such a way that the self-consistency condition (126) is fulfilled.

5.3.3 Generating function

To determine the amplitudes Z;(u) we calculate their generating function

E(z,u) =Y Zi(u)a', (128)
=0

where we have the normalization
E(0,u) = Zg(u) =1. (129)

Multiplying both sides of (127) with 2! and summing over [ > 1 leads to an inhomogeneous nonlinear
partial differential equation of first order for the generating function:

OFE(z,u)
Ox

Using the normalization condition (129) its solution is given by

/22 — 9 1 _
14 [Z2(u) — o)l Y —2ur

_ 1—u
E(z,u) = N et ) (131)

(2% — 2uz + 1) =(u—a)E(z,u) + Z1(u) — u. (130)

5.3.4 Decomposition

We now determine the unknown amplitudes Z;(u). From the mathematical literature it is well-known that
the recursion relation (127) holds both for the Legendre functions of first kind P;(u) and second kind
Q1 (u), respectively [10]. Thus, we expect that the generating function (131) can be represented as a linear
combination of the generating functions of the Legendre functions of both first and second kind, which are
given by [10, 8.921] and [10, 8.791.2]:

. 1
Ep(z,u) = ZPZ(U)CCI o e i (132)
1=0

In V2 —2ur+1+u—=2x
oo Ca—
Eq(z,u) = ZQl(u)xl = C . (133)
1=0

vVaZ —2ux +1

Indeed, taking into account the explicit form of the Legendre function of second kind for [ = 0 [13]

1. u+1
=—In—— 134
Qo(w) = 5l — (134)
the generating function (131) decomposes according to
E(z,u) = {1+ [Z1(u) —u|Qo(vw)}Ep(z,u) — [Z1(u) — u]Eg(z,u) . (135)
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Pi(u) Qu(u)

1 u 1 ) U

Fig. 11 (online colour at: www.ann-phys.org) The Legendre functions of first and second kind P;(u) and
Qi(u) for u > 1. We have P;(1) = 1, whereas Q;(u) diverges for v | 1. Important for the boundary
condition of Z;(u) is the different behavior for increasing values of I: P;(u) diverges, whereas Q;(u)
converges to zero.

Inserting (132), (133) and performing a comparison with (128) then yields the result
Zy(u) = {1+ [Z1(u) — ulQo(u)} Fi(u) — [Z1(u) — u]Qi(u). (136)

Thus, the amplitudes Z; () turn out to be linear combinations of P;(u) and Q; (). To fix the yet undetermined
amplitude Z; (u) in the expansion coefficients of (136), we have to take into account the boundary condition
that the sum in the ansatz (119) has to converge.

5.3.5 Boundary condition

Because the Legendre functions P, (o) do not vanish with increasing [, we must require that Z;(u) vanishes
in the limit [ — oco. The series of Legendre functions of first kind P;(u) with fixed v > 1 diverges for
I — oo according to [10, 8.917]: Py(u) < Pi(u) < Pa(u) < ... < P,(u) < ..., u > 1. The Legendre
functions of second kind Q; (), however, converge to zero (see Fig. 11). Thus, performing the limit [ — co
in eq. (136) and using the explicit form [13] Q1 (u) = uQo(u) — 1 it follows that Z; (u) is fixed according
to Z1(u) = Q1(u)/Qo(u). With this we obtain that the result (136) finally reads

Qu(u)
Zi(u) = , (137)
(u) Qo)
which is not valid only for [ # 0 but also for [ = 0 due to (129).
5.3.6 Connection weight
Inserting (137) into (119) yields the following solution for the connection weight:
1 o0
w(o) = 20+ 1)Qi(u)P(0o) . (138)
Using the identity [10, 8.791.1] and (134), we obtain for the connection weight
2 1!
w(o) = (ln vt ) . (139)
U—0o u—1

Note that integrating (139) over the unit sphere leads to 47, i.e. the total connection weight coincides with
the measure M.
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o w(o)

2

a3 < g < ay

ij
I —

1 u —1 0 +1
a) b)

o

Fig. 12  (online colour at: www.ann-phys.org) a) Relation (140) between the control parameter « and the variable .
b) The connection weight for different values of the control parameter «. For decreasing values of « the connection
weight around o = +1 is growing. In the limiting case @ — 0 the connection weight w(o) becomes Dirac’s delta
function (142).

On the other hand we have to take into account that the self-consistency condition (126) yields an explicit
relation between the variable u and the control parameter «.. Indeed, we infer from (126) and (137) the
following transcendental relation between o and w

-1 -1
a2 putl o(m 1) 4, (140)
vy 3 u—1 u—1

which is depicted in Fig. 12a.

5.3.7 Limiting cases

The limiting value of (140) for u — oo is determined with the help of the expansion [10, 1.513]

L4z - 1 2k—1 2
1 =2 1 141
B, =2 gy AL (141
k=1
and reads lim o« = ~. Thus, we conclude that the case © — oo corresponds to the instability point
uU—r 00
a. = fLfE, which was obtained from the linear stability analysis in Sect.5.1. Correspondingly, using

again (140), we observe that the connection weight (139) coincides in the limit « — oo with a uniform

distribution: liTm w(o) = 1. Another biological important special case is u | 1, where we obtain from the
aTac

transcendental relation (140) 11?11 « = 0. Furthermore, considering the limit « | 1 in (139) for o # u, we
obtain w(o) — 0. On the other hand, integrating (139) for v | 1 over o yields 2. Therefore, we conclude

that the connection weight (139) becomes in this limit Dirac’s delta function:

E%w(o) =46(c—1). (142)

Thus, decreasing the control parameter o« means that the projection between two spheres becomes sharper
and sharper (see Fig. 12b). A perfect one-to-one retinotopy is achieved for & = 0 when the uniform and
undifferentiated formation of new synapses onto the tectum is completely terminated.

www.ann-phys.org (© 2007 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



424 M. Giilmann et al.: Solutions of the Héussler-von der Malsburg equations

6 Summary

In this paper we have explicitly applied our generic model for the emergence of retinotopic projections
between manifolds of different geometry to one- and two-dimensional Euclidean and spherical manifolds.
By treating retina and tectum as strings we generalized the original approach of Haussler and von der
Malsburg where both were modelled as one-dimensional discrete cell arrays. This change from discrete to
continuous variables is physiologically reasonable because of the high cell density in vertebrate animals.
By using a continuous instead of a discrete model we emphasized that we are not interested in the dynamics
of the single cell but in the evolving global spatio-temporal patterns of the system. Furthermore, continuous
variables are helpful to describe retinotopic projections between manifolds of different magnitudes as we
have seen by the example of two strings of different lengths. In case of discrete cell arrays with different
cell numbers it is not clear what a perfect retinotopy means, whereas in the continuous case a perfect one-
to-one projection can be described without offending the bijectivity of the projections. Finally, as the one-
dimensional string model could only serve as a simplistic approximation to the real biological situation, we
have also investigated under which conditions retinotopic projections between planar networks of neurons
arise. Obviously, this increase of the spatial dimension rendered the synergetic analysis so complicated
that we were only able to treat physiologically interesting special cases. While for strings retinotopy was
only possible for monotonically decreasing cooperativity functions, we found that this is no longer true
for planes.

Applying our generalized Héussler-von der Malsburg equations [1] to strings and to spheres, led to
remarkably analogous results. Both for one-dimensional strings and for spheres we have furnished proof
that our generalized Hiussler-von der Malsburg equations describe, indeed, the emergence of a perfect
one-to-one retinotopy. Furthermore, we have shown in both cases that the underlying order parameter
equations follow from a potential dynamics and do not contain quadratic terms. However, in contrast to
strings, spherical manifolds represent a more adequate description for retina and tectum. Therefore, the
spherical case represents an essential progress in the understanding of the ontogenetic development of
neural connections between retina and tectum.
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